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Abstract—New difference schemes of second-order approximation on irregular grids with the use of
conventional stencils for stationary and nonstationary problems are proposed. For the stencils consid-
ered in this paper, the maximum principle holds without constraints on the relation of the coefficients
and steps of the space grid (unconditional monotonicity for stationary equations). For multidimensional
problems, efficient schemes of vector additive type are constructed. Numerical experiments carried out
in this work indicate improved accuracy of new algorithms on coarse grids as compared to the known
second-order accuracy schemes of the first approximation order.

INTRODUCTION

The improvement of the accuracy of a method without extending the conventional stencil of a difference
scheme has always been a topical problem in mathematical physics. In the case of a regular grid, numerous
examples of the construction of such computational methods of the fourth-order space approximation can
be found in [1] for one-dimensional and multidimensional equations of mathematical physics. As a rule, the
order of a local approximation error reduces when passing from a regular grid to an irregular one. It was
shown in [2-6] that the accuracy of a method can be improved by approximating the original differential
equation at certain intermediate points rather than at grid ones. Unfortunately, the results obtained in these
works generally cannot be extended to differential equations with variable coefficients.

In the present study, new algorithms of an increased approximation order on irregular grids with the use
of standard stencils are proposed for solving stationary and nonstationary problems with variable (including
nonlinear) coefficients. The obvious advantages of the proposed difference schemes are the relative simplic-
ity of the computer algorithms implementing them, unconditional monotonicity in the stationary case
(validity of the maximum principle without constraints on the relation between the space steps and the vari-
able coefficients), and reduction to the known conservative difference scheme in the case of a regular grid.

Unlike the work [7], we suggest here efficient stable difference schemes of the second-order local
approximation on irregular rectangular grids for a parabolic equation of an arbitrary dimension with vari-
able coefficients. Using the maximum principle for derivatives [8, 9], we prove the stability of the solution
obtained by the new computational methods of vector additive type in the norm C. The numerical experi-
ments carried out in our study reveal another advantage (the main one from the computational viewpoint)
of the algorithms investigated here. These algorithms are considerably more accurate than the schemes of
the first-order approximation (the order of accuracy can be the same) precisely on the coarse space-time
grids. This reduces the computation time required to solve the problem with the prescribed accuracy.

In our study, we obtained the corresponding a priori estimates to the difference solution expressing the
stability with respect to the initial data and right-hand side. We proved the second-order convergence of the
proposed algorithms to the solution of the original differential problem. The theoretical studies are based
on the general theory of the operator difference schemes [1, 10].

1. THE ONE-DIMENSIONAL PROBLEM
Consider the simplest differential problem
Lu = (k(x)u') -dx)u = —-f(x), 0<x<l, (1.1)
u@) = py, wl) =p,, O0<k Sk(x)<k, dx)2d,>0. (1.2)
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When constructing a monotonic scheme of the second-order accuracy on the three-point stencil using an
arbitrary irregular grid oy = O VY O = {x;=x_3+h,i=1,2, ., N=1},7,={x=0, xy =1}, we will
base on the relationship [2, 3]

Ugs i~ U'(E) = ORD), X = xi—hi, hi = (hiyy—h)/3. (1.3)

In this case, we use the conventional notation [1] uz; = (u,— uz YA, u, =, —wih,, u; = w—-u)h, b=
05(h+h),h=h;, hy=h;, |, Ve = v; 4 = V(x;+), v=v;. Equation (1.3) implies that u;; approximates the
second derivative to the second order relative to the nongrid point X; (in the case of a regular grid, x; = x,).

To construct similar methods for Eq. (1.1), we will use the identity (ku')' = 0.5((kw)" + ku" — k"u). Let us
replace the differential operator L by the difference operator L, on the grid &,:

Lyu = 0.5[(ku)ss + kg, p,ytss — kzsttp, ] — disep, p)» (1.4

where d = d(%), VBoBy = Buvier + (1= By =Brs1,)Vi+ Bes 1, vio 1> and the spatially varying weighting
factors are determined as follows:

By = 0.5(|kl + h)th,, By = 0.5(IAl =Rk, By = 0.5(hkes— |hksg V(B kss),

) . o o (1.5)
By = —0.5(hks + |hky|)/(hkss), PBs = 0.5(h—|hl)h,, Bs = —0.5(|n + k.
From Egs. (1.3), (1.5), we have
(ku)ﬁ—(ku)"(i) = O(ﬁz), V(Bk’Bk+l)_ V(j) = O(ﬁz)’ k = 1’3’ 5 (16)

