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Abstract—New difference schemes of second-order approximation on irregular grids with the use of 
conventional stencils for stationary and nonstationary problems are proposed. For the stencils consid
ered in this paper, the maximum principle holds without constraints on the relation of the coefficients 
and steps of the space grid (unconditional monotonicity for stationary equations). For multidimensional 
problems, efficient schemes of vector additive type are constructed. Numerical experiments carried out 
in this work indicate improved accuracy of new algorithms on coarse grids as compared to the known 
second-order accuracy schemes of the first approximation order.

INTRODUCTION
The improvement of the accuracy of a method without extending the conventional stencil of a difference 

scheme has always been a topical problem in mathematical physics. In the case of a regular grid, numerous 
examples of the construction of such computational methods of the fourth-order space approximation can 
be found in [1 ] for one-dimensional and multidimensional equations of mathematical physics. As a rule, the 
order of a local approximation error reduces when passing from a regular grid to an irregular one. It was 
shown in [2-6] that the accuracy of a method can be improved by approximating the original differential 
equation at certain intermediate points rather than at grid ones. Unfortunately, the results obtained in these 
works generally cannot be extended to differential equations with variable coefficients.

In the present study, new algorithms of an increased approximation order on irregular grids with the use 
of standard stencils are proposed for solving stationary and nonstationary problems with variable (including 
nonlinear) coefficients. The obvious advantages of the proposed difference schemes are the relative simplic
ity of the computer algorithms implementing them, unconditional monotonicity in the stationary case 
(validity of the maximum principle without constraints on the relation between the space steps and the vari
able coefficients), and reduction to the known conservative difference scheme in the case of a regular grid.

Unlike the work [7], we suggest here efficient stable difference schemes of the second-order local 
approximation on irregular rectangular grids for a parabolic equation of an arbitrary dimension with vari
able coefficients. Using the maximum principle for derivatives [8, 9], we prove the stability of the solution 
obtained by the new computational methods of vector additive type in the norm C. The numerical experi
ments carried out in our study reveal another advantage (the main one from the computational viewpoint) 
of the algorithms investigated here. These algorithms are considerably more accurate than the schemes of 
the first-order approximation (the order of accuracy can be the same) precisely on the coarse space-time 
grids. This reduces the computation time required to solve the problem with the prescribed accuracy.

In our study, we obtained the corresponding a priori estimates to the difference solution expressing the 
stability with respect to the initial data and right-hand side. We proved the second-order convergence of the 
proposed algorithms to the solution of the original differential problem. The theoretical studies are based 
on the general theory of the operator difference schemes [1, 10].

1. THE ONE-DIMENSIONAL PROBLEM
Consider the simplest differential problem

Lu = (k(x)u')’-  d(x)u = - f ( x ) ,  0 < x < l,

u(0) = pi,, u(l) = p 2> 0 < k l < k (x )< k 2, d (x )> d ]> 0.
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When constructing a monotonic scheme of the second-order accuracy on the three-point stencil using an 
arbitrary irregular grid 65/, = &h u  yh, 65,, = {*,- = _, + A„ i = 1, 2 , . . . ,  N  -  1}, yh = {x0 = 0, xN = 1}, we will 
base on the relationship [2, 3]

ux x i-u " (x t) = Oifi2), xi = X f-h i,  A; = (A/+ ]-A,-)/3. (1.3)

In this case, we use the conventional notation [ 1 ] uxi -  (ux -  ux )/A, ux = (u+ -  u)/h+, ux = ( u -  u j/h , h  = 
0.5(/г + A+), h = /г,, h+ = hi+l, v+ = v i±l = v(x,± j), v  = v,-. Equation (1.3) implies that u-xi approximates the 
second derivative to the second order relative to the nongrid point I', (in the case of a regular grid, x, = jt,). 
To construct similar methods for Eq. (1.1), we will use the identity (k u )' = 0.5((ku)" + ku' -  k"u). Let us 
replace the differential operator L  by the difference operator Lh on the grid (bh:

Lhu -  0 .5[(ku)xi + £(Pi,р2)м ^ - ^ м (р3,p4)] - ^ и(р5,p6), (1-4)

where d = d (x ) , v (P( P(4i) = (3wv, +, + (1 -  (3fa -  (3i+ + p*+ u v t_ „ and the spatially varying weighting
factors are determined as follows:

P, = 0.5(|й |+Л )/А +, p2 = 0.5(|A |-A )/A , p3 = 0.5(hkn - \h k xi\)/(h+kxX), 

P4 = -Q.5(Jikrx + \hkr\ ) l { h k n ), p5 = 0 .5(A -|A |)/A +, P6 = -0.5(|A |+A)/A . 

