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1. INTRODUCTION

Nonlinear wave processes have recently been a subject of increasing interest in various fields of
physics (optics, plasma physics, radiophysics, and fluid dynamics). The Korteweg—de Vries equation
is often used as a model equation for the analysis of waves of small but finite amplitude in dispersive
media; this equation was derived for the first time in [1] by expanding the equations of an ideal
incompressible fluid in small parameters. A number of important results pertaining to properties of
the Korteweg-de Vries equation and to finding exact solutions were obtained in [2-4]. An explicit
three-layer finite-difference scheme [5] with approximation order O (h? + 72) was the first scheme
used for the numerical solution of the Korteweg—de Vries equation. The further development of
numerical analysis of the Korteweg—de Vries equation resulted in the appearance of finite-difference
schemes with improved stability and accuracy properties [6-11).

In the present paper, we analyze the conservativity and stability of a family of explicit and
implicit finite-difference schemes for the Korteweg-de Vries equation from the viewpoint of con-
servation laws. We use the notion of an Ly-conservative finite-difference scheme implying the
validity of a grid analog of the conservation law for the solution [12, 13]. This principle is used
in the present paper for constructing new classes of three-layer weighted finite-difference schemes.
We obtain a priori estimates for the solution of finite-difference problems in the nonlinear case.

2. STATEMENT OF THE PROBLEM
The Korteweg-de Vries equation
Ou/0t + udu/dz + B0Pu/0z = 0, B = const > 0, (1)

which was derived for the problem on long waves in shallow water [1], is the simplest model equation
for the analysis of the evolution of waves of small amplitude in a dispersive medium.

In the rectangular domain Q = {(z,t): 0< 2 <[, 0<t< T}, we consider the Cauchy problem
for Eq. (1) with the spatially periodic conditions

u(z, 0) = uo(x), 0<z <, (2)
u(z,t) =u(z + 1,¢t), t>0. (3)

3. THE BASIC PROPERTIES OF THE PROBLEM

When constructing a family of finite-difference schemes effectively approximating a differential
problem, one must provide the validity of grid analogs of the conservation laws.

Lemma 1 [14, p. 221]. Let condition (3) be satisfied. Then the nonlinear operator
Lu = Lyu+ BLju, Liu = u0du/ox, Lyu = 8%u/02°, (4)

satisfies the relations
L
(Lyu,u) =0, k=1,2; (Lu,u) = 0, (u,v) = /u(m,t)v(x,t)dw. (5)
0
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790 MAZHUKIN et al.

When constructing conservative and completely conservative finite-difference schemes [10] it is
important to know integral characteristics of the differential problem that do not change in the
course of time.

Lemma 2. For the solution of problem (1)—(3), one has the conservation laws

E@®)=F0, B = [ud, (6)

(=]

Eyt) = Ex(0),  By(t) = / w?(z, t)dz. %

Proof. Relation (6) is obvious. To derive relation (7), we take the inner product of Eq. (1) by
2u and use the periodicity condition (3). We obtain the identity dE,(t)/dt = 0; by integrating it
with respect to ¢, we arrive at the desired assertion.

4. THE MODEL EQUATION

We illustrate the basic points in the construction of finite-difference-schemes for the nonlinear
Korteweg—de Vries equation on the basis of the linear equation

Ou/Ot + aOu/0z + BPu/dx® =0,  a,B = const > 0, (8)

equipped with conditions (2) and (3). We have chosen this equation since it is linear but possesses
the basic properties of the original nonlinear problem. For example, just as in Lemma 1, we can
readily show that property (5) is valid for the linear analog of the operator Lu: Lyu = Lijgu+ 3Lsu,
Liou = a 0u/0z. In other words, Lg is a skew-symmetric operator: Lo = —Lg.

5. TWO-LAYER FINITE-DIFFERENCE SCHEMES

In the domain Q, we introduce the standard uniform grids

Whr = Wh X Wy, wp={z; =th, i=0,...,N, hN =1},
Or={th=n1, n=0,...,Ny; TNy =T} =w, U{T}.

As a finite-difference approximation to problem (8), (2), (3), we use the simplest explicit finite-
difference scheme
yt+a'y:v+ﬂyixm=0a 1=0,...,N, t € wy, (9)

with the periodicity conditions
Yi+N = Yi y(z,0) = uo(z), T € Wy, (10)

on the bottom layer, where @, and @, are the uniform grids with respect to the space and time
variables with increments h and 7, respectively.

