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A finite difference method is described for solving two-dimensional Stefan 
problems and boundary layer problems. A comparison between numerical 
and analytical solutions has shown that very accurate calculations are 
possible on grids with small numbers of nodes.

1. INTRODUCTION

Along with construction of high-quality difference schemes, which are a traditional main
stay [1], one of the most important aspects of modeling of problems of mathematical physics 
is the selection and generation of computational grids optimal for the given solution. Con
siderable attention has recently been paid to developing computational grids, and there 
have now developed several trends in their construction, generation, and adaptation (see 
[2, 3]). Methods for generating grids that automatically adapt to the solution satisfy the 
requirement for optimal node distribution best. Because the distribution of the nodes in 
adaptive grids is dynamic, the grid node coordinates are not known beforehand, and must 
be determined, together with the grid functions, while solving the problem. One technique 
for grid construction involves imposing additional conditions on the initial problem. There 
is no unified approach to this problem, since adaptive grid generation methods are still 
being developed, and it is still impossible to say which approach is preferable.

A key problem in all the approaches to adaptive grid generation is how to choose that 
characteristic of the numerical solution which will be used as the parameter controlling 
the node shifts, and to determine the relationship between the procedures for solving the 
differential problem and constructing the grid. The technique most widely used in choosing 
the control parameter in multidimensional steady- [3] and unsteady-state [4] problems is 
the variational principle and its various modifications [5-9]. This principle of adaptive 
grid generation is based on minimizing the solution characteristics over the entire domain, 
which involves determining the extrema of certain functionals. In addition to the variational 
principle, there are some empirical approaches [10- 12] that use information on the numerical 
solution. Thus, the norm of the truncation error was chosen as the control parameter in 
[10], while in [11, 12] it was the rate of change of the solution.
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The relationship between the difference scheme and the adaptive grid appears to be as 
important. An ideal grid can only be generated if the solution is known beforehand. When 
generating a grid with a controlled node arrangement, only limited a priori information 
is available about the solution behavior. Therefore, the computation accuracy essentially 
depends upon the relationship between the difference scheme used for approximating the 
differential problem and the method for generating the computational grid. There are two 
opposite viewpoints on the problem. For instance, the processes of determining the grid so
lution and the node coordinates are separated in [9, 13], but are implemented independently 
to avoid coupled oscillations of the solution and the grid (which has been observed [11]). 
As confirmation of the positive effect of independent implementation, solutions of model 
gas dynamics and other problems are cited in [9, 13], to demonstrate the effectiveness of 
the method. On the other hand, experience in mathematically modeling hydrodynamic 
and heat transfer problems [1, 14-16] shows that the accuracy of the difference solution of 
partial differential equations depends on how well the distribution of computational grid 
nodes conforms with the specifics of the solution. In most real problems, it is not known 
beforehand when and where phenomena such as shock waves and large gradients will ap
pear and how they will propagate. For this reason, it is not always possible to fit the grid 
nodes to these phenomena. We believe that there should be a close connection between the 
difference schemes and the grid construction method, and that this connection should be 
introduced on the level of the differential model.

We have suggested [17-19] a method for unsteady-state spatially one-dimensional bound
ary value problems that generates adaptive grids dynamically coupled to the solution. The 
idea is to obtain automatic coordinate transformation from a Cartesian frame to a more 
universal curvilinear coordinate system in which computational grids with fixed nodes can 
be used to solve the problem numerically. In physical space, these grids are equivalent to 
grids with the same number but a controlled distribution of nodes, so the nodes can be 
concentrated in the regions of singularities, large gradients, and other phenomena arising 
in the solution.

It should be noted that the mapping from a physical space to a computational space 
with curvilinear coordinates actually yields a different differential problem. The original 
equations must be modified and their number changed. The mathematical model has 
additional partial differential equations to describe the computational grid’s dynamics. The 
number of additional equations equals the spatial dimension of the problem. The actual 
transformation is determined by the solution’s features and the researcher is free to choose 
the node shift control with a minimum of algorithmic and code changes for different problem 
types.

The adaptation method was used in unsteady-state one-dimensional boundary value 
problems, such as classical Stefan problems with one [20, 21] or two [22] phase fronts, 
boundary layer problems [17], and gas dynamics problems with explicit tracking of shock 
wavefronts [23-25]. A comparison of the solutions with analytical solutions has revealed that 
dynamic node distribution substantially reduces the total number of nodes. This implies 
that we can reduce the amount of computations and raise the algorithm’s efficiency.

This study is an extension to unsteady-state two-dimensional boundary value problems 
of the method of adaptive grids dynamically coupled to the solution [17-19]. The method’s 
potential can be exemplified by solving model Stefan and boundary layer problems.
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2. CONSTRUCTION PRINCIPLE

The principle of constructing finite-difference methods on adaptive grids dynamically 
coupled to the solution is defined as a method for solving unsteady-state problems in which 
the grid node coordinates are determined along with the grid functions. The determination 
of grid functions and node coordinates constitutes a unified self-consistent problem in which 
some of the equations describe the phenomenon in question in terms of the grid’s movement 
of nodes in the grid, while others describe the computational grid’s dynamics as they de
pend on the solution. In extreme cases these equations entail formulations of the problem 
in either Euler (no adaptation) or Lagrangian (the grid node and hydrodynamic) velocities.