From Eqs. (1.3), (1.5), we have

(ku)n -{ku )"{x )  = 0 ( h 2), v (pt>pi+, ,- v ( jc )  = 0 { h 2), A = 1 ,3 ,5 . (1.6)

Therefore, the difference scheme

Lhy = -ф . Ф = f ix ) , Jo = M-i. J/V = M-2 (1.7)

approximates the differential problem (1.1), (1.2) to the second order on an arbitrary irregular grid. The 
obvious advantage of scheme (1.7) is that, in the case of a regular grid (h+ = h), it is reduced to the well- 
known conservative scheme (see [1]) (ayx )x i- d iy i = - fix i) ,a i = 0.5(ki_ ] +&,),у0 = (ij, }'д, = M-2- Scheme (1.7) 
can be written in the canonical form (see [1])

A iy i- i - C iy i + B iy i+] = - F h i = 1, 2, ..., N -  1, y 0 = Ц,, y N = p 2 (1-8)

with the coefficients

4,- = 0 .5 [ ( * (Pi>Pj) + *,-_])/(A/A,-) -  p̂ -A/u,/] -  P6,-di,

Bt = 0 .5 [(^(р||р2) + ^ +1)/(А,/г,+ 1)-Рз,7сп , ] - Р 5Д-, C, = <7,-+ А,-+ Я,, F, =
(1.9)

Below, we will use the grid norms

ll-llc = max N. Il-llc = max I-I, ||■ ||c = max |*| .
1 < i < N  -  1 0 < i < N  i = 0 ,N

To analyze the stability with respect to the boundary conditions and the right-hand side simultaneously 
(in particular, in the time-dependent case), we use a more convenient estimate proved by the following 
lemma.

Lem m a 1. Suppose that the conditions

Aj>  0, B,>  0, Dj = C , - 4 , - F , > 0 , i = 1,2, ..., /V - 1 ( 1.10)

are fulfilled. Then, the solution to problem  (1.8) satisfies the estimate

1Ы1с- max{||y||c , ||F /D ||C}. (1.11)

Conditions (1.10) for coefficients (1.9) can be satisfied by choosing the space weighting factors in the 
form (1.5), which are adapted to the grid and coefficients of the problem. For example, let us write out the
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weighting factors (3,, p2, Рз> and P4 in detail (the trivial cases h = 0 and kiX. = 0 are not considered):

\h /h +, h>  0, и(N
CQ_ f 0 , A >0,

= L 0, A < 0 , L-a/ a, h<  0,

[ 0, hkn  > 0,
P4 = ■

J-A/A, hkn  > 0,

+ 1̂ >.> A О 1 0 , hkn  < 0.

Expressions £(p p,j, -Рз&д* for A > 0, and kn  < 0 are written as

A 2A+ + A, А , Л  AY A , 2 A+ + A
k » M  -  -  h k '  + ^ h T k > 0 -

-Рз*к =
All other cases are considered in a similar manner.

Thus, for an arbitrary refinement of the irregular grid, coefficients (1.9) of the difference scheme (1.7) 
satisfy conditions (1.10) (unconditional monotonicity). Hence, the difference scheme (1.7) is stable with 
respect to the right-hand side and the boundary conditions, and the a priory estimate (1.11) holds true for 
the solution to this problem. Substituting у  = z + и into Eq. (1.7), we obtain the following problem for the 
error of the method:

Lhz = -V , \|/ = (L hu + q> )-(Lu + f ) ( x ) ,  z \^  = 0. (1.12)

According to Eqs. (1.4), (1.6), the approximation error \|/ = 0(h2) (A = max A,-). Since all the conditions
1 <i<N

(1.10) of the maximum principle hold true for problem (1.12), we find from estimate (1.11) that ||z||e < 
||\|/||c < c/22; i.e., difference scheme (1.7) provides the second-order convergence to the exact solution.

2. DIFFERENCE SCHEMES FOR THE PARABOLIC EQUATION 

Within the rectangle D = {0 < x  < /, 0 < t < T ), we seek a continuous solution to the problem

= ^ W ^ ]  + /U ,r ) ,  0 < x < l,  0 < 1 < T ,

U(x, 0) = u0(x), u(Q,t) = (l|(t), u(l,t) = p 2(r).

In addition to an arbitrary irregular space grid CO/, introduced above, we will consider the regular time

grid cot = {?„ = m , n = 0, 1, ..., N0, xN0 = T\ = coT u  ( T}. Since the point x t = x, + hi is not, in the general 
case, a grid point, we deduce from Eq. (1.6) that

du
Э7wr(P„p2> - —  (■*. 0  = 0 ( h  + x ) , X £ CO/, t e  coT (2.1)

Using the conventional six-point stencil, we construct, on the basis of Eqs. (1.4) and (2.1), a monotonic 
scheme of second-order accuracy on the irregular grid со = шл x coT:

37(P„P2) = О-5[(Ъ'0^ + Л(р,,р2)5)л - ^ д 5 >(Рз,р4)] + ф, (2.2)

У° =  мо<Л)> u' + ] =  Ц ,(/„ + ,), Ум+ ' = M-2(^ + i)- (2-3)

Here, v, = ( v  -  v)/x, v  = v(x,-, t„ +,), cp = f( x , t ).
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Theorem  1. Suppose that the following conditions are satisfied: 0 < kj < k(x) < k2,

z > \h 2+- h 2\\c/ (6 k ]). (2.4)