Note that if condition (10) is satisfied, then we obtain the following approximation to the
differential matching conditions:

Yo=Yn,  Y20=UYs.Ny  Yzz,0 = Yza,N- (11)

Let us show that for the explicit scheme (9), conditions (11) remain valid for t = ¢, as well.
Since Yi,0 = Yi,N and Ysas0 = (yz —2y1 + 2yn— 11— Yn- 2) / (2h3 ) = Yzas,Ns it follows from (9) that

o = Un. Now, setting 9_o = Un—2, 91 = In—1, n+1 = §1, and Yn42 = o, We obtain the
approximation of the matching condition (11) on the (n + 1)st layer.

To analyze the properties of the finite-difference scheme (9), we reduce it to the canonical
form [14, p. 20]

B (yn+1 - yn) /T + Ayn = 0, Yo = Uo, (12)
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FINITE-DIFFERENCE SCHEMES FOR THE KORTEWEG-DE VRIES EQUATION 791

where y, = (y5,y7},... ,y%)T € H, up € H, and H = (Q;, is the space of grid functions defined on
the grid @, and satisfying the periodicity condition y; = y;+n. Then in the scheme (12), we have

B=E, A ZQh —PQh, A=aA1+ﬂA2, (13)
— (y —yN—)/(2h) for i=O7N’
(Aly)i—{ e for i=1,...,N—1, (14)
yim,l/(zh’) - y:ix,7—1/§?h) ( )/( 3) for i= 07 Na
= J Yse2/(2h) — ys,1/ (2h%) + (yo —yn-1) /(2h%)  for i=1,
(A2y); = : Ty for i=2,... ,N—2 (9
(W1 —yn) [ (28°) = ya,n/ (2h?) = Yzov—2/(2h) for i=N-1.
We equip the linear space §2;, with the inner product
N-1
(u,v)p, = (u,v) = (h/2)ugvy + Z huv; + (h/2)uyvn
i=1

and the norm ||y|| = /(y,y)-

To study the properties of the operator A, we need the following assertion, which is a consequence
of the well-known formulas of summation by parts and related periodicity conditions.

Lemma 3. The relation
(uz,v) = — (u,vg) (16)
is valid for arbitrary grid functions u,v € Q.

Using Lemma 3, we can readily show that

(Vszg,v) =0 (17)
for any grid function v € ). This, together with (16), implies that

(Ay,y) =0, (18)
ie, A= —A*is a skew-symmetric operator. Since the scheme is in divergent form, it follows that

the grid analog of the differential conservation law (6) is valid, i.e., the scheme is conservative.

Definition 1. A finite-difference scheme is said to be Ly-conservative if the grid analog

ly®OI* = ly @I,  t€w,

of the integral conservation law (7) valid for the original differential system holds for this scheme.

Let us now investigate the scheme (9) from the viewpoint of L,-conservativity. To this end,
we take the inner product of the operator equation (12) by 2ry. Since y = 3% — 0.5y, and
¥ = oynt1 + (1 — 0)yn, it follows from (18) that

i l® =72 llyel® = llyall®. (19)

Hence we have the energy identity |ly(t)||> — >4 _, 7 vz (#))° = |[y(0)||?, t € w,. The presence of
the negative disbalance implies the invalidity of the corresponding conservation law and shows that
the scheme is not necessarily stable in the L, (@,)-norm of the energy space H = (.

By [15], the two-layer finite-difference scheme (9), (10) is said to be stable in L, if for any
Yn € H, the solution y,,; of problem (9), (10) admits the estimate ||y 41|l < ||lynll, » = 0,1,...
Since, by virtue of (19), this inequality fails for any y,, it follows that the scheme (9), (12) is
absolutely unstable in L,.

To analyze the stability of the scheme (12), one could also use the results of [16]. Indeed, since A
and B are constant operators and B~! = F exists, it follows that the scheme (12) is stable in Hg.p
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if and only if BA* + AB* > TA*A. Since A = —A* is a skew-symmetric operator (B = E), we find
that this inequality is equivalent to the condition A*A < 0. Thus, the necessary stability condition
in H is not satisfied, and the scheme (9), (12) is absolutely unstable in the weakest L,-metric.

