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Abstract—There are considered elliptic and parabolic equations of arbitrary dimension with
alternating coefficients at mixed derivatives. For such equations, monotone difference schemes of
the second order of local approximation are constructed. Schemes suggested satisfy the principle of
maximum. A priori estimates of stability in the norm C without limitation on the grid steps 7 and
ha, @ = 1,2,...,p are obtained (unconditional stability). © 2002 Elsevier Science Ltd. All rights
reserved.
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1. INTRODUCTION

For numerical solution of problems of mathematical physics, monotone finite difference schemes
preserving second-order local approximation [1-3] are of particular interest because they are
positively characterized from the practical point of view. Such algorithms have been developed
for elliptic and parabolic equations (without mixed partial derivatives) which contain lower-order
terms. When some monotone finite difference scheme is constructed, it is desirable to preserve
the second order of approximation. For example, in [4,5], some nonlinear finite difference schemes
of second order of local approximation in the spatial variable were developed for some nonlinear
transfer equations. Note that maximum principle for finite element methods approximating the
problems with mixed derivatives is considered in {6,7].

Here, combining two well-known difference schemes which possess the second order of approxi-
mation, one develops finite difference schemes satisfying maximum principle for multidimensional
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elliptic and parabolic equations with mixed derivatives. For such algorithms, a priori estimates
of stability in terms of the strong norm in C are obtained. We note that partial differential
equations with mixed derivatives can appear when numerical algorithms for such classical equa-
tions as Laplace or Poisson equations are constructed on some nonorthogonal grid. Therefore,
the schemes suggested here could be applied to development of effective numerical algorithms
on nonorthogonal grids. In addition, they could be used as theoretical tools for investigations of
stability and convergence of a dynamic adaptation method [8].

Development of obtained results for multidimensional problems of conjunction of hyperbolic
and parabolic equations is of indubitable interest. Let us note that one-dimensional problems of
conjunction without mixed derivatives have been considered in [9]. It should be emphasized that,
for computational practice, investigations of computational algorithms for differential problems
with generalized solutions are of more interest. In this case, in order to get the estimates of
accuracy, it is more effective to use the method of energetic inequalities instead of the principle
of maximum [10].

2. DIFFERENCE SCHEMES FOR EQUATIONS
WITH COEFFICIENTS OF CONSTANT SIGNS

Let us consider in rectangle G = {0 < z, < l4, @ = 1,2} with the boundary T the problem of
Dirichlet for an elliptic equation with mixed partial derivatives

Ly — g{z)u = —f(x), zeG, u=ypz), z€l, z=(z1,22), ¢(z) > >0, (2.1)

2
0 du
Lu= Y Lagu, Lapu= T (kaﬂ%) . (2.2)
a,f=1 o B

One supposes that the following conditions of ellipticity are satisfied:

2 2 2
c1 Z E< ) kap(@als <2 Z g, =ze€gG, (2.3)
a=1 a,f=1 a=]

where ¢; > 0, c; > 0 are some positive constants and £ = (£1,&2) is an arbitrary vector.
From (2.3), we have that

0<c1 €kaa L0, a=12, kirkaz — kiokor > 3.

In rectangle G, let us introduce a uniform grid

Wh = {xi = (m(lil)’ mgh)) yie =0,1,...,No — 1, w¢(10) =0, z¢(1N°) =lo, 0= 132} ’

with constant steps h; = :c(lil) - m(li‘_l), ho = m(ziZ) - :L‘gz_l); here v, denotes the set of all
boundary points. Let us consider at the grid wy, difference operators

(ag:;l.,) (y(+1“) - y) — Qaa (y - y(_la)))

Aoy = (aaayia)x,, = h2 ’
[+
ALy =0,5 ((kaayzg)% + (kaaymﬁ)n) , a,f=12 a#p,
Aty = 0,5 ((kag¥ay), + (kap¥as)s. ) 0,8=12 a#p,

Gga = 0,5 (kaa (xa,xS—a) + kaa (-Ta — ha, 353—0:)) , 'U(ila) =v (xoz * hq, m3—a) .
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In general, for difference approximation of equation (2.1), the following finite difference schemes
of second order of local approximation are used [1]:

A y—dy=—p, z€wn y=p), TEM, (2.4)
Aty—dy=—p, z€wr, y=p(z), TEM, (2.5)

where A~ = A1 + A, + A5y + Aga, At = Ay + Afy + Afy + Az, d > co, ¢ are some stencil
functionals of q and f, respectively [1].