Then, the solution to the difference problem (2.2), (2.3) is stable with respect to the initial data, the bound
ary conditions, the right-hand side; and, fo r  any tn e  C0T, the a priory estimate

lb(^ + i) |lc^maxilb’o|lc’ max М к + Х ф О1 < к < n + 1 4 kJ\\C (2.5)
* = o

is valid.
Proof. Let us represent scheme (2.2) in the canonical form (1.8):

- C y " * '  + B y l f l  = - F „  i = 1,2, 1, y"0+] = M L  + i). у "N+l = | i2(^  + i).

where

А,- = - р 2/ + 0.5т[(Л(р11р2) + Л1._1)/(й 1.Л1- ) - р 4|.А:и11.],

В , = -р 1 , + 0.5х[(^(Р|1р2) + А:,+ 1) /(й Л  + 1)-РзЛхл,,]. Q  = 1 + A i + Bi, F t = У(Р1,р2) + Тф.

Let us verify conditions (1.10). In comparison with the stationary case considered above, the additional 
terms - p 2 and -Рл appeared in expressions for the coefficients A and B. Consider the case h < 0, for which 

p, = 0 and - P 2 = h/h. Neglecting the positive term with kn  in the expression for A, we obtain

h (1 + h / h ) k - h k j h  + к h n r (1 + h/h)k  + (1 -h /h )k _
A > -h + 0 -5 ' --------- Г к--------- = й + о л ----------- Г к---------- '

Since \h/h\ < 1, A > (h+ -  h)/(3h) + 2xkf[h{h  + h+)]. From the last inequality it follows that A, > 0 for 

x > \hu  i -  h21 /(6*,). The coefficient В is analyzed in a similar way. Thus, inequality (2.4) ensures the ful

fillment of condition (1.10); therefore, following Lemma 1, we conclude that | | / '  + 1||c ^  max{ | | / '  + 1||c7,

||F ||C). Since the variable weighting factors pj and p2 are nonnegative, ||F ||C< ||y"||c + ,г||ф'!||с- Substituting 
this estimate into the last inequality, we obtain a series of the relations

Ну"+ ‘lie— max { ||y"+' I cT, 1И1 c + 1 II ф1 c }

< max { I /  +11 cy, llyll c7 + xIф"| c J y "  ‘ ’ II с + x( I tp" “ 11 с + II ф"|| c )}

< ... < m ax | max {||y1lcY} + У  т:||ф1с,||у0||с+  ^^И ф И с} .
t к = о к = о J

This inequality entails the required relationship. The theorem is proved.
R em ark 1. If the grid is spatially regular (h+ = h), then the difference scheme (2.2) is reduced to the 

strictly implicit scheme

у, = (a% )x + ф, a = 0.5 (k + k_), (2.6)

for which the a priory stability estimate (2.5) is true without constraints (2.4) imposed on the relation 
between the time step x and space step h of the grid (unconditional stability).

3. THE ENERGY INEQUALITY METHOD

To get rid of constraints (2.4), we invoke the general theoty of operator difference schemes [1,5]. Instead 
of (2.2), we will consider a more general scheme with the time-independent weighting factor о

.V(P„P2), = ( « / 5))л + 0.5[(/г+р 1̂ - / 7 р 2/с2)у ^  + (/1+Рзул -/1р4Уле)/:.52] + Ф, a = 0.5(k + k_). (3.1)
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Hereafter, we will suppose that p, = p2 = 0 (homogeneous boundary conditions):

,v° = Uo(Xj), 3'o+ ‘ = y"N+' = (3-2)

When formulating this difference scheme, we used the identity v (p p2, = v  + /г+Pi vx -  h \ \ v x . For the 
sake of simplicity of the following calculations, we also suppose that h+> h (the grid refines towards the origin 
of coordinates) and kn  > 0 for all x s  &h. Then, the difference equation (3.1) can be rewritten in the form

Dy, + A ,y(0) + A 2y  = cp, cp = t), (3.3)

where = ov(t + x) + (1 -  o)v(t) = o v  + (1 -  g ) v , and the operators D, Ab A 2 for / = 1, 2, 1 are
defined as follows:

D = E + A 0, (A 0y)i = hiyx h = (h+- h ) / 3,
~ (3.4)

(2liy)i = - (a y s-)it,, (A 2y ) i = - h f k x<,ул, , -  2k x ,yit, + ,yx ,)/(2f;.,.).

0
Let Q ;, be a set of grid functions defined for each r e  coT on the grid (0/, and vanishing on the boundary.

О
Define the vector у = y(t) = [у](0, ■••,Ja' - i(0]t and define the linear space H = Q.h to be a set of such vectors

with the scalar product (и, v) = z f j /w , and the norm |[-]| = J(-, ■). Since A] = A*  > 0 , we denote by 
the Hilbert space which consists of the elements of the space H  and is equipped with the scalar product

and the norm ЦуЦ̂  = (Aqy, y) = (a, y \  ] = X f lr /a j?  ,/z,-. Then, the difference scheme (3.2), (3.3) can be writ
ten in the canonical form of two-layer operator difference schemes (see [1])

By, = A y = tp, y 0 = u0, (3.5)