6. THREE-LAYER FINITE-DIFFERENCE SCHEMES

To approximate Eq. (8), we use the three-layer finite-difference scheme

Yi + ay;z + /Byi:cm = Oa (.’L‘, t) € Whr (20)

with the initial conditions
y(z,0) = uo(z),  ye(z,0) = to(x) (21)

and the periodicity conditions y;;y = y;. When finding the second initial condition (21), one
can use, for example, the differential equation (8) itself with ¢ = 0. Now we rewrite the scheme
(20), (21) in the operator form

Yi + Ay = Oa te Wr, Yo = Uy, U = a()’ (22)

where y = y, € Q;, and A is the skew-symmetric operator given by (13)—(15). Note that the
analysis of three-layer finite-difference schemes with a nonself-adjoint operator A was performed in
the papers [16-18] and the monographs [14, 19, 20]. Following [19, p. 367], we shall show that this
scheme is stable for 7||A|| < 1 and the energy inequality

E(t) = E(0), tew, (23)

is valid for it, where E(t) = ||§||* + 27 (4, Ay) + ||lyl|> > 0 and § = y(t + 7). To this end, we rewrite
the finite-difference equation (22) in the form § + 7 Ay = § — 7Ay and estimate the squared norms
of the left- and right-hand sides:

151* + 27 (9, Ay) + 72 Ay|l® = II° - 27 (Ay, 5) + || Ay, (24)
We add ||y]|? to both sides and take into account the fact that A is a skew-symmetric operator,
ie., (Ay,9) = — (y, Ag). Then we obtain E(t) = E(t — 7) = --- = E(0). Let us now show that

E(t) > 0. Indeed, E > ||g)||2 =27 |9l 1Ayl + llyll® = llvll*> — 72| Ay||® > 0 if 7||A|| < 1. Under the
more restrictive condition
AP <1—e, O<e<], (25)

it follows from (23) and (24) that the scheme (20), (21) is stable in the grid Ly-norm, i.e., the
a priori estimate [|y]|?> < e 'E(0) is valid for any t € w;.

Thus, the explicit three-layer scheme (20) substantially differs from the two-layer one (9): it is
stable in the space H = €, under condition (25).

To derive stability conditions convenient for numerical verification, we estimate the norm of the
operator A = aA; + $A; from above. By virtue of definition (14), we have

N-1 N-1
1 1
”Alyll2 = Z hy?m + Z”; (?/1 - :‘/N—l)2 = Zh_z' ( Z h (yi+1 - yi_1)2 +h (y1 — yN_l)2)
i=1 i=1

N-1

11 & 2 2 h o 2 1 2
<s izl S+ Y il )+ 5 @+ | = Sl
h 2 i=1 =1 2 h

whence ||4;]] < 1/h. To estimate the norm of the operator A,, we consider the quantity

N-2
| Azy||® = 0.5h13 + hif + > hyl.s, + hix_, + 0.5hi%, (26)

=2
where, by (15),
lo =Iny =050 (Yz0,1 — Ysa,N—1) 5
L = 0.5h7" (yze2 — Yo /h + (yo — yn—1) /H?),
In-1=—05h"" (yzo,n—2 — Yya.n/h+ (Y1 — yn) /%)
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Using the algebraic inequality (3-%_, ax 2< p>°P_. a2, in (26), we consider the term
k=1 k=1 %

N-2 N-2

1
Z hy2es = 1h6 Z h(Yiv2 = 2¥iv1 +2yi1 — yz—2) =76 Z h (yz+2 + 4yz+1 + 4yl , +yl 2) -

=2
In a similar way, we have
0.5k (I5 + 1) < h™° [h (497 +y3 +yx_2 + WWx_1)]
B2 < B8R (292 + 493 + 3 + yh_s + 203
hi .y <h™° [h 2y + 1 +4yy_o +yn_s + 2u8)] -

Now, summing the resulting estimates, we obtain the relation ||A;|| < v/10/h®. By virtue of the
triangle inequality, we have

A< @(h), (k) = a/h+ BV10/H%. (27)

The stability of the explicit three-layer finite-difference scheme (20)-(22) with respect to the initial
data has been proved under the condition 7||A|| < 1. Now, using the estimate (27) for the operator

norm, we obtain the equivalent requirement 7 < 7, 7% = h%/(8v10 + ah?). In other words,
the explicit scheme (20), (21) is conditionally stable. The last inequality is often referred to as the
Courant stability condition, and the quantity 7, is referred to as the Courant number.

Remark 1. Let us show that the solution of the finite-difference scheme (22) satisfies the grid

analog
E,, (t) = E5,(0), t € w,, (28)

of the integral conservation law (7), where Es, (t) = (y(t + 7),y(t)), y(t) € Q4. Indeed, taking
the inner product of Eq. (22) by 27y and using the identities 27 (y;,y) = Es, (t,) — E3, (t,_1) and
27(Ay,y) = 0, we obtain (28). Since

. 112 2 N " 2 2
@) = (1917 + W2 = = lwel®) /2. @) = (19 +ll® = 7 el®) /4
it follows that the expression F,, is not a grid norm. Therefore, in spite of the fact that the grid

conservation laws (23) and (28) are valid for the finite-difference scheme (22), this scheme cannot
be called L,-conservative in the sense of Definition 1.

