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The method of constructing dynamically adapting calculation grids for solving problems
with unstable (relaxational or oscillatory) type of solution behavior is presented. Stable and
pulsed modes of laminar combustion in a wide range of values of the Lewis number and
activation energy are investigated using mathematical modeling. The efficiency of the
method as to the operation speed and the number of nodes used is estimated. Mathematical
modeling shows that application of dynamic adaptation makes it possible to reduce the
number of grid nodes by 1-2.5 orders and increase the operation speed by 2-50 times.

INTRODUCTION

Calculation methods, such as the combustion theory in general, are far from
being developed completely. Computational peculiarities of problems of laminar
combustion are due to the presence of physical-chemical processes with greatly
different typical times: a short time of a chemical reaction and a long time of thermal
relaxation (the diffusion mechanism). Accordingly, a high rate of chemical trans-
formation of the material and a slow propagation of thermal perturbations and
diffusion mixing of the reacting mixture lead to formation of a narrow combustion
zone with large gradients of the temperature 7" and the density p. The combustion
front is usually initiated at one boundary and moves rapidly toward the opposite
one. Numerical solution requires that a certain number of grid nodes should be
present in the reaction zone. These two circumstances prevent discretizing the spatial
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2 V. 1. MAZHUKIN ET AL.

NOMENCLATURE

A pre-exponent T computational time coordinate
A thermal conductivity coefficient (0] thermal release function
C, heat capacity ] transformation Jacobian
D diffusion coefficient Qx computational space
E activation energy Qz; physical space
H mass heat of combustion
K temperature coefficient of the com- Subscripts

bustion velocity 0 signifies the initial magnitude of the
K velocity coefficient variable
L domain spatial size f signifies value at free border
Le Lewis number i signifies grid function in the ith
] transformation function (integer) node
(0] computational space coordinate i+1/2  signifies grid function in the i + %th
R gas constant (semi-integer) node
T medium temperature 0,L signifies left and right boundary values
T physical time coordinate 1,2 signifies that variable belongs to the
X physical space coordinate first or second substance or reaction
B heat release coefficient
3p; 07 thickness of diffusion and heat action Superscripts

zones s signifies iteration number
0 dimensionless activation energy j signifies number of temporal layer
p medium density - signifies that variable is dimensional

variables with a large step using grids with fixed nodes. When the ratios of the size L
of the region under investigation to the combustion zone typical thickness 6 are
large, the efficiency of computational algorithms using grids with fixed nodes be-
comes much lower because of a large number of nodes to be used. Thus a conven-
tional grid with fixed nodes applied for solving a typical problem of unstable
combustion contains 3,000-5,000 nodes.

Experience in numerical modeling [1-7] shows that application of adapting
grids greatly enhances the efficiency of computational algorithms, which is mani-
fested in considerably increased accuracy of solution with simultaneous reduction of
the number of nodes. They are of particular service in solving unstable problems
involving rapidly moving narrow zones with large derivatives of the solution. Such
problems include the problem of laminar flame propagation, in which, as has been
mentioned above, a high rate of chemical transformation of the reactant and a slow
velocity of propagation of thermal perturbations in the mixture that has not yet
participated in the reaction result in formation of a narrow combustion zone with
large gradients of the temperature and the concentration.

The main objective of theoretical study of the combustion process is to de-
termine a normal velocity and mode of the flame propagation. Depending on the
relation of a number of the thermophysical parameters of the medium, the flame
front is propagated in either the stable (steady) mode or the unstable (pulsed) mode.
Stable modes are characterized by a constant front propagation velocity and a stable
thermodiffusion structure of the flame. The appearance of thermodiffusion instabi-
lity is accompanied by violation of the similarity between the temperature and density
distributions, and the front velocity may attain a complicated pulsed character.

35

40

45

50

55



DYNAMICALLY ADAPTING GRIDS FOR COMBUSTION 3

A number of theoretical studies [8—11] have been devoted to finding the con-
ditions for thermal stability in combustion of gaseous media. However, numerical
modeling of unstable and self-oscillatory modes of combustion are still a rather hard
computational problem [8], which is manifested, in particular, in the necessity of
using calculation grids with a very large number of nodes [11].

The dynamical adaptation method for solving unstable problems has been
suggested in [12, 13], and was found to be highly efficient in solving problems with
mobile boundaries and large gradients of solution. Application of this method makes
it possible to solve problems with automatic isolation of strong discontinuities, such
as phase boundaries (interfaces) in Stephan multifront problems [14, 15] and shock
waves in gas dynamics [16]. In problems of the Burgers type, the application of
dynamic adaptation [17] has improved considerably the quality of difference schemes
at the expense of almost total elimination of the influence of their diffusion and
dissipative properties. Ultimately, this allowed reducing the number of the nodes
used by 2-3 orders as compared to grids with fixed nodes. However, the dynamical
adaptation method, in which the transformation function is found from the quasi-
stationarity principle, has never been applied to solving problems whose solutions
are of oscillation type.

The aim of the present work is to extend the dynamical adaptation method to
mathematical modeling of different stable, unstable, and self-oscillation modes of
laminar flame. In this way it will be possible to determine the efficiency of the method
as to its operation speed and the number of the nodes to be used.

MATHEMATICAL FORMULATION OF THE PROBLEM

We consider a model problem of flame front propagation in a homogeneous
(as to temperature and density), motionless gaseous medium. It is assumed that the
chemical reaction wave is propagated at a subsonic velocity, the combustion process
is isobaric, and the transfer of heat and matter has a diffusion nature. The kinetic
energy of the gas is negligible as compared to the heat content. The total enthalpy of
the system is the sum of the thermal and chemical energies, which is constant under
stationary conditions.

The Model of One-Stage Combustion

In the simplest case of one-stage combustion, the exothermic reaction thermal
release function ® depends linearly on the medium density p and exponentially
(according to the Arrhenius law) on the temperature 7:

O(T,py) = hipykie B/RT (1)

where £ is the mass heat of combustion, k is the velocity coefficient, E is the acti-
vation energy, and R is the gas constant.