Therefore, the difference scheme
Ly=-¢, ¢=f(X), yo=HW, IYv=MW (1.7)

approximates the differential problem (1.1), (1.2) to the second order on an arbitrary irregular grid. The
obvious advantage of scheme (1.7) is that, in the case of a regular grid (h, = h), it is reduced to the well-

known conservative scheme (see [1]) (ay; ), ;—diy; =—fx;), a;=0.5(k; _ + k;), o = Wy, yy = ;. Scheme (1.7)
can be written in the canonical form (see [1])

Ayi1—Cyi+By,,=-F;, i=12..,N=-1, yo=W;, yyv=H, (1.8)

with the coefficients
A; = 0-5[(1((5,, Byt k;_)/(fi;h;) - B4ikii, - B6i‘—ii9
B, = O~5[(k(ﬂl,ﬁz) +hi Y (Rihi ) = Bakszs ] - Bsidi, C; = di+A;+B, F; = J(x).

(1.9)

Below, we will use the grid norms

e = max [, [z= max||, [c = max||.
1<i<sN-1 0<isN i=0, N

To analyze the stability with respect to the boundary conditions and the right-hand side simultaneously
(in particular, in the time-dependent case), we use a more convenient estimate proved by the following
lemma.

Lemma 1. Suppose that the conditions
A;>0, B;>0, D;=C;-A;-B;>0, i=12..,N-1 (1.10)
are fulfilled. Then, the solution to problem (1.8) satisfies the estimate

Iyle < max{|ylc, IF/Dlc}. (L.11)

Conditions (1.10) for coefficients (1.9) can be satisfied by choosing the space weighting factors in the
form (1.5), which are adapted to the grid and coefficients of the problem. For example, let us write out the
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DIFFERENCE SCHEMES ON IRREGULAR GRIDS FOR EQUATIONS 381

weighting factors B, B,, B3, and B, in detail (the trivial cases h =0and k:; =0 are not considered):

1=

hh,, h>0, 0, h>0,
= Bz =

0, h<O0, ~hlh, h<0,
; {0, bk, >0, {—ﬁ/h, hks; >0,
hih,, hky<O0, 0, hky<0.

Expressions kg g,), —Bsks; for h >0, and ks, <0 are written as

h h L. 2h,+h
k(ﬁlf Bz) = Ek+ + (1 - ],T.*)k = }T;k+ + 3h+

k>0,

—Bsksz = _}:kfi’> 0.

All other cases are considered in a similar manner.

Thus, for an arbitrary refinement of the irregular grid, coefficients (1.9) of the difference scheme (1.7)
satisfy conditions (1.10) (unconditional monotonicity). Hence, the difference scheme (1.7) is stable with
respect to the right-hand side and the boundary conditions, and the a priory estimate (1.11) holds true for
the solution to this problem. Substituting y = z + u into Eq. (1.7), we obtain the following problem for the
error of the method:

Liz=-y, Yy =(Lu+¢)-(Lu+ f)(x), zly” = 0. (1.12)
According to Egs. (1.4), (1.6), the approximation error Y = O(h?) (h = max h;). Since all the conditions
1<isN

(1.10) of the maximum principle hold true for problem (1.12), we find from estimate (1.11) that |z <
IlWllc < ch?; i.e., difference scheme (1.7) provides the second-order convergence to the exact solution.

2. DIFFERENCE SCHEMES FOR THE PARABOLIC EQUATION

Within the rectangle D = {0<x</,0<¢ < T}, we seek a continuous solution to the problem

Ju _ 0 du
E"a}'("“”é&)*f(x”)’ O<x<l, 0<t<T,

u(x, O) = uO(-x)’ u(oy t) = Hx(f), u(la t) = uZ(t)'

In addition to an arbitrary irregular space grid O introduced above, we will consider the regular time
grid @, ={r,=nt,n=0,1, ..., Ny, tNy =T} = o, w {T}. Since the point X; = x; + h: is not, in the general
case, a grid point, we deduce from Eqg. (1.6) that

u,(Bl,M—%—':(i, t) = 0(ﬁ2+‘t), Xe®, tew,. 2.1

Using the conventional six-point stencil, we construct, on the basis of Egs. (1.4) and (2.1), a monotonic
scheme of second-order accuracy on the irregular grid ® = ®,, X o,

Yup, By = 0.5[(k$)ss + k(ﬁ,, Bz)j’ii - kxj-y(pj, B,.)] + o, 2.2)

J’? = up(x), USH = W (fhe1)s )”lilikl = Wty 1) (2.3)
Here, v, = (7 - V)T, ¥ = v{x,, 1,, 1), 9 =A%, T).
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Theorem 1. Suppose that the following conditions are satisfied: 0 < k; < k(x) <k,
1> |2 - B (6ky). (2.4)