The generation method is based on an automatic coordinate mapping that uses the 
solution. It yields a coordinate system (hereinafter referred to as curvilinear), in which 
lines are mapped to the domain boundaries and are perpendicular. Depending on the 
problem, the coordinate lines may follow moving boundaries, may become denser in regions 
of singularities or large gradients, or may move according to some relation that minimizes 
the viscosity or the nonmonotonicity of the difference scheme.

The Cartesian coordinates x,y, t  are used as the initial frame system when the problem 
is posed mathematically. Then by a general mapping £ = £(x,y,t), 77 = rj(x,y,t), r  = t, 
the physical plane is mapped onto a rectangle in the curvilinear coordinate plane £, 77 (see 
Figure 1). The mathematical formulation of the problem in curvilinear coordinates is more 
complicated because the metric coefficients x%, xv, y%, and yv enter the equations. However, 
the transition to a more universal reference frame allows orthogonal grids that are either 
uniform or nonuniform in one or both directions to be constructed for more complex domains 
in physical space.

The inverse mapping uses two evolutional equations, which describe the trajectories along 
which the grid nodes move, and form the mechanism of the dynamic distribution of the grid 
nodes. For two-dimensional unsteady-state problems, this method involves a system of two 
partial differential equations whose right-hand sides can be represented as two functions 
Q and P dependent on the solution. Generally, the functions are arbitrary. The type of 
function is defined by the solution features and determines the mode of adaptation.

Figure 1.
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3. PROBLEM FORMULATION

Let us consider an unsteady-state heat transfer equation in an arbitrary domain G{x,y} 
with a source, i.e.,

ди _  _ д Щ  
dt dx

duWx =  -A — , ox

dW2
dy + 9,

(1)

Using the general mapping £ = £(x,y:t), у = у (x,y,t), т = t, we obtain a space fi with 
the curvilinear coordinates £, у, t . Equation (1) in these variables will be written in a 
rigorously conservative form as

д(фи)
дт

д_ ' W i - u дх
дт

ду
ду W2 - u дт

дх
ду

д_ ' 
ду

дх + фд.
(2)

We add the equations characterizing the current (instantaneous) coordinates x, у to the 
above, i.e.

dx
дт -Q , (3)

With (3), the initial problem (1) takes the form

д(фи)
дт

д_
dt
д_

ду

(Wi + uQ) ду
ду -  (W2 + иР) дх

ду
Sv дх

-(W1+ uQ)-^  + (W2 + P u ) — + Ф9,

д х _  ду дх ду дх ду
l h ~ ~ Q' а7 = ~ ’ ^  = Щ д ^ ~  д^Щ '

(4)

where ф and Эх/<9£, ду/д£, дх/ду,  and ду/ду are the Jacobian and the metric coefficients, 
respectively; and Q and P  are functions dependent on the solution.

Given the functions Q and P, the system of equations (4) can be used to determine the 
temperature fields and the grid node locations using finite difference methods.

A specific form of the functions Q and P is chosen to construct the computational grid 
efficiently. The simplest case is a grid that is quasi-uniform in all directions in a domain 
with moving boundaries. The functions Q and P  are therefore chosen in the form

Q — —D0
d2x d2x
<Э£2 dy2 P  = —Do

d2y (Py_ 
d£2 dy2 (5)

If in order to solve (1) we need a grid whose nodes become denser where the solution 
undergoes rapid changes, but are quasi-uniformly distributed elsewhere in the domain, the
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functions Q and P  can be represented [26] as

Q — -Do
d2x d2x
<9£2 дт]2 - C 0 Ф2

d u \ 2 f  du
)  + \dr)

1 / 2 '

P — —Dq
d2y d2y 
d£2 + dif -Co Г

du \ 2 f  du 
d U  + V dr]

1/21
(6)

where D0, and Co are arbitrary constants of order 1.
The presence of first-order partial derivatives of the solution du/d£, du/dr] in (6) allows 

us to trace the rate at which the solution changes, and depending upon the rate of change, 
the grid density can be varied as required. The first terms in the parentheses act as forces 
that repulse the nodes, i.e., they present the nodes from approaching each other too closely, 
and tend to make the grid more uniform where the solution changes only gradually. The 
presence of ф in the curly brackets with a derivative sign also serves to restrict the mutual 
approach of the nodes. Note that other choices of Q and P  are also possible.

4. DIFFERENCE APPROXIMATION

We introduce a computational grid in the plane with steps hi and Л-2 that are
uniform in all directions, i.e.,

_  ( (c % £ i= £ i - i + h i ,  i = l ,2 , . . . ,N ,  h i= ^ N /N ,  1
Vj=Vj_1+h2t j  = 1,2,...  ,M, h2 = £M/M  / •

The step for the variable r  is introduced in the usual way, i.e.