В = D + o%Au A = A , + A 2, A i = A f > 0. (3.6)

We will use the following lemmas.
Lem m a 2 (see [4, 5, p. 348]). Under arbitrary’ relations between the grid steps and fo r  h+ > h, the oper

ator inequality D > ( 1/3)£ holds.
Lem ma 3. Let in the operator difference scheme (3.5), (3.6) the uniform operator A = A t + A2, A, = 

A f > 0 and the operator A 2 be subordinated to the operator A { in the sense

||A2y||2< 6 ||y ||^ , 5 = const > 0 . (3.7)

Then, fo r

B(t) > eE + 0.5tA ,, 8 > 0 is an arbitrary constant, (3.8)

where 8 is an arbitrary constant, the difference scheme is p-stable in HAi and the a priory estimate

lbn + < M IIto IIa , +  0.5е~1^т||ф д|5
к = 0

(3.9)

holds, where the constant M  = e ' 1'"*' and mz = 5/(2e).

Proof. Taking into account the identity у  = y(0-5) -  0.5ту,, we write Eq. (3.5) in the form (B -  0.5xA,)y, + 
A ,^ 0-5) = ф -  А-2у. Multiply it scalarly in H  by 2ry, to obtain

2 T ((S -0 .5 x A I)^ ,y ,)  + ||y„ + 1||;;i = ЦТпЦл. + 2х (ф -  A 2y, y,). (3.10)

Using the Cauchy inequality with respect to e, we find the estimate 2х(ф -  А2У, у,) < 'Г£||з’;||2 + 
0.5хе_1(||ф||2 + |ИгЗ;||2)- Taking into account this inequality and conditions (3.7) and (3.8), we deduce from
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(3.10) the estimate

I k  + i l l l ^ O  + 'tm e)||y(I||* + 0 .5 e ' 4||cp„||2< e Tm4 | b j l + 0.5e_1x||<p„||2).

This entails the required inequality (3.9). The lemma is proved. Note, that a similar estimate is obtained in 
[10, p. 185] for nonself-adjoint operator A.

The following lemma establishes the subordination of operators A j and A2 defined by formulas (3.4). 
Lem m a 4. Suppose that in the difference scheme (3.3) the inequalities h j h  < c I and  |/c'| < c2 hold true. 

Then, inequality (3.7) is fulfilled with the constant 8 = 2 c 2 (1 + c])/kl .
Proof. According to the condition of the lemma,

Hence, the following estimate is valid for the norm ЦА^Ц:

||A2y||2< 2 c 2 ( ||y J2 + ||y?||). (3.11)

Using the inclusion (see [5, p. 174]) ||у*]|2 < k^] ЦуЦ̂  and the inequalities Ц^Ц2 < 2.?=lhiy lii <

k~}] \\y\\2A], Ы  ^  cxk~] Hyll  ̂ , we deduce the required estimate from Eq. (3.11). The lemma is proved.

The auxiliary results presented above enable us to formulate the following main proposition of this sec
tion.

Theorem  2. Let the conditions o f  Lemma 2 and Lemma 4 be fulfilled. Then, fo r  о  > 0.5 and 0 < £ < 1/3, 
the difference scheme is stable with respect to the initial data and the right-hand side, and the a priory esti
mate (3.9) is valid fo r  its solution.

Proof. Let us verify condition (3.8). By virtue of the theorem assumptions, В -  (eE + 0.5xA) = (1/3 — 
e)£  + (c  -  0.5)xAj > 0. Therefore, estimate (3.9) holds. The theorem is proved.

R em ark 2. We note the principal possibility of constructing difference schemes of third-order accuracy 
on an irregular grid using a three-point stencil. For simplicity, let k(x) = 1. Then, for 0 ! = - 2 (h + 2h+)(h+ -

h)/(9hh), 02 = (2h + h+)(h+ -  h)/(9hh+), and 8 = (h2 + hh+ + /z2 )/36, the difference scheme

Jto.o,) + + ф, Ф = f i x ,  t) + 8f-x-x, t = tn + u2, (3.12)

approximates the initial problem to the order 0 (h 3 + x2). Curiously, it was found that, in case of a regular 
grid, scheme (3.12) is reduced to the well-known scheme (see [1])

37 = з4°о) + Ф, 0 O = 0 . 5 - / z2/( 1 2 x) 

with the approximation order 0 (h 4 + x2).