Then, the solution to the difference problem (2.2), (2.3) is stable with respect to the initial data, the bound-
ary conditions, the right-hand side; and, for any t, € ., the a priory estimate

n

Iyt ]z < maX{Ilyolla, | ax 1||J’(’k)|| cy} + Z ol ¢ (2.5)

k=0

is valid.
Proof. Let us represent scheme (2.2) in the canonical form (1.8):

n+1

Aiy;lfll_ciy;lﬂ +Bi)’7:1] =-F, i=12..,N-1, yo = mW(t,1)s )";VH = Uytys1)s
where
A= =By + 0.5t[(kep, py + kio )/ (fiihy) = Baikss, o],
B; = _Bli+O'ST[(k(B,,BZ)+ki+1)/(ﬁihi+l)_B3iki)‘c,i]’ Ci=1+A;+B;, F;=ygp,p)+T9.

Let us verify conditions (1.10). In comparison with the stationary case considered above, the additional
terms —[3, and -3, appeared in expressions for the coefficients A and B. Consider the case & < 0, for which

B,=0and B, = h /h. Neglecting the positive term with k;; in the expression for A, we obtain

(1 + hihYk - hk_lh+k_
51

(1 + hih)k + (1 - hlh)k_
h 0.5t .

h h
A> A +0 =7 +0. h
Since |l§/h| <1,A > (h, - h)/(Bh) + 21tk,/[k(h + h.)]. From the last inequality it follows that A; > 0 for
7> Ih?+ 1= h,2| /(6k;). The coefficient B is analyzed in a similar way. Thus, inequality (2.4) ensures the ful-
fillment of condition (1.10); therefore, following Lemma 1, we conclude that ly"*lz < max{ ”y"““c7 ,

|IF||c}. Since the variable weighting factors 3, and B, are nonnegative, ||F||c < ”y""a + 7]|¢"||c- Substituting
this estimate into the last inequality, we obtain a series of the relations

o 1yl + el ey
n-1 n-1 n
i PR M P

<. Smax{ (Il + Y elotlo byle+ gtnd‘nc}.

k=0 k=0

Iy e < max ]y |

Yle, +lo

lo)}

ol

<max{y"*lc, |

This inequality entails the required relationship. The theorem is proved.
Remark 1. If the grid is spatially regular (k, = k), then the difference scheme (2.2) is reduced to the
strictly implicit scheme

Y, = (a¥;), +¢, a=05k+k), (2.6)
for which the a priory stability estimate (2.5) is true without constraints (2.4) imposed on the relation
between the time step T and space step h of the grid (unconditional stability).

3. THE ENERGY INEQUALITY METHOD

To get rid of constraints (2.4), we invoke the general theory of operator difference schemes [1, 5]. Instead
of (2.2), we will consider a more general scheme with the time-independent weighting factor ¢

Yupy = (@)s+05[(h,Brk,— hBoks)yss + (1Bay, — hBay ks + 0, a = 05(k+k). (3.1
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Hereafter, we will suppose that i, = u, = 0 (homogeneous boundary conditions):
o= ux), o =N =0, (3:2)

When formulating this difference scheme, we used the identity vg 5, = v+ h.B;v, — b, v;. For the
sake of simplicity of the following calculations, we also suppose that h, = h (the grid refines towards the origin
of coordinates) and k;; 2 O for all x € ®,,. Then, the difference equation (3.1) can be rewritten in the form

Dy +Ay 7 +Ay =9, ¢=f7%0, (3.3)

where V9 =6v(t + 1) + (1 —0)v(f) =6 ¥ + (1 — 6)v; and the operators D, A, A, fori=1,2,...,N-1are
defined as follows:

D = E+Ay (A); = hiyen h = (h,—h)/3,
o (3.4)

(Ay), = _(ayj‘)i,i’ (Ay); = —/;i(kx,iyx,i“ka, Is,i+ ks vz )/ (28;).

() ~
Let Q, be a set of grid functions defined for each r € ®, on the grid ®; and vanishing on the boundary.

(o]
Define the vector y = y(£) = [y,(9), ..., yy_()]* and define the linear space H = Q, to be a set of such vectors

with the scalar product (1, v) = Ef’;,luiv,-ﬁ,- and the norm ||| = J/(+, -) . Since A; = AT > 0, we denote by

H, the Hilbert space which consists of the elements of the space H and is equipped with the scalar product

and the norm || yllf‘I =(Ay.y)=(a, y:]1= Zf';,'a,.yi ;h; . Then, the difference scheme (3.2), (3.3) can be writ-
ten in the canonical form of two-layer operator difference schemes (see [1])

By, = Ay = @, yo = uo, (3.5)

B=D+01A;,, A=A +A, A =AT>0. (3.6)

We will use the following lemmas.