7. WEIGHTED SCHEMES

For the model equation, we consider the manyparameter family of schemes
yi + Ay =0, t € wr, Yo = Uo, Ye,0 = o, (29)
where o, and o, are real parameters; moreover, y{°172) = g,§ + (1 -0y —02)y+ 023.
Theorem 1. Let A # A(t) and
o1 > 09, o1+ 0, > 1, A=-A", A:Qp —Qp (30)
in the scheme (29). Then the finite-difference scheme is stable, and
lymells + 37 27% (01 = 00) lyial* = llwall}, (31)

k=1

where \ \
Iyl = 0.5 (llyl2 + 15lF) + 0.57 (o1 + o2 — 1) [l

Ui = 0.5 (yt + yf) = (yn+1 - yn—l) /(2T)a Yr = (yn yn—l) /T'
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Proof. Since A is a skew-symmetric operator and y(?172) € Q,, it follows by multiplication of
Eq. (29) by 27y(°1:92) that

27 (yg, y(”"”)) = 0. (32)

Taking into account the identity
yo7) = 0.5(§ +§) + 7 (01 — 02) y; + 0.572 (01 + 02 — 1) ym, (33)

we arrive at the relation ||yn+1||f +27% (0, — o) |ly|* = ||yn||f, which implies the desired assertion.

We have thereby proved that the scheme (29) is unconditionally stable (without constraints on
the relationship between the increments 7 and h) if the weights ¢, and o, satisfy conditions (30).

Theorem 2. If oy = 0, = 0.25, then the scheme (29) is Ly-conservative and the energy relation

105 (yn + yn+2)ll = 110.5 (30 + ya)l (34)

is valid.

Proof. Using the identity y(°*92) = y + 7 (0, — 02) y; + 0.572 (01 + 03) y&, we can reduce the
three-layer scheme (29) for v, = (yn + Yn41) /2 to the two-layer scheme

v, + Av®D =0, vy =05y +v1). (35)

Taking the inner product of the last equation by 2rv®% in €, and taking into account the re-
lations 27 (v;,v©®®) = ||3||* = [|v||* and (Av©®5), @) = 0, we obtain the discrete analog (34)
of the integral conservation law (7), valid for the grid solution on the half-integer time layer
Ynt+1/2 = 0.5 (Yn + Ynt1)-

Remark 2. The scheme (29) with arbitrary o, and o, is conservative with respect to the
solution y,1/2 as well.

Indeed, summing (29) with respect to z € wjy, and taking into account the relation y € Q,
we obtain ((yn + yn+1) /2) 1) = ((yO + yl) /2a 1)

8. NONLINEAR SCHEMES

Let us consider the nonlinear Korteweg-de Vries equation (1). We construct and investigate
completely conservative (i.e., conservative and L,-conservative) weighted finite-difference schemes
and obtain related a priori estimates.

As was mentioned above, a finite-difference approximation must preserve the basic properties
of the continuous medium. Therefore, it is natural to require that finite-difference analogs of the
conservation laws (6) and (7) be satisfied. For the construction of conservative schemes, Tikhonov
and Samarskii suggested the integral-interpolation method.

To construct a conservative scheme for the nonlinear Korteweg—de Vries equation, along with
the integral-interpolation method, we use the Steklov averaging of the function u?:

uy

1 1(ud 1
u2~u+_u/u2du=§(uz)z=§(ui+uu++u2), (36)

where uy = u(%;41,t), t € w,. Using (36), we construct the explicit three-layer scheme

yi + (1/6) ((°) 5 /¥z), + BYaaz =0 (37)
of the second-order approximation, which is algebraically equivalent to the grid equation [5
Yi + Jyz + Byzzz = 0, i=0,...,N. (38)
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The initial conditions and periodicity conditions are precisely approximated: y(z,0) = uo(x),

T € Wy, and Piyn = P;; here § = (y+ + y +y-) /3. Note that, by virtue of the divergent form of
the finite-difference equation (37), we have

> hYntyns1) /2= h(yo+uy1)/2

TEWR TEWH
for any n = 0,...,Np — 1, i.e., the finite-difference scheme (38) is conservative. We rewrite it in
the operator form y; + Ay = 0, where the linear operator A defined as
Ay = gA1y + BAzy (39)

is given by (14) and (15). Let us show that, just as in the case of the differential problem [see (5)],

we have
(Ay,y) =0 (40)

provided that y € §2,,. To this end, it suffices to prove the relation (§A;y,y) = 0. Using the identity
7ys: = (yyz + (y?);) /3 and Lemma 3, we obtain

(A1, y) = Gy, 9) = (yv,9) — (V% 92)) /3=0.