In the adopted assumptions the laminar flame propagation problem in the
simplest formulation is described by the system of two differential equations of
the parabolic type: the equations for thermal conductivity and diffusion with
constant coefficients of thermal conductivity « and diffusion D. In the physical space
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4 V. 1. MAZHUKIN ET AL.

Q; ; with the variables 7 and X in a dimensional form, the mathematical model has
the form:

B _ 001 ®i(Tip))

—p<P 2

ot 0x2 h ( )
oT T . -

Cppogzlﬁ*—@l(ﬂpl) (3)

O=%<¥<i =L >0

where L is the length of the region under consideration.

In the problem of laminar (layer-by-layer) combustion, or combustion in the
front, one of the most important factors affecting the flame front propagation
mode is the ratio of the transfer coefficients: the diffusion coefficient D and the
thermal conductivity coefficient a. Depending on their relation (the D-to-a ratio is
referred to as the Lewis number, Le = D/a), combustion has either a stationary
character, Le = 1, when the total enthalpy is constant in the flame, or a pulse
character, Le # 1, when the sum of the thermal and chemical energies is not
constant. The farther the Lewis number deviates from unity, the greater is the
destabilizing effect. The equality Le = 1 corresponds formally to combustion of a
condensed substance.

The Model of Two-Stage Combustion

In the majority of cases, chemical reactions in flames proceed by a multistage
scheme. With a multistage mechanism of chemical transformation the flame front
structure is much more complex than in the case of a one-stage reaction and is
determined by interaction of different stages. The peculiarity of a mathematical
description of flame in multistage reactions is that it is necessary to formulate and
solve differential equations for concentrations of the components that are absent in
the initial and final states of the combustible mixture. Formally, the simplest scheme
of multistage combustion of the combustible mixture can be obtained by taking
into account two chemical reactions characterized by two heat release functions Q,
and @, [8]:

~ o~ - E; - ~ E;
(T, =hpkiexp| ——= D, (T, = hpykyexp| ——= 4
(T, py) = hipiki P( RT> 2 (T, py) = hapoka P( RT> (4)

where the index 2 signifies that the values %y, p,, k2, E> refer to the second chemical
reaction.

The mathematical model of two-stage combustion with two chemical reactions
has the form:

o _ , h_ u(Tip)

oi o2 T (5)
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DYNAMICALLY ADAPTING GRIDS FOR COMBUSTION 5

o e n (6)
orT T - .~ -
»Po a~:7\?+¢’1(T> 1) + Oa(T, py) (7)

where p; and p, are the densities of the first and second substances; Dy, D2, &, C),
and p, are the coefficients of diffusion and thermal conductivity, the specific heat,
and the initial density of the first substance; Ei, E», /;, and h, are the activation
energies of the reactions and the mass heats of combustion; L is the length of the
region under consideration.

Initial and Boundary Conditions

In choosing the value of L it was taken into account that in a typical internal
combustion engine a characteristic dimension of the combustion chamber is 5 cm.
In subsequent calculations the value of L was, as a rule, not greater than 10 cm,
though it is not the limitation of the method used.

A chemical reaction in a substance is generally initiated at one boundary with
the help of an external energy source and then the reaction front is propagated to-
ward the opposite boundary. It is assumed that the energy source is a hot wall placed
at the origin, x = 0. Its temperature varies by the linear law from the initial temp-
erature T, up to the so-called adiabatic temperature of combustion
T,=To+ (hi + hy)/Cp, Ty TT,. The substance flow at the left boundary is taken to
equal zero. These assumptions correspond to the following relations:

) To+et, 1<} D, % p
x=0: T(xo,z){~ %1 (0.7) =-D,—— 0.0 _, (8)
7., [>% Cox ox

where ¢ is a certain constant.
The opposite, right-hand end of the rod x = x; is taken to be isolated in
thermal and diffusion respects:

_xwzo — D, O (X1, 1) —Dzapz(xf’ﬂ =0 9)
ox ox ox

The initial value of temperature T7(0, 7) is chosen from the condition that the thermal
release velocity function (I)(T P1, pz) at a given temperature T} is equal to zero. The
initial density p,(0,7) is taken to equal the density of an unperturbed gas p,:

~
Il
S

0,)=T,  p,(0,7) =py (10)
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6 V. 1. MAZHUKIN ET AL.

Dimensionless Variables

The obtained differential models (3)—(10) are conveniently analyzed and solved 160
if they are written in a dimensionless form. To make the transition, the following
relations are used:

T

D D L L
a= A Lep == Ley=-—2 Alzkl— AZ:kz
Cop, a a a a
TC,
hy + hy
h hy Pi P2
Bl hy + hy Bz hy + hy Bl B2 P Po P2 Po
N P
=7 =
EC ExC, 0
0 =— P 2 O (T, pi) = Brpr Ak exp (_ _k>

0 =———
R(/’Z] + /’lz) 2 R(/’l] + /’12)
k=12

The systems of equations (2)—(3) and (5)—(7) in dimensionless variables are

op; o’p, O o/,
— e 4 ) = e oy (T, 11
B 52~ Prdiexp| — 7~ 2uTp) (11)
or °°’T 0, ow
- A —— | =—— 4+ ®(T. 12
A ax2+p1 lexp( T> ax+ (T, p1) (12)
0=xp<x<xp=1 t>0
and
op o’p 0, Y
G_;ZLeW;_plAlexp )= te a__Bll(DI(Tvpl) (13)
apz azpz 9 e1
= =Le a——pzAzexp -7 + p14iexp T
(14)
oJ _
:_Lea_z_le‘Dz(Typz)+B11q)l(Tvpl)
oT T 0, o
E a2+Blp1A1exp<——>+sz2A2exp< T2>
ow
:—7+(D1(T,p1)+q)2(T7p2) (15)

ox



DYNAMICALLY ADAPTING GRIDS FOR COMBUSTION 7

opy

- 9Py or
Oox

W= O=xo<x<xr=1 t>0

fi= o o

Jr =

System (13)—(15) is written in the assumption of the equality of the diffusion coef-
ficients of all the components of the combustible mixture D = Dy = D,. Accord-
ingly, the Lewis number is Le =Le; = Le,.