To obtain a priori estimates of stability of the solution of the problem relative to the right side
of equations and boundary conditions, we will use the maximum principle, therefore, we have to
reduce difference schemes (2.4),(2.5) to canonical form (see [1, p. 242])

Ay(@)= Y B@Oy)+F@), zcwn y@) =uz), ze€m (26
EEM' ()
and to verify the following sufficient conditions:
A(z)>0, B(z,£)>0, D)=A(@)- » B(8>0, zcw. (2.7)
EEM! (2)

Here M'(z) = M(z)\{z}, M(z) is the stencil of the scheme and the stencils of schemes (2.4),(2.5)
are presented in Figures 1 and 2, respectively.

9 S ? §
n, h,
3 hy . 1 hl 2 3 h, < 1 . T 2
)
; 7 8 4
Figure 1. The stencil of scheme (2.4). Figure 2. The stencil of scheme (2.5).

Let us number the stencil’s nodes according to Figures 1 and 2. Then, for scheme (2.4), one

obtains
7 9

5 m
Y B@&=)Y B +B +B,

geM(x) m=2

and for scheme (2.5), one obtains

6 m
> B(¢&=) B* +1§+,
) -

EEM! (z m=2
m
respectively. The coefficients B read

1 m 1 m 1 m 1 m
_kutkn katkiz Zy kutku  kad ki
o2 Shihs oh2 Shihs

1 m 1 m 1 m 1 m
_ _kntkye kotka o kntkn kotka med5
2h% 2h1hy 2h% 2hihy T
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, 2 4 . 2 5 . 3 5 . 3 4
B - _ki2t+ka Bt = k12 + k21 B-— _kia+ ko Bt k12 + ko1
2hihy ' 2h1hy 2hi1hy 2h1hy

2 3 4 5
kit ki | koo + koo

ki kit ka K

11 12+ ka1 22
d k=

+e oh? 2h3

A=kt TR

>0,

1 1 1 1
ki1 kig+kor | k2
At —py i _Fedha e,

bt =t b +d

Using ellipticity condition (2.3) and supposing €~ = (1/hy,1/hs), £* = (—1/hy,1/h2), one can
verify that the coefficients AT are positive. Analyzing the formulae for coefficients éni, one can
see that the difference scheme (2.4) should be used for negatives coeflicients kog, o # 5, while
one can use scheme (2.5) for positives values of the coefficients.

For investigation of the stability of the solution regarding boundary conditions and right side
simultaneously, the following result is more appropriate (particularly for nonstationary problems).

LEMMA 1. Let us suppose that condition (2.7) of positivity of the coefficients of the difference
scheme (2.6) is satisfied. Then the following estimation for the solution of problem (2.6) is valid:

F
It < max{ vl | 5| }. (28)
C
where
Il = max 1+ l-llo, =maxll, - llo = max| I

PRrROOF. The grid function may reach its maximum absolute value at the boundary of the region

lylle < llylle, (2.9)

or at one interior point. Let |y(z)| reach its maximum value at some = = &* € wy, so |y(z*)| >
|y(z)| for each € @p = wp U yn. Then, from equation (2.6) for x = z*, there follows the
inequality
Ay ()< Y, B@Ely@E)+IF ().
EEM(z*)

Now one can find that

A@)— Y B8 |ly@)=D@") @) <IF @)

EEM! (z%)

Therefore,

F
~ < < ||l= .
Iule < e < |5
The last estimation together with (2.9) proves the lemma.
The following affirmation is valid.

THEOREM 1. Let us suppose that, for all x € wy, the following conditions of positivity of coeffi-

m
cients B, m = 2,3,4,5 are satisfied:

1 m
kia + ka1

(2.10)
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Then, for kog(z) < 0, a # B, the difference scheme (2.4) (and for kop(z) > 0 the difference
scheme (2.5) as well) is stable relative to the right side of equation and boundary conditions, and
for its solution, the following estimation is valid:

lvlle Smw{M}. (2.11)

Co

ProOF. We will demonstrate the theorem for scheme (2.4). (For scheme (2.5), the demonstration
_ 7

is analogous.) As far as the coefficients k12(z), k21(z) are nonpositives for all z € G, then B~ > 0,

9 m

B~ > 0. Using conditions (2.10), it is not difficult to demonstrate that all coefficients B~ > 0,

m = 2,3,4,5 are nonnegatives also. One could verify directly that for any node = € w,

D(z)=Az)—- Y B(z,8)=d(x)>c >0.