Lemma 2 (see [4, 5, p. 348]). Under arbitrary relations between the grid steps and for h, 2 h, the oper-
ator inequality D 2 (1/3)E holds.

Lemma 3. Let in the operator difference scheme (3.5), (3.6) the uniform operator A = A, + A, A| =

Af > 0 and the operator A, be subordinated to the operator A in the sense
|A,y]* < 8lyl5, & = const>0. 3.7)

Then, for
B(®)2€eE+0.51tA,, €>0 isanarbitrary constant, 3.8)

where € is an arbitrary constant, the difference scheme is p-stable in H, and the a priory estimate

[yaeills, <M (”)’0”/24, +0.5¢7 Y o 2J (3.9)

k=0

holds, where the constant M = ™" and mg = 8/(2€).

Proof. Taking into account the identity y = yO% — 0.51y,, we write Eq. (3.5) in the form (B — 0.5tA))y, +
Ay = @ — A,y. Multiply it scalarly in H by 21y, to obtain

21((B=0.5TA )y, ¥) + [yauills, = I7alla, + 270 = Aoy, ). (3.10)

Using the Cauchy inequality with respect to €, we find the estimate 2T(@ — Ay, y) < €|y | +
0.5te7!(J|o||* + ||A2v||>)- Taking into account this inequality and conditions (3.7) and (3.8), we deduce from

COMPUTATIONAL MATHEMATICS AND MATHEMATICAL PHYSICS  Vol. 41 No. 3 2001
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(3.10) the estimate

y"”i, + O.5£"t||(p,,||2).

1asllz, < (4 Tmy, 5, + 057 To,) " < e

This entails the required inequality (3.9). The lemma is proved. Note, that a similar estimate is obtained in
[10, p. 185] for nonself-adjoint operator A.
The following lemma establishes the subordination of operators A; and A, defined by formulas (3.4).

Lemma 4. Suppose that in the difference scheme (3.3) the inequalities h./h < c; and |K'| < ¢, hold true.
Then, inequality (3.7) is fulfilled with the constant & = 2c§ 1+ clk,.
Proof. According to the condition of the lemma,

ks < i7" j IKEIdE < c,.

Hence, the following estimate is valid for the norm [|A,y||:
2 2
A1 < 265yl + [y 3.1
Using the inclusion (see [5, p. 174]) ||y,-(]|2 < k' H)’”,zxl and the inequalities |[|y,|* < Z,Nﬂhiyi, <

ol

The auxiliary results presented above enable us to formulate the following main proposition of this sec-
tion.

Theorem 2. Let the conditions of Lemma 2 and Lemma 4 be fulfilled. Then, for 6205 and 0 <e£<1/3,
the difference scheme is stable with respect to the initial data and the right-hand side, and the a priory esti-
mate (3.9) is valid for its solution.

Proof. Let us verify condition (3.8). By virtue of the theorem assumptions, 5 — (eE + 0.5TA) = (1/3 -
e)E + (0 - 0.5)tA, 2 0. Therefore, estimate (3.9) holds. The theorem is proved.

Remark 2. We note the principal possibility of constructing difference schemes of third-order accuracy
on an irregular grid using a three-point stencil. For simplicity, let k(x) = 1. Then, for 6, = =2(h + 2h,)(h, —

R)/(9%h), 6, = (2h + h,)(h, — W)/(9%h,), and & = (h? + hh, + h2)/36, the difference scheme

ly)-r"2 <cky' llyll,z41 , we deduce the required estimate from Eq. (3.11). The lemma is proved.

y(Opcz) + Sytifr = y,(Y(,)%.S) +Q, ¢ = f()_C, t) + 8fifrs t = Lpvins (312)

approximates the initial problem to the order O(%* + 12). Curiously, it was found that, in case of a regular
grid, scheme (3.12) is reduced to the well-known scheme (see [1])

o=y 210, o, = 0.5-KU(121)

with the approximation order O(h* + 7).