The boundary and initial conditions in dimensionless variables assume the form:

To+ct, t<1
x=0: T()Co,l) = J](X()J) :Jz(X()7l) =0 (16)
T, r>1
x=1 Ji(xp,t) = Ja(xp, 1) = W(xp, 1) =0 (17)
t=0: T(x,0) = Ty p(x,0) = py (18)

In the equations obtained, the density p; ranges from unity to zero. In the
absence of an external heat supply the value of dimensionless temperature 7 lies in
the interval Ty < T < T,, where T, = 1 + Tj. In the present study the chosen values
of the parameters correspond to combustion of hydrocarbon fuel in air, which is
characterized by a sixfold increase of temperature [18]. Therefore the vale of 7= 0.2
is taken as an initial condition, which gives 7,/ Ty = 6.

THE METHOD OF DYNAMIC ADAPTATION

To solve numerically the mathematical models (11)—(12) and (13)—(14) under
the conditions (16)—(18), we apply the method of dynamic adaptation. The calcu-
lation grid is constructed on the basis of transition to an arbitrary nonstationary
system of coordinates with the variables (g, 1), the system of coordinates belonging
to a computational space Q, ;. The transformation of the coordinates is made with
the help of the sought solution. The inverse transformation equation that is a dif-
ferential equation in partial derivatives is composed in such a way that the node
movement velocity depends on the dynamics of solving the equations describing the
physical processes involved.

Nonstationary Arbitrary System of Coordinates

The transition from the physical space Q,, to the computational space Q- is
made by substitution of a general kind, x = &(qg, 1), t = 1, the substitution having an
inverse transformation ¢ = ¢(g, 1), = . The Jacobian of such transformation is the
function { = 0x/0q. The partial derivatives of the dependent variables are expressed
in the following way:

0 0 0¢qd 0 oxlo o Q0

9t ot 0tog ot otydg ot Vg

0 _09q0 10 o 0q00¢qd 1013

ox oxdq Ydg  ox2 0xdqoxdq dqldg
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8 V. 1. MAZHUKIN ET AL.

where 0x/0t = —Q is the velocity of the nonstationary coordinate system. In
the new variables (¢, 1) the systems of equations (11), (12), and (13)—(15) is written
in the form:

%:_Leé%_Ql‘]l_@l(Tvpl) (19)
Z—Z":—éaa—VqV—QIWJrCIM(T,pI) (20)
T mV (1)

% B ‘Leiaaiq] — 02y = By 0T, py) (22)

aa% - ‘Leia?{j — 02J> — By ' O2(T, pa) + By ' (T, py) (23)
= R QW (T ) 0T (24)
%:_@a% O=q<g<q=1 120 (25)

As a result of transition to the arbitrary nonstationary system of coordinates,
the initial systems of differential equations are supplemented by the inverse trans-
formation equations (21) and (25). After determining the particular form of the
functions Q; and Q», these equations are used to construct the adapting grids. Their
difference analog describes the grid node dynamics, and the functions Q; and Q;
control the movement of the grid nodes matching the sought solution dynamics.
Matching is achieved by the functional dependence of the functions Q; and Q, upon
the sought solution, i.e., upon the functions p;,p,, 7. A correct choice of the
transformation function Q, provided the node movement is matched with the so-
lution, is the crucial point in the method of dynamic adaptation.

Transformation Function Q

In the general case, transformation of the coordinates should be chosen in such
a way that in the computational space the derivatives in time should be much smaller
than those in the physical space [5, 17, 19]. In addition, the transformation function
Q must satisfy the requirement that the solution variation rate should be in a full
agreement with the velocity at which the grid nodes move. When the grid nodes
move fast enough, their crowding can be unable to keep pace with movement of the
solution peculiarities, which can lead to reduction of the adaptation efficiency. If the
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DYNAMICALLY ADAPTING GRIDS FOR COMBUSTION 9

grid nodes move too fast, it could lead to either oscillations of the solution or related
oscillations of both the grid and the solution.

To compensate incomplete agreement between the sought solution and the
mechanism of rearranging the grid, fitting coefficients are usually introduced; by trial
and error the coeflicients can be chosen so that the inconsistency could be reduced.
At the same time, and presence of matching coefficients in the adaptation method is
an indication of its imperfection.

To find the required transformation function we shall make use of the quasi-
stationarity principle formulated in [17]. The application of this principle makes it
possible to find transformation functions that are free from matching parameters.
The quasi-stationarity principle is based on the assumption that there exists such a
nonstationary system of coordinates in which all the processes proceed in a sta-
tionary way, i.e., the solution temporal derivatives are either equal to zero or neg-
ligible. For the systems of equations (19)—(20) and (22)—(25) the application of the
quasi-stationarity principle amounts to fulfilling the condition

oTr 0p;, Op,

— =T _Zr_ 26

ot Ot ot (26)
By solving the systems of equations (19), (20), and (22)-(24), taking into account the
condition of (26), with respect to Q; and Q», the sought transformation functions are
obtained:

1 2 (%] 4 B |ar o1 %, or
01 = “’(Le@q aql‘ 2 |a ) _ (aq\I') i (Le)aq" - ’aq ) (27)
S+ D]+reg  |&(pi+ )| +reg
o |8 o |0 0|0 01 0 opy a
o el vale] call] @)le(el-a) ]
|G (1 +po+ 1|+ reg Py +py+ 7)) +reg

The first terms in these formulas ensure crowding of the grid nodes. The second
terms constrain up to a certain finite value two neighboring nodes from coming close
together and serve as a mechanism for automatically controlling the node movement,
preventing the node trajectories from intersecting. The factor 8/0¢(1/\) in the sec-
ond term, having been substituted in the equation 0y/0t = —0Q/0q, exerts a re-
pulsing action on the grid nodes. In the case of unconstrained approach of two
neighboring [ith and (i + 1)st] nodes, the corresponding function ;. tends to zero.
The value of the derivative 0/0¢(1/\) sharply increases. Accordingly, the repulsing
action of the function Q increases sharply as well, preventing the function \y from
vanishing. Recall that the function \ is the transformation Jacobian and, by the
condition of the transformation nondegeneracy, must not become equal to zero.
Taking into account a nonmonotonic character of the solution, the first derivatives
of the density and temperature in formulas (27) and (28) are taken in moduli. reg < 1
is the constant that prevents the denominator from becoming equal to zero at the
points where the spatial derivatives vanish. In the computations the value of reg was
taken small enough reg=10 ~*-10 ~° that it does not influence the adaptation.
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10 V. 1. MAZHUKIN ET AL.