§eEM(x)

Now all conditions of Lemma 1 are satisfied and one can obtain the required inequality (2.8)

from the a priori estimation (2.11). The theorem is demonstrated.
NoTE 1. If the matrix of the coefficients of equation (2.1) is diagonal dominated with respect
to the rows and the columns ko > |kogpl, @, 8 = 1,2, @ # 3, then one can choose hy = hy = h

which guarantees that condition (2.10) is always satisfied.

Let us consider now the problem of the convergence of the schemes under consideration. Let
us suppose in what follows that the solution u(z) and the coefficients (2.1) possess all bounded
partial derivatives of respective orders. Substitution of y = z + u in equations (2.4),(2.5) gives
the next problems for the error function

A~ z—dz=—9Y7, r€wy, 2=0, =€, (2.12)
Atz —dz = -y, TE€wh 2=0, TE, (2.13)
where T = ATu — du + ¢ denotes the error of approximation of difference schemes (2.4),(2.5)
corresponding to exact solution of the differential problem (2.1). We will suppose that the stencil
functionals d(x) and ¢(z) satisfy the usual conditions of approximation of the coefficient g(z)
and right side f(z):
d(z) —q(z) = O (kI + ), ¢(x) = f(z) = O (h2 + hY). C(2.19)
It should be noted also (see [1, p. 268]), that for smooth solutions
Au—Lu=0(h2+h3), Atu—Lu=0(h}+h}).

Therefore, the difference schemes (2.4),(2.5) approximate the initial differential problem (2.1)
up to second order, so we have

ol <M B2 +h3), ||, < M (h3+h3),

where M > 0 is some positive constant which does not depend on the grid steps values hy and hs.
Using Theorem 1 for the solutions of problems (2.12),(2.13), it can be verified that the following
theorem is valid.

THEOREM 2. Let us suppose that, for all © € wp, conditions (2.10) are satisfied. Then, for
kap <0, a # B, the solution of the difference scheme (2.4) (and for ko > 0, o # (3, the solution
of difference scheme (2.4) also) converges to the exact solution of the differential problem (2.1)
and is valid for the next estimation:

ly —ullc < Mcg* (hi +h3).
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3. SCHEMES FOR EQUATIONS WITH
COEFFICIENTS OF VARIABLE SIGNS

In this section, we will construct some monotone finite difference schemes for the numerical
solution of the boundary value problem (2.1) with a nondivergent operator L in the form

0%y
oz%’
where the coefficients kj12(z) may change sign for z € G. In addition, one will suppose that
the ellipticity condition (2.3) continues to be valid. One will approximate the differential prob-

lem (2.1),(3.15) with some monotone difference scheme of the second order of approximation
O(h? + h2) which can be presented as

Lu = ku(x) 2 S+ 2k12(w) + koa(2) =5 (3.15)

Ay—dy=—p, z€wWh y=p(z), TEmW, (3.16)
where
Ay = kllyilm + kEABy + k1_2A1_2y + k22y512127 (3'17)
fa(z) = 0,5 (k12(z) + [ki2(2)]) 20, ALY = Yoz, + Yzioay T € wp, (3.18)
k1_2(x) =0,93 (km(ﬂ:) - |k12(:1:)]) <0, A12y = Yzizp T Yri2a» T € Wh. (3'19)

The stencil of scheme (3.16)-(3.19) generally involves nine nodes.

9 5 6
h,

3 by 4 2

8 4 7

Figure 3. The stencil of the difference scheme (3.16)-(3.19).

The difference scheme (3.16)-(3.19) can be rewritten in canonical form (2.6) with the coeffi-
cients

2 3 ky kil 4 5 ko |kigl
B=B=——-— B=B=—5-—"
h?  hyhs’ k%3 hiho’
_ (3.20)
6 8 2k 79 2k5, 9 m
B=5= =220, B=B=-5%2>0, (x)=)_ B+d
It is easy to see that the coefficients (3.20) are positive for any z € G and
Meia| Iy L L k! (3.21)

ka2 "~ hg  fkiz]

For the system of inequalities (3.21) to make sense, it is necessary that the coeflicients of equa-
tions (2.1),(3.15) satisfies the condition k11/|ki2| — (k12|/k22 > 0. But since from the ellipticity
condition (2.3), one has the estimation

kikeo — k3, > ¢ > 0,

then one could choose the steps h; and hy from relations (3.21). Now the difference scheme
(3.16)—(3.19) is monotone and for its solution, the estimation in the form (2.11) for stability
relative to the boundary conditions and right side is still valid.
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4. DIFFERENCE SCHEMES FOR EQUATIONS
OF GENERAL TYPE