4. NONLINEAR PROBLEM AND COMPUTATIONAL EXPERIMENT

Consider the quasilinear heat conduction equation

du _ d(,, .du
ol —ﬁ(k(x)a—)—c)+f(u), —-l<x<l, 0<t<£T,
u(x, O) = HO(X), H(—l, t) = ul(t)s Ll(l, t) = uZ(t)'

The corresponding difference scheme of the second-order approximation with respect to the space vari-
able has the form

4.1

Vi, pp = OS[(A(IP)es + kg, ) (7 Fsx — k23D I p,, sl + 00, 4.2)

where @ = f{ f} ), ¥i = -1 + ¥ + ¥, 1)/3. To demonstrate the effectiveness of the proposed algorithms, we
compared calculations of the blowup S-mode combustion (see [11, p. 174]) by scheme (4.2) and by the non-
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u(x; 0.5T)

~1 0 1x
Fig. 1.

linear analog of the well-known conservative scheme (2.6) of the second-order accuracy and the first-order
approximation

= (a(®)¥0); + fP). a; = [k(y) +k(y;_)]/2. 4.3)

For solving nonlinear difference equations (4.2) and (4.3), we implemented an iterative procedure that
can be written for Eq. (4.2) in the form

s+1
V6,80~ Vb8 sotl 5 s § 511
__1:_’[___1_1 = 05[(k() 9 )ss + kp,pp(P) Pxzx — kes(D) Y, pol + 9.
where s is the iteration number, s =0, 1, 2, ... . In the case of the S-mode combustion, k(u) = u°, flu) =u®*!,

o > 0, and the self-similar solution in the domain R X (0, 7;) has the form

“ef2(0+ 1) 2nx)”°
- —— =, L2,
(Ty—-1) (G(G+2)COS I |x] < Lg

0, |xl=Lg2.

ulx, t) =

The following values of the parameters were used: 6 =1, Ty =3, Lg= 8.886, -0.6L; < x < 0.6Ls, 0 <t <
To/3. The experiment was performed on grids described in Table I, which shows the corresponding compu-

tation errors

lzllc = ly-ule = max v &)~ utx ).

Figure 1 shows the initial space irregular grid covering the plot of the exact solution to problem (4.1) for
t = T/2. The number of grid nodes was multiplied by dividing each interval into two parts according to the
rule x; = (0.375 + r)x; . ; + (0.625 — r)x;, where r € [0, 0.25) was a normally distributed random variable.

The numerical experiment demonstrates the improved accuracy of the new scheme on coarse grids with
respect to both space and time. It is particularly remarkable that on the finest grid the error of scheme (4.2)
is half as large as the error of scheme (4.3). A more accurate calculation by scheme (4.3) requires a smaller

time step 7.

Table 1
N L 1=0.1 1=0.0] 1=0.001
e scheme (4.2) | scheme (4.3) | scheme (4.2) | scheme (4.3) | scheme (4.2) | scheme (4.3)

20 1.814 0.01 0.033 0.008 0.016 0.01 0.011

40 1.06 0.013 0.017 0.004 0.006 0.005 0.005

80 0.54 0.014 0.015 0.0014 0.0024 0.0014 0.0014
160 0.27 0.014 0.015 0.0011 0.0016 0.0005 0.0005
320 0.14 0.015 0.015 0.0013 0.0014 0.00017 0.00036
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5. DIFFERENCE SCHEMES FOR THE WAVE EQUATION
Consider the boundary value problem for the vibration equation

u 9 du
? = a(k(x)a—x)+f(x, N, O<x<l, 0<t=<T, (5.1)
u(x,0) = uy(x), %i:(x, 0) = ug(x), u@©,0 = ul, ) =0. (5.2)

Using the conventional notation y=y", § =y"* 1,y =y"~ Ly, = (5 =9/, y; == YT, 3, = 0, — yi /T,
and v = 0,V +(1 - 6,-0,)v+ 0,7, by analogy with Egs. (3.1), (3.3), we construct the following

scheme of the second-order space approximation on the grid @), X @, for problem (5.1), (5.2):

Yt [(112/6).)’;:;]5("‘Al}’(cl,%) = 0—-Ayy, (5.3)
¥(x, 0) = up(x), y(x,0) = uy(x), ¥, = In =0, (5.4)

(0,,02) , _ ~ . . e
where 9 = f " ¥ (X, ), 1 € W, iy(x) are chosen such that the approximation error of the second initial

condition is O(?), and the operators A,, A, are determined by relations (3.4). For k(x) = const, scheme (5.3)
coincides with the scheme suggested in [3]. For sufficiently smooth functions, u;, + [(hy/6)u;,:1; = u;, +

[(hy = B)/3]uz,y + (R*6) 3155 = u(X, /0P + (H/6) Uz 5 + O + 12); thus, uy, + [(B/6)u;,: 15 ; — Q*u(%;,
1,)/0r2 = O(#} + 7). Taking into account the identity AL U6, — 6y) v5 +0.57(0, + 0,) v;, and

Egs. (1.3), (1.6), (2.1), we conclude that the relation (4, u""" " + Au) — @/Ax)(k(Z YOu(%, )/dx) = OH? +
7) holds. Therefore, the difference scheme (5.3), (5.4) approximates the original differential problem to the
second order with respect to the space variable. To obtain the corresponding a priory estimates, we write the
scheme in the canonical form of the three-layer operator difference schemes [1, 5, 10]

Dy;,+By; +A1y = 9, @, —0—Ayy, (5.5)
where D = E + Ag + 0.57%(0, + 6,)A, and Agy = [h%/6)y; 15, B = 1(0; — Gy)A,.