Initial and Boundary Conditions in Variables and Their Modification

In the computational space the initial and boundary conditions (9), (10) take the
form:

To+et, t<i
q0 =0: T(q0,7) = . N0, 1) = a(go, 1) =0 (29)
Ta, T> ¢
qrL — 1: J] (C[L,T) =0 Jz(qL,T) =0 W(C[L,T) =0 (30)
1=0: (q,O) = TO pl(q70) = Po pZ(qvo) =0 (31)

For inverse transformation equations (21), (25) the boundary conditions are for-
mulated with account of the fact that the functions Q;, characterize the velocity at
which any element moves in the physical space, and since the boundaries of the
region under consideration are stationary, the boundary conditions for inverse
transformation equations (21), (25) are written in the form:

012(q0,7) = Qi12(qr,7) =0 (32)

In order to enhance the efficiency of the method of dynamic adaptation, the
right-hand boundary condition in (32) is modified in such a way that differential
problems (19)—~(21) and (22)—(25) should be represented in the form of problems with
a free boundary [20, 21]. Assuming that the combustion process is initiated at the
left-hand boundary ¢ = gy and then the combustion wave is propagated across the
cold background toward the right-hand boundary ¢ = ¢;, it stands to reason to
exclude the region untouched by perturbation from consideration. For this purpose,
at the right-hand boundary the appropriate boundary conditions are formulated,
representing the original problem in the form of a problem with a free boundary. To
this end, in the interval (go,¢z) we choose an arbitrary point gs € (qo,¢z), so that
qr> qr and gy < gqr, and consider it to be a new boundary with the boundary
conditions [20, 21]:

q=qr: T(qs,7) = To, p1 (45, T) = Pos P2(qr; 1) = 0

A loT

I S /)
Q12(qp7) = —u = lim C,TV g

(33)

For so long as the perturbation reaches the point ¢ = gy, the boundary remains
stationary. Its movement begins with arrival of the heat wave and terminates on
reaching the point ¢ = ¢;. In the final form the boundary and initial conditions for
equations (19)—(25) will be written in the form:

To+ct, <

go =0: T(qo, 1) = { J1(90,7) = J2(q0,7) = Q(q0,7) =0

= o=

T, T>
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DYNAMICALLY ADAPTING GRIDS FOR COMBUSTION 11

A 19T
= qr: = 1) =0, T(q5, 1) = To, Oy, 7) = lim — ————— (34
q=4qr: P1(47) = Po, P2(4,T) (45, 7) = To, Q(gy,7) = lim T 3 (34)
T=0: T(q,O) = TO P1((1,0) = Po pZ(q70) =0 \lj(q70) =1

DIFFERENCE SCHEMES AND THEIR NUMERICAL REALIZATION

Difference Approximation of the Differential Model
in the Physical Space

To solve numerically the system of equations (19)—(21) and (22)—(25), they are
represented in a strictly divergent form. To this end, in the system (19)—(21), Egs.
(19) and (20) are multiplied by the value \y and then are added to Eq. (21), the latter
being multiplied consecutively by p and 7. The difference approximation of the
obtained systems of equations was performed with the help of the conservative finite-
difference schemes [22]. In the physical space Q.,, a computational grid was in-
troduced with a set of nodes o numbered by the integer indices (x;,#) and semi-
integer indices (X112, #) with the constant step /1, with respect to the spatial variable
x and the variable step A# with respect to the variable ¢

(xi, ), (Xiz12, ), X1 = X + e, Xip1 0 = X+ 0.5h i=0,1,...,N—1
0): . . .
f=0+AF j=0,1,...

The flow quantities W”l, g referred to the integer nodes, and the grid functions
T;‘+l/2’ p]l,i+l/27 p’27i+1/2,(1>’17i+1/2,'d>’27i+1 , referred to semi-iqteger pgints. '
For the system of equations (13)—(15), the following family of conservative

difference schemes was used:

At/
hy

J+1

_ A
Piip12 = Pl — Le

(Jiip1 — 1) — Alj(Bfl(Dl,m/z)cl (35)

- - At/ . ~ o
Pf,il/z = Pyipijn — Le}T (Jois1 = J2) 7 =AL (B ' ®o 1o — By @1 n10) - (36)
. . At/ )
1 3
TI{II/Z = Tz'/+1/2 — h_‘c (Wi+1 - Wi)c3+A[‘]((D1_’,'+1/2 + (DZJHLI/Z)G] (37)
Wi — T{+1/2 B T{*I/Z Ji— p)i',i+l/2 - pi’.j—l/Z o/
T, kT I, » Priv1)2
0%
= ka/c.i+1/2Ak eXp| —
TJ
i+1/2

where k = 1,2. Differential system (11), (12) was approximated by as similar
family, which can be derived if all parameters corresponding to the second reaction
are set to zero.
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12 V. 1. MAZHUKIN ET AL.

Difference Approximation of the Differential Models
in Computational Space

In computational space Q,, the computational grid with a set of nodes ® was in-
troduced. The set of nodes was numbered with the help of integer i and semi-integer
i +% indices. The grid was built with a constant step / with respect to the spatial
coordinate ¢ and a variable step A#/ with respect to the variable t:

B (a0, ") (G112, V), div1 = @i + 1, Giv1 )2 = qi 4 0.5h i=0,1,...,N—1
vt =tv+ At j=0,1,...