Consequently, relation (40) holds.

9. IMPLICIT CONSERVATIVE SCHEMES

Let us consider the class of three-layer weighted schemes
yi + Ay =0, (41)

where, by (39), Ay = (@9 A;y(*? + BAy @), Since (Av,v) = 0 for v = y{®), we have the
following assertion.

Theorem 3. The finite-difference scheme (41) with spatially periodic solutions is conservative
and La-conservative for o = 0.5 and o = 0.25, and its solution satisfies the following grid analogs
of the differential conservation laws (6) and (7) for any 7, h, and o:

E,(t) =0, E, () =05(G+y,1), t € wy, (42)
l
Eu(t) = Ey(0), Ei(t) = 0.5 / (@+u)ds, te[0,T—1), (43)
0
ES)(t) = E5(0), ES? =05 ([Ig1° + lyl12) + (e — 0.5) lyel”, (44)
l
ESO'S)(t) — EéO.S)(O), E50.5)(t) =05 ( /ﬁ2d$ + /u2dm> ’ (45)
0 0
EQ(t) = Eé‘:)(O), E{) = ”yn+1/2”2 +7%(0 = 0.25) |lyell®, Yns12=05(G+y), (46)
l
B = BP0, B = [wat+ /2 (47)

0

Proof. Using summation over all nodes of the grid for the scheme (41), we can derive iden-
tity (42) (that is the conservativity property). [The scheme (41), by (37), can be reduced to the

divergent form
0.5(9 +y)s + (1/6) ((v"); /ve), + Buszs = 0
for v = y(@) ]
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Note that the expressions (43), (45), and (47) are algebraic corollaries to the differential conser-
vation laws (6) and (7). To prove the energy relations (44) and (46), one takes the inner product

of the finite-difference scheme (41) by 274(>?) in H and uses the identities
YO =05+ D) + (0 - 05 ya 7 (W d+3) =057 (I3l + Iwll)
27 (yi, (0 = 0.5)7yw) = 7°(0 = 05) (Il®),,  BSY = E57.

By virtue of Definition 1, the Lj-conservativity of the scheme (41) with ¢ = 0.5 and
o = 0.25 in the sense of the approximations (44) and (46) follows from the corresponding dif-
ferential conservation laws (45) and (47).

Using the idea of the representation of convective terms in the divergent and nondivergent form,
we can construct the class of Ly-conservative finite-difference schemes of the form

yi+ (1/3) (yui™*? + (), ) + Byszs™ =0, (48)

which are already not nonlinear with respect to §. From (16) and (17), we have
(yyidl,dz) + (yy(al,az))i ,y(01y¢72)) =0.

Consequently, by Theorem 1, if 0; > o, and o; + o, > 1, then the solution of the finite-
difference problem (48), (21) admits the a priori estimate (31). By Theorem 3, the scheme (48)

is Lo-conservative with respect to the functional E(O %) for o, = 09 = 0.5 and with respect to the
functional E(h % for o1 = 0y = 0.25.

Remark 3. The above—constructed scheme (48) is not conservative. However, it can be viewed
as the linearization vt +(1/3) (k 0 + (5k$1) > + ﬂk;;’:m = 0 of the nonlinear scheme
&

yi + §Or Iy + Byey™ =0, (49)

TTT
k1
where kg}? = ( J - g) /(27), v = y(o192) and kz*)'zl = (k?;i - ktﬂ) /(2h).

k
If the iterative process is convergent (limj_., ¥ = @), then it provides a solution of the conser-
vative and L,-conservative scheme (49) for oy = 03 = 0.5 or 0; = 05 = 0.25.

Remark 4. Let us present an Ly-conservative scheme for the parabolic equation
Ou/0t = 0/0z(k Ou/Ox), k> ko >0, u(z,0) = uo(x), u(0,t) = u(l,t) =0.  (50)

Let
/uz(:ctda:+2// (%> dz dt. (51)

Taking the inner product of Eq. (50) by 2u, we obtain the integral conservation law
E(t) = E(0). (52)

We can readily see that for the conservative weighted finite-difference scheme y; = (aya(f)) ,
T
Yo = yn = 0, the grid analog of (52) is valid for o = 0.5.
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