Lemma 5. Suppose that, in the operator difference scheme (5.5) A, = AY >0, D=D*>0, B20,
D >0.25(1 + €)t?A,, D' <E, and € = const > 0. Then, the scheme is stable with respect to the initial data
and the right-hand side, and for its solution the a priory estimate

J, M= Je'(1+¢) (5.6)

1ynsilla, <M [Ily(O)IlAl + Ol + Y Tle

k=1

holds for any € > Q.
Lemma 6 (see [1]). Suppose that g,20(n=1,2,...)andf,20(n=0, 1, ...) are nonnegative functions.

Iff, is a nondecreasing function (f, , | 2 f,), then it follows from the inequality g, , , < coZ; -1 Tg +f, (n =
1,2, ..., 8 </ co=const > 0) that g, , 1 < exp(cot,)f;-
On the basis of Lemma 5 and Lemma 6 and the subordination condition for operators (3.7) with the con-

stant & = 2c§ (1 + ¢/k, (see Lemma 4), we prove the following theorem.

Theorem 3. Suppose that in the difference scheme (5.3),(5.4) 6,2 6,,6,+6,20.5(1 +€) + him /(37%,),
h,2h, 0<k Sk(x)<ky, |k'|<cy hth <y, and hy,, = max h;. Then, for the solution of the difference

I<isN

problem, the a priory estimate (5.6) with the constant M = Jn:exp(,/ﬁlzet,,) (where n, = (1 + €)/€) holds.
Proof. Let us verify the conditions of Lemma 5. Since ||yz]| < k! I¥l4,, then Aq > —(hl 6k DA,
Therefore, D — 0.25(1 + €)1%A, 2 E + 0.57%[(0, + G,) — hzmax /(37%;)~0.5(1 +€)]A, 20, B=0, A, = A} >
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0, D =D*>0,and D! <E if the theorem conditions hold. On the basis of the a priory estimate (5.6), we
conclude that [y, . 1[4, < e (IyO)a, + |y O + Zi-17]9,(1)] - Since [[@ul] < [0 — Awil| < [loil +

NEYEA 4, is deduced from the triangle inequality and the subordination conditions of operators (3.7), the

following estimate holds:

1y illa, < ﬁ{llyoll LR PR ”(Pk”J +one Y Tyl

k=1 k=1

Strengthening the latter inequality with the help of Lemma 6, we obtain the assertion of the theorem.

A drawback of scheme (5.3) considered above is that it is not reduced to the classical difference scheme
for a wave equation on a regular grid. Furthermore, the strictly implicit scheme (o, = 1, 6, = 0), according
to Theorem 3, is stable for T > ,/2/(3k,) h, which is opposite to the Courant condition. However, when

reducing scheme (5.3) to the canonical form, the operator D remains self-adjoint, and, in the case of constant
coefficients, the corresponding difference scheme is conservative [2]. Below, we present another class of
nondivergent schemes approximating the wave equation (5.1) on an arbitrary irregular space grid of order

O(h? + 1):
Yir ¥ (= h)13)yis = (@ys" )z + 0.5[(hyBrky — BBoks)yss + (heBsyx— hBays)kss] + . (5.7)

Let us analyze the stability of this difference scheme. For the sake of clarity of the proof, suppose that
k(x)=1,h,2h,0,=1,0,=0,and ¢ =0. Then, scheme (5.7) takes the simple form

Vit [(he=h)3]yiz = Fzse (5.8)
Theorem 4. Under the assumptions made and for © 2 ||h, — h||c/3, the difference scheme is stable with
respect 1o the initial data, and the estimate |yss| < ||luoss]l + |tos|l holds.