The flow quantities W Q J’,, and the variable x refer to the integer grid nodes
.(xi,r/) The grid functlons T’+1/2, P12 \|Ii+]/2, C[)’er/2 d)’2,+1/2 refer to the semi-
integer points (X2, v

The divergent form of the system of differential equation (19)—(21) was ap-

proximated by the family of conservative difference schemes:

. At -
(\|/P1),+1/2 (‘ijl)i'+1/2 - TT [Le(Jl,/‘H —Jij) + (lel)i+l - (lel)i}

— AV(YD)T, (38)
ATj [ i (<31
(\l/T){i}/z (\l’T)H_]/z h [VVIH - Wi+ (QlT)i+l - (QlT)i] +ATJ(‘]/(D1)1‘+1/2
(39)
il . A‘E] o3 il
II]/Z = f‘+1/z - T[Ql-fﬂ — 0™ xiil x’ +h 1+I/2 (40)

The finite-difference approximation of the divergent form of the differential

model (22)—(25) was made with the help of the conservative difference schemes:
" : AP o
(\|1P1)§+1/2 = (Wpl)]in e [Le(J11 = J1) +(Q1p1)ip1 — (Q1p1)]
— AV(B D) (41)
A j AV o
(Wp2)ip1ja = (WP2)ipyjn = = [Lelaint = J20) + (Q2p2) iy — (Q2p2)]
+AY[B; ! (WD) 1 /n — B, (V@)1 5] (42)

. AT
(\IJT +1/2 ("/T)ji_,_]/z - TT[ i+1 Wi+ (Q2p2)z+1 (Qsz)ir73

+ Afj[(\l’q)l)i+1/2 + (V®@2), 5™ (43)
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DYNAMICALLY ADAPTING GRIDS FOR COMBUSTION 13

. A‘Ei ) . . .
iii/2 =iy = [Qaivr — Qo™ X =x" 4 h ,Ii/z (44)
; O ; Tﬁ 12~ TLI 2
‘1)2»_,,41/2 = kak,i+1/2Ak eXp <— ; >7 W], = —%;
i+1/2

J p;c.,m/z - p{’c,i—l/Z
k 7T

where k = 1,2, /,(»G) = Gﬂiﬂ +(1- G)ﬂ, 1 <o <1, and o is the free parameter. By
choosing the parameter o, the degree of implicitness of the difference scheme and the
approximation order are controlled. The values of ¢, = 6, = 03 = o4 = 0 corre-
spond to the explicit difference scheme of the first approximation order with respect
to A¥ and the second approximation order with respect to h: O(At+ h*). The
choice of the values 6| = 6, = 03 = o4 = 1 corresponds to a completely implicit
scheme, with the approximation order being O(AT + hz). In the case of 6; =6, =
o3 = 04 = 0.5, we obtain the only scheme with second order of approximation
O((Av)* + i2).

For numerical computation the obtained difference schemes (35)—(37) and
(38)—(40), (41)—(44) were previously linearized using the Newton iteration method. In
transition from the jth temporal layer to the (j+ 1)st layer this method allows re-
presenting the sought difference equation in the form:

T T =gl sl v o
By writing difference schemes (35)-(37) and (38)—(40), (41)—(44) with respect to
the unknowns 87", 8p/"!, 8y/*", we obtain the linear ones at each sth iteration of
the system of algebraic equations. From the solutions of these equations the incre-
ments of

3T, 3p7, 847
and the values of

T\s+1 — TS+8TS+1 p$+1 — pS+8pS+l \|j$+l — \|JS+8\IJS+1
are found. The iteration procedure was terminated when the following condition was
satisfied:

B =T -l <eff +e  e,e e [107°-1079

In all computations the integration step AZ(Av¥) was chosen automatically by the
number of iterations. Comparison of the computation results obtained using the
implicit and symmetrical schemes showed that, with the same accuracy, the sym-
metrical schemes with O[(At)® + 4?] allowed integration with the step being 2-3
times greater.
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MODELING OF THE PROCESSES OF ONE-STAGE COMBUSTION

The main purpose of investigation of different combustion modes is to de-
termine the normal propagation velocity u# and thermodiffusion structure of the
flame front. To analyze numerically the thermoconcentrational structure of the
flame front and its propagation modes, we applied two mathematical models
formulated in variables of the stationary (x, #) (11)-(12), (13)—(15) and nonsta-
tionary (g, 1) (19)—(21), (22)—(25) systems of coordinates, respectively. Combustion
models (11)—(12), (13)—(15) in (x, ) variables were used mainly to compare the results
and determine the efficiency of the dynamic adaptation method. From the solution
of (35)—(37) we determined the spatial-temporal distributions of temperature 7(x, ?),
density p(x, 7), thickness of the zones of heating d(¢), and diffusion J, (¢), as well as
the flame front propagation velocity u(z) for one-stage combustion.

At the beginning of each computation the linear law of temperature growth
at the left-hand boundary was adopted. As the temperature at this boundary
grows, the chemical reaction rate increases sharply. The heat released in the re-
action forms the temperature gradient that causes the heat flow directed inside the
rod to enhance sharply. As a result, the combustion zone starts moving rapidly
toward the right-hand boundary. The character of further propagation of the flame
front depends on the values of several decisive parameters. For gaseous media such
parameters include the Lewis number Le, characterizing diffusive transport of the
gas that has not taken part in the reaction to the reaction zone, and the tem-
perature coefficient of combustion velocity k, characterizing the amount of ex-
cessive enthalpy in the front. Combustion of condensed media, which corresponds
formally to Le =0, is characterized by the absence of diffusive flows of the material
in the chemical reaction zone, and its structure depends only on the value of the
temperature coefficient k.

Depending on the Le—k ratio, there are two qualitatively different modes
characterized by either stable or unstable propagation of the flame front.

Stationary Combustion Mode

Stationary combustion modes are realized at values of Le ~ 1. After the effect
of the left-hand boundary condition (the heating wall) has become small, i.e., since
the equilibrium between the conductive flow of heat from the reaction zone and heat
supply has been set up at the expense of the chemical reaction, the reaction zone
starts moving to the right at a constant velocity. The stable combustion mode is set
up, for which the typical profiles of the temperature 7(x), the density p(x), and the
function \ are represented in Figure 1.