4. NONLINEAR PROBLEM AND COMPUTATIONAL EXPERIMENT 
Consider the quasilinear heat conduction equation

+ f ( u), - l < x < l ,  0 < t < T ,

u(x, 0) = u0(x), u {-l,t)  = p-jU), u(l,t) = p 2(0-

(4.1)

The corresponding difference scheme of the second-order approximation with respect to the space vari
able has the form

37«3„ p2) = 0.5 [(k(y)y)xx + *(P]> p2)( y ) ) \ f -  кГх(у)уф3. p4)] + ф(50, (4.2)

where cp = / ( y ), у,- = (y, _ j + y, + yi+ ,)/3. To demonstrate the effectiveness of the proposed algorithms, we 
compared calculations of the blowup 5-mode combustion (see [11, p. 174]) by scheme (4.2) and by the non-
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Fig. 1.

linear analog of the well-known conservative scheme (2.6) of the second-order accuracy and the first-order 
approximation

У, = (а(5')Ул)д + /(у ) , я, = [£<>;) + * 0 ';- i) ] /2 . (4.3)

For solving nonlinear difference equations (4.2) and (4.3), we implemented an iterative procedure that 
can be written for Eq. (4.2) in the form

S  +  1

J/p,, p2) ~ J(p„ p2)
= 0.5[(k($’) y Y xz + k(Pi,p2)(y) -^ л (5 ))5)(Рз,р4)] + Ф(5>),

w heresisthe  iteration number, j  = 0, 1 ,2 ,.. .  . In the case of the 5-mode combustion, k{u) = ua, Дм) = м°+ ’, 
a  > 0, and the self-similar solution in the domain R x (0, T0) has the form

u(x, f) =
(Го-O' -l/o, l/o

Vo(o + 2)

0, \x \> L s!2.

\x\ < Ls/2,

The following values of the parameters were used: a  = 1, T0 -  3, Ls = 8.886, -0 .6 L 5 < x<  0.6 Ls, 0 < t <  
T0/3. The experiment was performed on grids described in Table 1, which shows the corresponding compu
tation errors

Ikll с = IIy -  u\lc = max |y(x, t) -  u(x, t) |.
( дг ,  I )  E  Ш

Figure 1 shows the initial space irregular grid covering the plot of the exact solution to problem (4.1) for 
t = 772. The number of grid nodes was multiplied by dividing each interval into two parts according to the 
rule x2i = (0.375 + r)xi+ { + (0.625 -  r)x„ where r  e  [0, 0.25) was a normally distributed random variable.

The numerical experiment demonstrates the improved accuracy of the new scheme on coarse grids with 
respect to both space and time. It is particularly remarkable that on the finest grid the error of scheme (4.2) 
is half as large as the error of scheme (4.3). A more accurate calculation by scheme (4.3) requires a smaller 
time step t.

Table 1

N ^max
1 = 0.1 x = 0.01 x = 0.001

scheme (4.2) scheme (4.3) scheme (4.2) scheme (4.3) scheme (4.2) scheme (4.3)

20 1.814 0.01 0.033 0.008 0.016 0.01 0.011
40 1.06 0.013 0.017 0.004 0.006 0.005 0.005
80 0.54 0.014 0.015 0.0014 0.0024 0.0014 0.0014

160 0.27 0.014 0.015 0.0011 0.0016 0.0005 0.0005
320 0.14 0.015 0.015 0.0013 0.0014 0.00017 0.00036

COMPUTATIONAL MATHEMATICS AND MATHEMATICAL PHYSICS Vol. 41 No. 3 2001



386 MAZHUKIN et al.

5. DIFFERENCE SCHEMES FOR THE WAVE EQUATION 
Consider the boundary value problem for the vibration equation

^  + 0 < x < l ,  0 < t < T ,  (5.1)

u(x, 0) = u0{x), ^ ( x ,  0) = u0(x), u(0, t) = u(l, t) = 0. (5.2)
at

Using the conventional notation у = у", у  = ) ’n + l ,y  = y n~ \ y t = (S’ - y ) f c ,  y-t = ( y - y ) h , y-u =(y,~ yQ/x, 

and v (0l’°2) = C] v  + (1 -  о , -  a 2)v  + g2v , by analogy with Eqs. (3.1), (3.3), we construct the following 

scheme of the second-order space approximation on the grid Ш x coT for problem (5.1), (5.2):

У-„ + [(h2/6 )y lli\i  + A 1y (‘I" 0j) = ф - Л 2у, (5.3)

y(x, 0) = w0(x), y t(x, 0) = й0(х), )’0 = y N = 0, (5.4)

where ф = f (°"ai\ x , t), r e t o T, w0(x) are chosen such that the approximation error of the second initial 
condition is 0 ( i 2), and the operators A ,, A2 are determined by relations (3.4). For k(x) = const, scheme (5.3) 
coincides with the scheme suggested in [3]. For sufficiently smooth functions, uh + [(h2K>)u-tti].x = ult + 
[(h+-h)/3]u-ttx + (h2/6 )uhrx = d2u ( x , t)/dt2 + (h2/6 )u ltii + 0 (h 2 + T2); thus, u-tl + [(/г2/6)иш.]. ( - Э 2ы(х,,

Г„)/Эг2 = 0{h]  + т2). Taking into account the identity y (ai’°2) = у  + х(0[ -  c 2) v j + 0.5х2(а! + ст2) v ?I and

Eqs. (1.3), (1.6), (2.1), we conclude that the relation (Aj«<0'’°2) + A2u) -  (д/дх)(к(х)ди(х , t)/dx) = 0{fi2 + 
t) holds. Therefore, the difference scheme (5.3), (5.4) approximates the original differentia] problem to the 
second order with respect to the space variable. To obtain the corresponding a priory estimates, we write the 
scheme in the canonical form of the three-layer operator difference schemes [1,5, 10]