Unfortunately, one cannot construct directly the monotone schemes for the divergent (conser-
vative) form of equations (2.1),(2.2) with alternating signs coefficients k2(z), k21(z) of the mixed
partial derivatives. Therefore, to obtain the above-mentioned results in their complete form, in
this case, one has to consider the equations which contain lower-order derivatives. Let us consider
again differential problem (2.1) with

2

Lu= ;( w(z) 52 % 4 ka (2) 35— )+2k12(z) o - g(z)u, (4.22)
where |ky| < c3, q(x) > ¢o > 0, and the coefficients ku5(z), o,8 = 1,2, are satisfying the
ellipticity conditions (2.3). It is worth noting that the divergent operator (2.2) can always be
transformed to the form (4.22). For the construction of the corresponding monotone scheme of
the second order of local approximation O(h? + h2) for the equations with lower-order derivatives,
we will use the ideas of Samarskii 1, p. 184]. We will approximate derivatives in (4.22) on a
nonuniform grid wy, using the finite difference relations

0%u ou koo
kaa(m)'azg + ka(m)% = 1+ R,

Uz, za + KT Uz, + kg Uz, + O (R2),
Ra=0,5|ka|:—°‘, kX =0,5(ke % |ka),
0%y A 2, 12
2hﬂ@8xﬁx = khALu + kpAnu+ O (R + h3).

1t will result in the following difference scheme of the second order of local approximation:

2
koo
Z(l TR, yzaxa'*‘k Yoo+ ko yza) + k12A12y +kpApy —dy = @, T € Wh, (4.23)

y = p(z), T € Yh,

where the operators A,+ are defined from the relations (3.18),(3.19), and d, ¢ are some stencil
functionals [1], which can, in particular, be considered in the next form: d(z) = ¢(x), »(z) = f(z),
2z € wy. In order for scheme (4.23) to be monotone (and therefore, to satisfy the maximum
principle), it will be enough to require that the following conditions be satisfied:

[k12(2)| (1 + Ra(z)) M1 k11 (z)
ka2 (z) = hy ~ [ki2(z)] (1 + Ry())’

As long as R,(z) = O(h,), one can always satisfy the system of inequalities (4.24).

T € wp. (4.24)

NOTE 2. One can naturally generalize all the above-obtained results to p-dimensional (here p > 2
is any real number) elliptic equations with mixed derivatives.

5. DIFFERENCE SCHEMES FOR MULTIDIMENSIONAL
PARABOLIC EQUATIONS

Let us suppose now that G = {0 < 2, < la, @ = 1,p} is a p-dimensional parallelepiped with
the boundary I', z = (z1,z2,...,Zp). One has to find a continuous function u(x,t) which gives
in @7 = G x [0, T}, a solution of the initial boundary value problem

%::f = Lu + f(z,t), T € G, t e (0,7, u(z, 0) = uo(z), ulr = u(x,t), (5.25)

P
0 Ou

a,f=1
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Let us suppose that the following conditions which are similar (2.3) are satisfied:
P P P
1) <Y kapl@)als <) €, z€G. (5.27)
a=1 a,B=1 a=1

Here, to simplify calculations without loss of generality, one can suppose that the coefficients
depend only on spatial variables and that the coefficients of mixed derivatives have the same sign.
Now, from (5.27), one has

0<ci <kgalr)<e2, a=1,2, kop(z) 20, o,8=1,p, a#pB, z€G. (5.28)
Let us introduce in interval [0, T} a uniform grid @, = {t, = nr,n =0,1,...,No; TNy =T} =
wy UT with the time step 7, and let us consider in parallelepiped G a grid @y, = wy, U v which
is uniform in each direction z, and where -}, is the set of all boundary nodes,
w,,:{x,: (zgm,ngz),...,zg»)) , 20 =ighayia = 1,2,..., Na—1, haNa=la, a=1,2,...,p}.

The operators L, are approximated by corresponding finite difference operators

Tp, (5.29)

It

Aaay = (aaayia ):za; Qoo = 0,5 (kf-;lla) + kaa) y o

where _ ' ‘
(£1y) =v (x(lu), .. ,mgﬁil), zlie) £ ha,xgﬂl), .. ,xl(j")) ,

and the operators L,g, o # (3 are approximated in the following way:
Atsy = 0,5 ((Kapysp)za + (Kapyzs)za), o # B (5.30)

On the uniform grid w = wy, X w,, one approximates the differential problem (5.25) using the
implicit difference scheme

P 4
=) Awl+ Y Algi+e, (5.31)
a=1 a,8=1
y(z,0) = up(z), TEWh, Gl =u(z,f), T €M, (5.32)

n+1

where ¢ = f, y = Y(Tirtn), Ti € Wk, tn € wr, § = Y™ = Y(@i,tnt1), v = W — y?)/7.