The characteristic features of stationary combustion (Le = 1) are a constant
front propagation velocity, Figure 2a, a similarity of the spatial profiles of tem-
perature T(x, ¢) and density p(x,?), Figures la and 15, and an approximate equality
of the zones of thermal and diffusion effects d7(¢) ~ 8,(¢), Figure 2a. The tem-
perature maximum is in the front of combustion and coincides with the adiabatic
combustion temperature T, = T,(T, = Ty + F/c,). Figure 2a also represents the
temporal dependence of the combustion velocity u(z).

For computation, the main peculiarity of stationary modes of combus-
tion is the presence of a practically permanent spatial zone with sharp gradients
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Figure 2. Front velocity U and thicknesses of both the combustion and chemical reaction zones 87, 8, and
trajectories of moving nodes for Le =1, 6 = 18, 4 = 100, N = 40.

T(x) and p(x) that is propagated from the left to the right at a constant velocity.
The appearance of the zone of strong variations of the solution leads to an automatic
rearrangement of the grid nodes, with the nodes concentrating in the combus-
tion zone.

The sharpness of the gradients, in fact, determines the minimal spatial step
hymin. The dynamics of spatial step variation are conveniently characterized with the
help of the function (x) = h,(¢)/h, Figure lc, which is a dimensionless spatial step
in the physical space. The function y(x) shows by what factor the grid step with
respect to the spatial coordinate x(z) was changes as compared to the initial instant
of time (# = 0, V). Calculation showed that in the combustion zone the spatial step
was reduced by the factor of 10, and in other regions it was enhanced by the factor of
2-5, Figure 1c. The trajectories of the moving grid nodes are presented in Figure 25.
In the diagram x(t), Figure 2b, the combustion front position corresponds to the
region of the densest crowding of the trajectories.
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Unstable Modes of Combustion

One of the most important factors causing the combustion temperature to
change is the instability of the flame front. In laminar modes of combustion the
thermodiffusion instability arises in the case of the inequality Le. 1. The more the
Lewis number deviates from unity, the greater is the destabilizing action. Transition
from one mode to the other occurs at certain critical values of the decisive para-
meters Le and K [10, 11]. Depending on the Le—K ratio, the thermodiffusion in-
stability may have either a monotonic or oscillatory character.

Monotonic instability. At Le > 1 an unstable mode of combustion is realized
when the overheated combustible mixture has an excessive enthalpy behind the front
and the minimal enthalpy in the front. For example, at Le=10 and a sufficiently
high value of the temperature coefficient of velocity K (the value of K is controlled
by choosing value of the activation energy 0), the combustion mode is realized in
which the zone of diffusion action turns out to be significantly larger than that of
heating 8, (1) > 87(¢). Since the diffusion processes prevail, the chemical energy car-
rier is being carried away from the combustion zone and the total enthalpy in the
front turns out to be minimal. The combustion temperature behind the front turns
out to be higher than the adiabatic temperature, Ti,.x > T,, Figure 3a. The maximal
overheating is achieved at the initial instants of time, Figure 3a, and then the process
proceeds at a gradually decreasing rate. The instability attains a monotonic charac-
ter, which is in good agreement with the linear theory [8, 11].

As for calculation, the combustion modes with Le>> 1 differ little from the
mode with Le = 1. As in the previous case, the adapting grid nodes get concentrated
in the front region of the greatest steepness. At Le > 1 the temperature profiles 7(x),
Figure 3b, have the greatest steepness.

Oscillatory instability. The character of instability varies qualitatively in the
case of inverse relation of the transfer coefficients D < a, which corresponds to the
values 0 Le < 1. As the Lewis number decreases, the diffusion flow toward the com-
bustion zone also decreases and the thermal action zone becomes larger,
d7(t) > 8y, (7). When the condition K > K. is fulfilled, the role of destabilizing fac-
tors is enhanced. In the case of combustion without gas (Le =0), the instability is
determined entirely by the temperature coefficient of the combustion velocity K [9]:

d Inu

K= (Ta=To) =

> K,

An explicit expression of the temperature coefficient depends on the kind of the
stationary law of combustion u(7). In the case of the Arrhenius dependence of the
chemical reaction velocity (1) u ~ exp(—E/2RT,), the instability condition assumes
the form:

(Ta - TO)

K =
2RT?

E<K, K. =424

[9, 10]. As the Lewis number becomes greater (0 < Le < 1), the value of K.
increases [10].
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Figure 3. Profiles of temperature, density, and function s for Le = 10, 6 = 18, 4 = 101, N = 40.

At first, instability of combustion is manifested in the forms of attenuating
oscillations. Farther and farther from the stability threshold, which is due to a sharp
decrease of the Lewis number Le < 1 or a significant growth of the coefficient K, the
discrepancy between the characteristic scales d,, () and 37(¢) becomes much greater,
which gives rise to a considerable enthalpy excess in the front. A heat excess in the
combustion front results in the instability acquiring a marked oscillatory character.
The amplitude, the frequency, and the structure of oscillations vary with distance
from the stability threshold. At a fixed value of 8 and with an increasing Lewis
number, the amplitude and the frequency of oscillations are increased and the os-
cillation structure assumes a form close to that of harmonic oscillation. Beginning
from certain values of Le and K, the oscillations no longer depend on the heating
wall and a self-oscillation mode of combustion is realized in the system (Figures 4
and 5).

Propagation of the combustion front in the oscillatory mode is a sequence of
periodically alternating stages of bursts and depressions, which correspond to
maximums and minimums of the temperature and velocity, respectively (Figures 4
and 5).
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Figure 4. Spatial distribution 7(x) and p(x) at different instants of time 7 —1r5 for

Le=0.3, 4=10" 0=18, N=33.

The time instants with odd indices correspond to positions of bursts; those with
even indices, depressions. At an instant of burst the temperature behind the front
exceeds that of stationary adiabatic combustion. In the diagram of moving nodes
these oscillations correspond to periodic crowding of the grid nodes (Figure 5b).