Dy-n + B y, + A xy = ер,, <p, — ф — Л2у, (5.5)

where D = E  + A Q + 0.5т2(а[ + c 2)Al and A 0y = [h2/6)yx]-x ,B  = x(0[ -

Lem m a 5. Suppose that, in the operator difference scheme (5.5) A x = A* > 0, D = D* > 0, В > 0, 
D > 0.25(1 + e)t2A j , Z)~' < E, and e -  const > 0. Then, the scheme is stable with respect to the initial data 
and the right-hand side, and fo r  its solution the a priory estimate

lbB+i L ^ A f
n \

lb(0)IU, + ||jv(0)||d + X  Tll<Pi(f*)I • M = +£)
к = 1

(5.6)

holds fo r  any £ > 0.
Lemma 6 (see [1]). Suppose that g„ > 0 (n = 1 ,2 , . . . )  andf„> 0  (n = 0, 1, ...) are nonnegative functions.

I f f , is a nondecreasing function (fn + j > f„), then it follows from the inequality gII + ] < c0ffk = ,x gk + f, (n = 
1, 2, ..., g, < /0, c0 = const > 0) that gn + l < exp(c0t„)fn.

On the basis of Lemma 5 and Lemma 6 and the subordination condition for operators (3.7) with the con- 
stant 5 = 2c2 (1 + cx)lkx (see Lemma 4), we prove the following theorem.

Theorem 3. Suppose that in the difference scheme (5.3), (5.4) Oj > G2, G, + a 2 > 0.5(1 + £) + h2mM /(3T2kx), 
h+> h, 0 < k x < k(x) < k2, l '̂l < c2, h jh  < cx, and /гтах = max /г,-. Then, fo r  the solution o f the difference

I <i<N
problem, the a priory estimate (5.6) with the constant M  = Jinzexg>{Jbnztn) {where nE = (1 + £)/£) holds.

Proof. Let us verify the conditions of Lemma 5. Since ||y5]| < k~xl 1Ы|Л|, then A0 > - (h 2mm/(6kx))Ax. 

Therefore, D - 0.25(1+ £)x2A1> E  + 0.5x2[(g 1 + g2) - / jL / ( 3 x2̂ ) - 0 .5(1+ e)]A ,> 0 , B>  0, A x = A f  >
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0, D = D* > 0, and D 1 < E  if the theorem conditions hold. On the basis of the a priory estimate (5.6), we 

conclude that ||y„ + ,||/t| < V ^(||) '(0 )||A| + ||.V,(0)||D + ZJL 1т|ф,(г*)||. Since ||cpu.|| < ||<pt -  А ^ Ц  < ||<р*|| +

Л  ||у,||Л] is deduced from the triangle inequality and the subordination conditions of operators (3.7), the 
following estimate holds:

IIt
(

V к = I к = 1

Strengthening the latter inequality with the help of Lemma 6, we obtain the assertion of the theorem.
A drawback of scheme (5.3) considered above is that it is not reduced to the classical difference scheme 

for a wave equation on a regular grid. Furthermore, the strictly implicit scheme (Oj = 1, o 2 = 0), according

to Theorem 3, is stable for x > ,/2 /(3 &,) h, which is opposite to the Courant condition. However, when 
reducing scheme (5.3) to the canonical form, the operator D remains self-adjoint, and, in the case of constant 
coefficients, the corresponding difference scheme is conservative [2]. Below, we present another class of 
nondivergent schemes approximating the wave equation (5.1) on an arbitrary irregular space grid of order 
0 (h 2 + x):

y-„ + ((h+-h )/3 )y -ni = ( a y ° " ai))s + 0.5[(h+$ lkx - h $ 2ks)yi i  + (h+$3y1- h $ 4ysi)ksii] + <p. (5.7)

Let us analyze the stability of this difference scheme. For the sake of clarity of the proof, suppose that 
k(x) = 1, h+ > h, Gj = 1, a 2 = 0, and cp = 0. Then, scheme (5.7) takes the simple form

y-„ +  [ ( h + - h ) / 3 b u x  =  Уп- (5.8)

Theorem  4. Under the assumptions made and fo r  X > \\h+ -  /z||c /3, the difference scheme is stable with 

respect to the initial data, and the estimate ||yL|| < ||мМ5|| + ||m0j|  holds.
Proof. Unfortunately, we cannot apply the general theory of operator difference schemes, because the 

operator D  (see canonical form (5.5)) is nonself-adjoint. Let us multiply Eq. (5.8) scalarly by - 2 xy,H. . We 
obtain the energy identity

I b r i f  + lte+1l|2 + ^(Ibnill2 + Ibisill2) = f e l l2 + f e l l2 + 24hi,x> у,**)- (5.9)

Taking into account the inequalities h+ > h , h <  x, we apply to the last term in Eq. (5.9) the Cauchy ine

quality with e to obtain 2x(hy-n i , y m ) < x2| |/m ||2 + M l  | | j ;,i||2 £  х2(||уш ||2 + ||уш ||2). Substituting this 
inequality into (5.9), we obtain the required result. The theorem is proved.