Applying the formulae

(at(xtla) (y(+1") - y) — Qoo (y - y(_la)))
Aaay = h2 )
o

Aapy = (kf;;la) (y(+1a,+1a) _ y(+1a)) —kag (y(+1a) - y)

thag (3= 1)) = k{5 (y1) — 1071 )/ (Bhah),

P (+1a) P (k(+1°) (+1a) L (+1ﬁ)) P
Z Eﬂ’;__yﬁ—la) _ Z o Y afY _ Z Day(+1"),
a=1 ho‘ a,f=1 2hahﬂ a=1
a#f
(-1a) p (k&;l")y(‘la) + kaﬂy(—lﬁ)) P

p
Qaa 1.
___h2_y( ) E

a=1 @ a,0=1
a#fB

= (-1a)
Shahg ;an »
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+1a - _la
5 —a((;;l(,)~ p kf,g )+kﬁa :a&ala)_ p kc(xﬁ )+kﬁa
@ h2 et 2hohg “ h? et 2hohs
Ba B

one can rewrite the differential scheme (5.31) in canonical form (2.6),

P
Azy(et)= Y 7 (Baﬁy‘“"’“") +Caﬁy(‘1"’_1°))

a,8=1
a#f (5.33)
p
+y 7 (Day(““) + an(_l“)) + F(z,t), (z,t) €w,
a=1
where
k(+1a) k("la)
Bag = —£_ >0, Cop==-2_ >0,
5= Qhahg = * " Qhohg =
p (+1a)
Gao T G kaﬂ
- —aa T o 22 F(z,t) = .
A=1+71 Z 3 Z Fhs | (z,t)y=Tp+y
a=1 a,f=1
a#B

THEOREM 3. Let us suppose that for all x € wp, one has
D.(z) >0, E.(z)=0, a=12,...,p

Then the solution of the finite difference scheme (5.31),(5.32) is unconditionally stable for each
T > 0 (without any restrictions on 7 and hq, & = 1,2,...,p ) in respect to initially conditions,
boundary condition, and right side of equation and for any t, € w,, the estimation

n

oo < mas{ [l g, I, + 2 el
- =0

is valid.
PROOF. As far as the conditions of Lemma 1 are satisfied, using the a priori estimation (2.8),

one has [[y"*'|¢ < max{|ly"*|lc,, [IFllc}. Let us note that |Flic < lly"[c + 7ll¢"llc. Now
inserting this estimation in the last inequality, one finds that

57l < ma(lg™ Il + 7 e}

< max {[ly™ |, > Iw"llo, + 7" e

e+ 7l Ml + o™l

n n
<o W10, + 3l 190+ 3 e |

The required relation follows now from this inequality. The theorem is demonstrated.

NOTE 3. The conditions of Theorem 2 can always be satisfied if the matrix of the coefficients
of equation (5.25) K = {kap}h 5—, is diagonal dominating with respect to the lines and the
columns, that is,

kaa 2

Mu

p
|kaﬂ|7 koo > Z |k50¢|'
B=1
B#a

DWW
L3
R =

In this case, one can set hy = hy = --- = hy,.
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NOTE 4. In order to construct a monotone difference scheme for coefficients with alternating
signs kqp(z), @ # B, one has to rewrite equation (5.25) in nondivergent form

o = %*u Ou a 0%y
M- (km(z)%g- ‘ kau)%) * 3 hopla) g+ )
a#pB

Now the difference scheme will be monotone if the matrix K is diagonal dominated, and will have
the second order of local approximation O(h% + h3 + - + h2) and will have the following form:

P
k 7 1 —4 - - - A
Y = Z (1 +‘1;¢2a D20z + kit Uz + ka yf,,) + Z (k:ﬁAIﬂy + kaﬂAaﬁy) + o,

a=1 o,f=1
a#f3
where
0,5/kq|h
R, = —’m, kL =0,5 (ko % |kal),
koo
k::ﬁ =0,5 (kaﬂ + 'kaﬁl) ’ AIﬁy = Yz122 T Yz122> A;ﬂy = Yzi2g T+ Yoy %g-
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