At the times of bursts, which correspond to maximal values of temperature
and velocity, the grid nodes are concentrated in the zones of thermal and diffusion
fronts, which is shown in the dependencies (x) in the form of abrupt troughs. The
temperature maximum in Figure 4a corresponds to the combustion velocity max-
imum in Figure 6a and the minimal values of §,, (¢) and d7(¢). A high velocity assists
fast burning of the heated layer. As the dimensions of the heated layer are reduced,
the spatial gradients 7" and p becomes steep, Figures 4a and 4b which encourages an
intense thermal transfer from the reaction zone and the onset of the depression stage.
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Figure 5. Combustion front velocity and diagram of moving nodes for Le = 0.3,4 = 10'°,0 = 18, N = 33.

At the depression stage the heated zone is recovered at the expense of the thermal
flow from the zone of the burnt material and, as a consequence, the temperature (and
accordingly, the velocity) behind the combustion front is lowered. By the end of the
depression stage a thick layer of the heated agent is formed, which bursts again.

Pulse dynamics. Calculations showed that self-oscillation combustion modes
are realized within a narrow range of Le and K values. Farther and farther from the
self-oscillation threshold, as the Lewis number decreases or 0; increases, the pulse
structure is changed, At a fixed 0;, a decrease in Le results in growth of the ampli-
tude and frequency of oscillations. An increase in 0;, with a fixed Le, leads to growth
of the amplitude and period of oscillations. In both cases the burst duration is

510

515

reduced and depression duration is increased. The oscillation period can be esti- 520

mated as proportional to Le - 47! exp(0;).
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Figure 6. Combustion front velocity and diagram of moving nodes for Le = 0.1, A = 10'°,0 = 18, N = 33.

A further decrease in Le and an increase in K result in destruction of self-
oscillations. The amplitude and frequency of pulses are growing, and the oscillations
attain a more expressed relaxation character, when the depression stage duration is
still further increased and the burst duration is reduced, Figure 6a. A decrease in the
Lewis number to values of Le =~ 0.1 results in pulses of a complex structure, when
several velocity peaks are observed within one period, Figure 5a. A complex char-
acter of the solution predetermines a complex mechanism of grid rearrangement
when the minimal spatial step is decreased by about three orders. The complexity of
this rearrangement can be seen in the diagram of the moving nodes represented in
Figure 65, which corresponds to the total number of nodes N = 33.

The greatest difference between the zones of thermal and diffusion actions was
observed in combustion of condensed media for which Le=0. In this case the
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thickness of 6, () can be identified with the spatial dimensions of the chemical re-
action zone, whose characteristic dimensions are much smaller that those of the
heated layer. The diffusion of the combustible mixture components is an additional
stabilizing factor, and the absence of the diffusion in the combustion zone of
condensed medium is responsible for the minimal resource of stability of their
combustion.

In conclusion, it should be noted that layer-by-layer pulsing modes of propa-
gation of the reaction front were mainly observed experimentally in condensed
media [23].

MODELING OF PROCESSES OF TWO-STAGE COMBUSTION

Introducing the second chemical reaction into consideration complicates the
general course of the process, which in this case is described by relations of ther-
mophysical and kinetic parameters of both reactions. Let us consider the effect of the
second reaction on the flame front stability.

Stable Modes

The appearance of the second reaction is manifested in the first place in var-
iation of the flame front structure. The heat content in the front is determined by the
relation of the spatial scales of the three zones: the thermal zone §7 and two diffusion
zones 8, and d,,. As shown by calculations, the stable modes of the flame front
propagation can be realized under the conditions when the thickness of one diffusion
zone is greater and that of the second diffusion zone is smaller than the size of the
thermal zone. As in the one-stage variant, stable modes are realized at Le ~ 1.

Figures 9a and 95 represent characteristic distributions of density p;(x), p,(x),
temperature 7(x), and the function V for two instants of time. One can see that the
interaction of the zones of thermal and diffusion actions has a complicated nature,
however, in the course of time a stable relation d, (¢) < 67(t) < 6,,(t), is set up,
which corresponds to a constant value of the velocity u(¢).

In general, the influence of the second reaction in the stationary case Le ~ 1 is
manifested in slowing down the combustion process and decreasing the flame front
propagation velocity. The zone of stable combustion by the Lewis number becomes
much wider than that in the one-stage variant. The oscillation threshold for two
chemical reactions is shifted toward smaller values of Le. Calculations showed that,
at fixed values of the parameters for the first reaction in the two-stage case, it may be
that the oscillations do not arise, although they were present in the one-stage case.

The distributions of the function | and the trajectories of moving nodes x(¢)
represented in Figures 76 and 8b indicates that the majority of the grid nodes are
concentrated in the combustion zone in proportion to the solution gradients.

Unstable Modes

The reasons and conditions for appearance of oscillation instability at Le < 1
in the two-stage combustion do not differ qualitatively from those of the one-
stage process. The main reason for oscillations to appear is the presence of excessive
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Figure 7. Spatial profiles of temperature 7, densities p;, p,, and function | at two instants of time,
fi=5x102%andt, =13forLe=1, 6; =0, =4, 4; =107, 4, = 10°, N = 40.

enthalpy in the front, which arises when the relations 87(¢) > 8, (¢) and 8 (¢) are 575
executed. Monotonic instability appears when the size of the diffusion action zone
significantly exceeds the size of the heating zone 3, (1), 8,, (1) < d7(1).

The pulse structure in the two-stage combustion becomes even more complex.
In the case of the one-stage pulsing mode there were double bursts, whereas in the
two-stage variant four velocity peaks are observed within one period, Figures 8« and 580
8b. A similar complex evolution occurs in the combustion zone, Figure 8¢, where, in
the mode of oscillation instability, the relation d7(f) > 8, (1), 5,,(¢) must be fulfilled.
In this case the spatial distribution of temperature may contain two local maximums:
in the front and at the trailing edge of p,. The amplitude, frequency, and structure of
pulses depend strongly on the values of the kinetic coefficients of the second reaction, 585
A, and p,. Thus an increase in the parameter 8, by unity leads to a sharp increase in
the number of bursts during the period 8-9. As for computation, the introduction of
the second chemical reaction in unstable modes does not lead to any serious com-
plications, although the number of the grid nodes N = 80 is increased. Figure 95
represents the node trajectories corresponding to the case of a strong instability, 590
while Figure 9a shows trajectories for the stable case. In the instable regime the grid
nodes are crowded in the combustion zone where there are two regions of strong
variation in the solution. The former is determined by the position of the fronts
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T, p,, and p,, which are almost coinciding. The latter is determined the trailing edge
of the density p,.