6. MULTIDIMENSIONAL PROBLEM
Suppose that it is required to find a continuous function w(x, t),x  = (xb . . . ,xp) satisfying the initial bound

ary value problem

Э и■  ̂ = Lu + f ix ,  0, (x, t) e  QT,

Lu = ^  L au , Lau = ^ j - ^ a(.x> 0 < k ] < k a < k 2,
(6.1)

u(x, 0) = U0(x), X£ Q , u{x,t) -  p.(x, t), XG Г (6.2)

within the domain QT = Q и  [0, 7], Q = Q u T , f l  = {0 < xa < /a, a  = 1, p  ).

In the domain Q , we introduce an arbitrary rectangular grid irregular along each direction:

©a — {x (Xj, ..., Xp), xa — xa + ha, ia — 1 ,2 , . . . ,  Â a — 1, xa — 0, xa /a, (X — 1,2, ..., p }.
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Let (0/, denote the set of internal nodes of the grid (0/, and yh denote the set of boundary nodes. The 

space-time grid in the domain Qt is introduced in the conventional way:

to = Ш/, x wT, coT = {t„ = n i, n = 0 , 1 , N0, ,iN 0 = T} = toTu  {Г}.

Further, we will use the index-free notation for the coordinates (xa = x ‘“ , xa± = x„ " 1) and for the grid

functions (v =  v it" " j  = vfx ',', x ‘p , r„), v*101 = v,^, ...,,a±i , a  = 1, 2, Let us introduce the grid
functions ya = ya(xa, t) and ka -  ka(xa, t) that are calculated for the points

(x , t) — (Xj , . . Xa _ i , Xa , Xa+ i , Xp, tf),  xa — xa + ha, ha — (ha+ —hf)l3.

Then, the difference scheme of the second-order local approximation based on the use of the vector addi
tive schemes [8, 12] and spatially varying weighting factors [9] has the form

(Pi/’ Рг/)*
a = 1 a = /+ 1

f ( x , t ) ,  l = 1, 2, ..., p,
(6.3)

~ ^“i0jaMa(P3<1, p4a)]’

x 'e  y h, l = 1, 2, . . . , p . (6.4)

Here,

Vjejl = (V, - v x )/ha, ha = 0.5(/za+ + ha), v . = ( v +1“- v ) /A e+, v ,  = ( v - v ' ' e)/Ae,

x  = (x„ . . . , x p), v (p.(ipo4i)() = Р7-,уГ' + ( 1 - Р У7-Р(у + 1)/)3;/ + Ро + 1)/}7/ ,'> j  = 1 .3 ,

p w = 0.5(hi+ \hi\)/hi+, P 2i = 0 .5 (\h i\-h i)/h ,, 

рз; = 0.5(А;* й а -| л,Л„д |)/(Л„а /1/+), p4/ = -0 .5 (h ,k lXii! + \h,krXiil ) / ( k lrxAih,).

-i,

The system of difference equations (6.3), (6.4) is solved using the sweep method sequentially in each 
direction beginning with / = 1. As a result, we obtain p  values of the solution at the points (x“, r), 
a  -  1, 2, Note that, in the case of a regular grid scheme, (6.3) is reduced to the multicomponent alter
nating directions scheme [13, 14], and, in the casq of constant coefficients, this scheme coincides with that 
considered in [9]. Using the Taylor expansion

/ = l 
l * a

u(xa, t ) = u(x, t )+ У  h du<£  ,f> + 0 (\h \2), \h\2 = У  h2a, ha = max /£ ,
^  ox, ^  i s/„<v„a= 1

the approximate solution at the grid point (x, t) e  to can be found with the help of the second-order approx
imation formula

p
y(x, 0 = ya(x“, t) -  0.5 ^  [(ill + \iv\ )yax, + (hi -  Ы  ))’„*,] ■ (6.5)

i = ]
!*a

We now turn to the derivation of estimates of the solution to the difference problem (6.3), (6.4) in the 
norm C. Similarly to the one-dimensional case, we define the grid norms

II-lie = maxl-l, ||-||e = max|-|, ||-||c = max|-|.
x 6 “ /i x s Ы/j x e 7/,

Theorem 5. Let the conditions

k a = ka(xa) is independof t, a  = 1 ,2 , . . . , p ,  x > ||/?^+ - h ^ c/ (6 k }) (6.6)

be satisfied.
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Then, the difference scheme (6.3), (6.4) is stable with respect to the initial data, the right-hand side, and the 
boundary conditions; and, fo r  the solution to this problem, the estimate

'  Г P т ;-x  \

IW Ic - IK / | lc  + ' max^ «pile,, X  Л ам0а + Ф(0)
а = I cJ r = T  /

holds fo r  any l = 1, 2, ..., p, t e coT, where

Ий-lie, = max -I max |ix/f( 0 ||c к / =  1 ,2 ,.. . , /? .
0 < ; ' < ! - т |  1 < l < p  r J

Proof. Using the expression у  = у + xy„ Eq. (6.3) for / = 1 can be written as }’(p p = tA ^ ,  +