Proof. Unfortunately, we cannot apply the general theory of operator difference schemes, because the
operator D (see canonical form (5.5)) is nonself-adjoint. Let us multiply Eq. (5.8) scalarly by -21y,;; . We
obtain the energy identity

2 2 2 2
| [+ 2yl + Dyisdl = |
Taking into account the inequalities 4, 2 k, h <7, we apply to the last term in Eq. (5.9) the Cauchy ine-

quality with € to obtain 2t(hy;c, yies) < Plyise]’ + e sl T yizsl” + |[7:45]]%) - Substituting this
inequality into (5.9), we obtain the required result. The theorem is proved.

n+1

Yz

n+1

Yix

n

Yiz ’ + ”y;i|l2 + 21(];})71}7 ytii)- (59)

[+

6. MULTIDIMENSIONAL PROBLEM

Suppose that it is required to find a continuous function u(x, 1), x = (x,, ..., x,) satisfying the initial bound-
ary value problem

aa—l: = Lu+f(-x: t)’ (—x, I)G QT’
. 3 u ©6.1)
Lu = E_’ILGM, Lou = é;o.[(km(x, r)é—x;), O<k <ky<k,,
u(x,0) = uy(x), xeQ, ulx 1 =pux1n, xeTl 62)

within the domain O7r = Q U[0,7], Q =QuUT, Q={0<x,<l,0=1,p]}.
In the domain Q, we introduce an arbitrary rectangular grid irregular along each direction:

i fp-1

2 i i, [ 0 N,
On = {x=(x), ., x))xg=x5 +hein=1,2, .., Noe-1Lxe=0,x"=l,00=1,2,..., p}.
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Let @, denote the set of internal nodes of the grid ®» and v, denote the set of boundary nodes. The

space-time grid in the domain Qr is introduced in the conventional way:

X0, O, ={t,=nt,n=0,1,...,N, TNg=T} = 0, U{T}.

gr

o =
. . . . (o gt 1 .
Further, we will use the index-free notation for the coordinates (x, = x; » Xgt = x:, ) and for the grid

functions (v=v; _; = v(x;' yeen ;,", I,), Vo= Vi igtl, i » @=1,2, ..., p). Letus introduce the grid
functions y, = ya(x t) and k, = ka(x" t) that are calculated for the points

g1 iy _la

(5 0) = (B, oo Bo L X Bt L B0 1), Eq = Xg+hoy  ha = (hgy — ho)/3.

Then, the difference scheme of the second-order local approximation based on the use of the vector addi-
tive schemes [8, 12] and spatially varying weighting factors [9] has the form

Yeubar = O, NaYat D, Aa¥at @, @ = fEBD, 1=1,2,..,p,

o=1 a=/+1 (63)
Aatta = 0.50(katto)s 5, + Ka,, Bro) Moz, ~ Kozyt,Hoa(s i
VXL 0) = u(x) = ug, Il = WG, D) = ey, =12 ..,p. (6.4)
Here,
t = (Vam Vet fig = 05(ha+he), vy = (V"= V) hgy, Vs = (v=v ")hg,

= = = +1 -1 B
X = (xl"“’xp)’ V(ﬁjpﬁ(j”)l) = Bﬂyl ’+(1 —le_B(j+l)l)yl+B(j+l)]yl '5 J = 15 3,

Bi = 0.5(hi+|h) ik, By = 05(R|-Ri)ihy,

B = 0.5(hikys, — ki) (ks hn)s Bar = —0.5Chikygys, + ukpss [V iz o).

The system of difference equations (6.3), (6.4) is solved using the sweep method sequentially in each
direction beginning with [ = 1. As a result, we obtain p values of the solution at the points (x%, ),
a=1,2,..., p. Note that, in the case of a regular grid scheme, (6.3) is reduced to the multicomponent alter-
nating directions scheme [13, 14], and, in the case of constant coefficients, this scheme coincides with that
considered in [9]. Using the Taylor expansion

a( t) - ~
=22 O(HY), P = Y hg, he = max hg,

I1<ig <N,

u(x®, 1) = u(x, 1) + Z h—

=1
I2a

the approximate solution at the grid point (x, ) € ® can be found with the help of the second-order approx-
imation formula

r
Y060 = yo(x% 0= 0.5 Y [+ [rl)yas, + Gri= |2 yas,). (6.5)

=1
l#a

We now turn to the derivation of estimates of the solution to the difference problem (6.3), (6.4) in the
norm C. Similarly to the one-dimensional case, we define the grid norms

e = max|-l, [z = max||, [ = max].
X € Wy xe Wy XE Y,

Theorem 5. Let the conditions
ko = ko(x®) isindepend of 1, o = 1,2,...p, T>||hl, —h|c/(6k)) (6.6)
be satisfied.
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Then, the difference scheme (6.3), (6.4) is stable with respect to the initial data, the right-hand side, and the
boundary conditions; and, for the solution to this problem, the estimate

P -1
”yl”a B ””oz”z- + r[max{”u]l cy z Aqugg + 9(0) } + Z || @i (1] c]
a=1 C =1

holds foranyl=1,2, ..., p, t € @, where

0<r<r-1

lule, = max {lmflxtlun(t')lk,}, [=1,2..p.
<lsp

Proof. Using the expression § =y + Ty,, Eq. (6.3) for [ = 1 can be written as y@g 5 ) = TAy +