EFFICIENCY OF THE DYNAMIC ADAPTATION METHOD

The principal advantage of adapting grids is the possibility of making calcu-
lations using a small number of nodes. As an example of mathematical modeling of
stationary and nonstationary modes of one-stage combustion, we obtained a

595

quantitative evaluation of the efficiency of the method of dynamic adaptation. In 600

quantitative terms, the efficiency of this method was characterized by two factors: the
operation speed 7, and the number of the nodes used 7,. The factors ¢, and n, were
determined by comparing the processor time expenditure 7, = #;/t, and the number
of the nodes used n, = Ny/N, in the algorithms using dynamic adaptation #,, N, and

the algorithms using the grids with fixed numbers of nodes ¢, N;. The dependence of 605

t. and n, on the ratio of the flame front thickness 6 to the size of the computation
region L,d/L, was considered as a measure of efficiency. The thickness and velocity
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of the flame front were easy to vary by varying the values of Le and o(0). It is evident
that as the value of 6/L decreases, the expenditure of computation time and the
number of nodes increase.

Calculations showed that the minimal number of nodes necessary for solving
typical problems of combustion using adapting mashes is ~20-30. All subsequent
calculations using adapting nodes were performed with the same number of nodes,
N=40. This number was sufficient to make calculations within a wide range of
varying parameters Le, 0, and A. The calculation region size L was taken to equal 10;
the number of nodes in the grids with fixed nodes was chosen so that the maximum
error in velocity was no greater than 1%. In stationary modes of combustion the
required accuracy was determined by converging values of the flame propagation
velocity on the consistently crowding grids.

To determine the efficiency of adapting grids under conditions of stationary
combustion, a series of calculations was performed for fixed values of 4 = 10 and
Le=1 and activation energy 0 varying in the range 4-17. The results of calculations
were compared with similar results obtained using the grid with fixed nodes. For the
modes with Le = 1, Figure 10 represents the dependence of the operation speed factor
t, on the ratio 8/L. When 0 varies from 17 to 4, the thickness of the chemical reaction
zone is two orders of magnitude smaller. Accordingly, the ratio of the size of the
reaction zone to the region size S, /L decreases from 0.2 to 2 x 10 ~ 3 The ratio of
the processor time expenditure, ¢, = #//1,, increases from 0.8 to 18. In all the calcu-
lations the number of nodes of the adapting grid was constant, N, = 40, and for the
fixed-node grid the number of nodes increased from Ny = 500 to Ny = 6,000. Thus, in
computations of stationary combustion modes the efficiency factor n, = Ny/N, of
the dynamic adaptation algorithms lies in the range of 10-150 with respect to the
number of nodes used. The maximum operation speed efficiency for the dynamic
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Figure 10. Operation speed efficiency of dynamically adapting algorithms at Le = 1 and Le = 0.
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adaptation algorithms is as high as ¢, 20. However, if the dimensions of the
combustion zone are comparable with those of the region under examination,
the operation speed efficiency of the dynamic adaptation grids is noticeably
reduced. When the relation 8/L = 0.2, the algorithm with the fixed grid is faster by
about 20%.

The efficiency of the dynamic adaptation method as applied to the nonsta-
tionary combustion mode was investigated at Le = 0. In Figure 10 the dashed curve
represents the dependence #,(dmi, /L) characterizing the operation speed efficiency of
the dynamic adaptation for Le = 0. The region of /L ~ 2 x 1073 corresponds in the
plot to the transition from the stationary combustion mode (6 < 10) to the oscil-
lation mode (0 > 10). The operation speed efficiency of the dynamic adaptation
method as applied to the oscillating mode of combustion (§/L > 2 x 107,06 > 0) is
noticeably reduced due to relatively frequent and significant rearrangement of the
grid at the instants when bursts or depressions occur. At these instants the reaction
zone dimensions vary by tens or hundreds of times. At the transition to the sta-
tionary mode (8/L < 2 x 1073,0 < 10) the efficiency index 7,(3min/L) rises rapidly,
reaching the value 30. In oscillatory modes the high efficiency of adapting grids as
for the number of the nodes used becomes particularly noticeable. The value of the
index n, = Ny/N, in the variants under study is as high as 500.

It should be noted that the given estimations were obtained at fixed dimensions
of the calculation region L = 10. As the region increases, the operation speed effi-

ciency of the adapting grid becomes even higher. Its growth is proportional to about
1,004-05)

CONCLUSION

A method of dynamic adaptation is proposed in which the calculation grid is
constructed on the differential level. The method is based on the idea of transition to
an arbitrary nonstationary system of coordinates. The transformation of the co-
ordinated is performed automatically with the help of the sought solution. Finding
the solution and constructing the adapting grid are carried out using the numerical
solution of the extended differential model.

The required transformation function contains no fitting coefficients and is
found from the assumption that the processes are stationary within a new nonsta-
tionary coordinate system (the quasi-stationarity principle). The transformation
function as found from the quasi-stationarity principle provides complete agreement
between evolution of the sought solution and dynamics of the adapting grid nodes,
thereby preventing their trajectories from intersecting.

The method allows calculation of nonstationary temperature and con-
centration fields in problems with mass/energy sources in regions with mobile
boundaries.

Examples of calculations of stable and unstable (pulsing) modes of laminar
combustion are resented. In all the variants the application of the dynamically
adapting algorithms made it possible to raise considerably the efficiency of calcu-
lations as compared to that of calculations made using fixed-node grids. Application
of the dynamic adaptation allowed the number of nodes to be reduced by 1-2.5
orders and the operation speed to be increased by 2—50 orders of magnitude.
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