= ] Aaya + cp. Taking into account the fact that = , Аay a = y(p p2p)7 + ф , the last expression is reduced 
to the form

3J(Pn,p2I)/ = 'tA lJ l , + ;ya v p2(i)7 + T(p7. (6.7)

Similarly, for l > 1, one can obtain

3(P1(,M ' = TA/3/,- + T(p1(N]),p2((_ 1 = 2,3,  . . . , p .  (6.8)

By inequality (6.6), the maximum principle (1.10) holds for the problems y(pi(ip2(), = xAy lt + Ф, ybr0 = 

y ll>N = P/„ / = 1, 2, ..., p  with respect to the grid function y n . Therefore, on the basis of inequality 

1|3(Ри,р2,)/|с -  Ib/Jlc an<̂  Lemma 1, the following estimates are deduced from Eqs. (6.7), (6.8):

||у1,(0||с 5£тах{||ц„(0 ||ст, I M 0 | |e + Ф К 0 | |с Ь  

Ibp/llc- max{|||ip7||c^  ||y(p_1)7||e }<  ... <m ax m axJ|p;7||Cr, \\yu \ \ S

Fig. 2.
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Table 2

N ^max
T = 0.1 T = 0.01 x = 0.001

scheme (6.3) scheme (6.9) scheme (6.3) scheme (6.9) scheme (6.3) scheme (6.9)

10 0.384 1.55 2.318 0.491 0.69 0.431 0.405
20 0.214 0.547 1.557 0.142 0.376 0.13 0.13
40 0.13 0.15 0.626 0.04 0.135 0.036 0.045
80 0.056 0.064 0.588 0.013 0.115 0.01 0.02

160 0.034 0.021 0.4 0.004 0.077 0.0026 0.006

Hence, we find that

I b n l l c -  m a x i /II c. max
2 <l<p I I m - / ? I I c > Ы 1< + хЦф к о Цс

< < max max |||Xi,(t')||c » max ■T 0 < r' < / - т
max ji,,.

2 < l < p

P

X Л « м 0 а  + ф(0)
а = 1

Substituting the last inequality into the obvious estimate Hyllj ^  IHI^ + x | |y |E, we come to the assertion 
of the theorem.

Remark 3. In the case of a spatially regular grid, the difference scheme has the form [14]

> p
У,+ Х Л«>'«+ X  ЛаТа = Ф. Ф = /(■*»*), У a = УаСМ), l = 1,2, ■■;P,

a = 1 а = /+1 (6-9)

— — (^a^ax„)jt > — 0 .5 (ka + k a ), k a — k a(x, t),

y ,(x ,0 )  = u0(x), 5>/|Ул = М-(л, 0 ,  lh , 1 = 1 ,2 , p- (6.10)

In this case, the assertion of Theorem 5 holds without constraints on the steps т and h.
Remark 4. Applying, similarly to the one-dimensional case, the energy inequality method, one can 

prove the stability of scheme (6.3) in the space w l  without constraints (6.6).

7. COMPUTATION OF THE TWO-DIMENSIONAL PROBLEM

To test the proposed scheme, we solved problem (6.1), (6.2) fo rp = 2, k^x) = (*, + Y/ f ' , l = 1 ,2, . . . ,p. 
The exact solution to this problem has the form

p
u(x, t) = ^ ( x ; + a /)"' + e ( t + p ) m. (7.1)

i =  i

The right-hand side/(x, t) is determined in accordance with the method of trial functions [1] by the direct 
substitution of the solution u(x, t) and the coefficients k/(x) into the original equation. The calculations were 
carried out in a parallelepiped with the unit volume T  = 1, /„ = 1, а  = 1,2. Since function (7.1) increases 
rapidly in the vicinity of the point x  = {xx, ..., x t_ ,, 0, x t+ ,, ..., xp) for a , <§ 1, щ <0,  the initial irregular grid 
was refined in each direction towards the origin of the interval in the geometric progression (harmonic grids) 
h+ = qh with q = 1.5. The grid was refined as in the experiment described in Section 5. When solving the 
problem (6.1), (6.2), (7.1) we chose 0С/ = 0.1, щ = - l ,  y, = l ,Pi= 1 , 1 -  1, 2, m = 2, P = 1, and e = 10-15. For 
comparison, the same problem was numerically solved using the first-order approximation scheme (6.9), 
(6.10). Table 2 presents the results of the calculations (see Section 5). Figure 2 illustrates the implementa
tion of the efficient scheme (6.3) in the two-dimensional case. Here, we use the following notation: •
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denotes x = (xj, x2), x denotes x = (x,, x2), □ denotes x ' = (xh x2), and О denotes x2 = ( x , , x2). The scheme 
approximates the original equation to the second order with respect to the point x . The grid functions y12 
are computed at points (x1,2, t). Then, we use Eq. (6.5) to determine the difference solution at the grid point x.

Note that the second order of space convergence of scheme (6.3) occurs already for x = 0.1, while 
schemes (6.9) have the same order only for x = 0.001. This yields a considerable reduction of the computa
tion time required to obtain the prescribed accuracy.
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