T = 1AqYq +¢. Taking into account the fact that X5 _ j AqYe = ¥, p, i + - the last expression is reduced
to the form

Yoyt = WA+ Yip,, B0 T IO 6.7)
Similarly, for [ > 1, one can obtain

y(B“, B)i = TAly“- +y(Bl(l—l)v ﬁZ(I—l))i’ l = 2, 3, e P (6.8)

By inequality (6.6), the maximum principle (1.10) holds for the problems yg g, = TAYy + P, yy0=
Yun, = W I =1, 2, ..., p with respect to the grid function y,;. Therefore, on the basis of inequality
1@, g2l c < 171l and Lemma 1, the following estimates are deduced from Egs. (6.7), (6.8):

171Dl < max{ sl c, [y, + oDl

1ypille < max{lupillc s [y -nilled - < maX{ max [l |y, ;Ha}-
2<1<p

_____________________________________________

_____________________________________________

ce QA== O

--Qr---Or-

X

Fig. 2.
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Table 2
N N 1=0.1 T=10.01 1=0.001
™ scheme (6.3) | scheme (6.9) | scheme (6.3) | scheme (6.9) | scheme (6.3) | scheme (6.9)

10 0.384 1.55 2.318 0.491 0.69 0.431] 0.405

20 0.214 0.547 1.557 0.142 0.376 0.13 0.13

40 0.13 0.15 0.626 0.04 0.135 0.036 0.045

80 0.056 0.064 0.588 0.013 0.115 0.01 0.02

160 0.034 0.021 0.4 0.004 0.077 0.0026 0.006

Hence, we find that

bde s mas] s il Dl = ool

14
Y Agligg + 9(0)

a=1

}+2w%w%
C

=1

<. Smax{ max ()¢, max {max I },
TS <y T 0gr<r-t)2<i<p v

Substituting the last inequality into the obvious estimate ||3]z < [lyllz + 7|y, we come to the assertion

of the theorem.
Remark 3. In the case of a spatially regular grid, the difference scheme has the form [14]

1 p
Vit D Addat Y Ac¥a = 0. 0 = fuD, Yo =vux0, 1=12,..,p,
a=1 )

a=/+1

(6.9)
Aty = —(agligs )y » @ = 05(kg+ky ™), ko = ke(x D),
yi(x, 0) = wug(x), 5”]7,, = Wx, b, xev, [=1,2,..,p. (6.10)

In this case, the assertion of Theorem 5 holds without constraints on the steps T and A.
Remark 4. Applying, similarly to the one-dimensional case, the energy inequality method, one can

prove the stability of scheme (6.3) in the space W; without constraints (6.6).

7. COMPUTATION OF THE TWO-DIMENSIONAL PROBLEM

To test the proposed scheme, we solved problem (6.1), (6.2) for p = 2, k{x) = (x, + y,)p' ,U=1,2,...,p.
The exact solution to this problem has the form

p
ux, 0) = Y (x+0)" +e(r+B)". (7.1)

=1
The right-hand side f{x, 7) is determined in accordance with the method of trial functions [1] by the direct
substitution of the solution u(x, r) and the coefficients k,(x) into the original equation. The calculations were
carried out in a parallelepiped with the unit volume 7 =1, [, = 1, o = 1, 2. Since function (7.1) increases
rapidly in the vicinity of the point x = (x;, ..., X,_1, 0, X, 1, ..., X,) for &, < 1, n, <0, the initial irregular grid
was refined in each direction towards the origin of the interval in the geometric progression (harmonic grids)
h, = gh with g = 1.5. The grid was refined as in the experiment described in Section 5. When solving the
problem (6.1), (6.2), (7.1) we chose o, =0.1,m,==1,y,=1,p;=1,[=1,2,m=2,B=1,and € = 10~'°. For
comparison, the same problem was numerically solved using the first-order approximation scheme (6.9),

(6.10). Table 2 presents the results of the calculations (see Section 5). Figure 2 illustrates the implementa-
tion of the efficient scheme (6.3) in the two-dimensional case. Here, we use the following notation: @
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denotes x = (x,, x,), X denotes X = (X, X,), O denotes x' = (x,, X,), and O denotes x? = (X, , x,). The scheme

approximates the original equation to the second order with respect to the point x. The grid functions y, ,
are computed at points (x™-2, £). Then, we use Eq. (6.5) to determine the difference solution at the grid point x.

Note that the second order of space convergence of scheme (6.3) occurs already for T = 0.1, while

schemes (6.9) have the same order only for © = 0.001. This yields a considerable reduction of the computa-
tion time required to obtain the prescribed accuracy.

10.

11.

12.
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