VT = {т„; rn+1 =тп + Атп, n = 0 ,1 ...}

In curvilinear coordinates, the grid steps hi and h2 are time-independent, and the ini
tial orthogonal grid remains intact. In physical space the corresponding node coordinates 
(хг, yi) vary with time, depending on the solution’s behavior.

The difference approximation of (3)-(5) was done using the integral interpolation tech
nique [17], i.e.,

(Фи)?+1/2  ̂+ 1/2 = (Фи)7+ 1/2 .Я-1/2 ~ +  uQ)7+l,j + l /2

x (v?+i,j+i — y?+i,j) — (Wi +  uQ)?,j+i/2(yZj+i ~ Vij)

— ( W i  +  u Q ) i + i / 2 , j  +  l / 2 ( y ? + l , j + l  — y?,j + 1 )

+  { W \  +  u Q ) ? + i / 2 , j ( y ? + l  ,j — Vi j )  —  ( W 2  +  u - P ) I + l , j + 1/ 2 (:ri + l , j + l  — x ? + l j )  

+  (W2 +  ,u P ) i lij +  i / 2 (;ri lij +  1 ~  x i j )  +  ( W 2 +  u P ) i + l / 2,j +  l ( x i + l , j  +  l — x f j  +  i )

-  (W2 + uP)Z:+l/2(x?+ ltj -  *” )] + A r ( « +1/2,j+1/2,

ф?+ l/2,j + l/2 = 2hlh2 _  XZj+^y^+i,i + l ~ Vij')
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(7)

The functions x?•, y” , Q” , and P™ correspond to the grid nodes. The functions ^"+1/2 7+1/2’ 
and w"+i/2,j+i/2 correspond to the cell centers. The fluxes Ил1++1/2̂ , V î,i,7+i/2,W’2,i+1/2,7, 
and W2tij+i /2 were determined at the midpoints of the cell edges. The necessary interpo
lation was made by linear interpolation formulas.

5. MODELING STEFAN PROBLEMS

An essential requirement on the algorithms for multidimensional problems is that the grids 
have a small number of nodes in each direction, but retain the accuracy of the calculation. 
That is why all the previous studies involved coarse grids.

In some problems, such as those involving the synthesis of amorphous materials, the 
effect of concentrated energy fluxes on metals and semiconductors, and thermal diffusion 
(in all of which a phase transition, which is an essentially nonequilibrium phenomenon, can 
be controlling), and also in problems that require an exact correction for the hydrodynamic 
phenomena that accompany the phase transitions, the phase front must be carefully ex
tracted, and the processes occurring on it taken into account. Existing numerical algorithms 
for explicit front extraction (or separation) [27, 28] require, especially in multidimensional 
cases, complicated grid, constructions and are usually cumbersome and costly. The devel
opment of more economical and effective algorithms for solving multidimensional problems 
with explicit separation of the phase boundary is an important goal. One approach to the 
problem is the adaptive grid method.

A classical Stefan problem is to determine the temperature fields and the phase front 
velocities vsi. The main difficulty in a mathematical investigation of such a problem is that 
the phase boundary Tsi(t), and therefore the subdomains Gs{x, y, t) and G;(x, y, t) in which 
the solution is sought, are not known beforehand and have to be determined during the 
solution. Besides, there are frequently situations when the domains containing emerging 
or initial phases change in size by large factors. In solving such problems numerically, the 
computational grids used at the beginning of the process become unsuitable after some time, 
and the grid must be reconstructed (e.g., by an interpolation procedure) so the computation 
can be continued.
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The main requirement on the computational grids used to solve such a problem is that 
there should be a mechanism for automatically reconstructing the grid with a fixed total 
number of cells, their size depending on the flux through the interface, i.e. on the solution’s 
behavior. It is also desirable to eliminate moving boundaries.

The computational grid is generated and the problem solved in curvilinear coordinates. 
With this in mind, equation (1) with g = 0 is used in each of the subdomains Gs and G;. 
We write the differential Stefan condition on the phase boundary Tsi(t):

W? -  wp = Lmgv?h w; = W{ (8)

and write the isothermal condition

v,s — v>i — um, (9)

where the superscripts n and r  refer to the normal and tangential components of the heat 
fluxes; the subscripts s and l refer to the solid and liquid phases; g is the density, and Lm 
and um are the latent heat and temperature of the phase transition.

In curvilinear coordinates, the phase boundary Ts;(x, y, t) is associated with a coordinate 
line Tsi(^,rj), whose location is fixed. The boundary condition in (9) is used to determine 
the material flowing from one domain to another. By doing so, we avoid the main diffi
culty inherent in the Stefan problem. In physical space the grids in both subdomains are 
reconstructed in accordance with the value and the sign of the mass flux. The number of 
cells in each subdomain remains constant while their sizes change. Besides, the mapping of 
a physical plane with a complex shape onto a rectangular domain yields orthogonal grids 
that are uniform in one or both directions, and have time-invariable steps hi and h2.

The method was tested with a problem that has a self-similar solution in one variable [29].
A Stefan freezing problem with a planar interface Tsi(t) (straight line) between the 

domains Gs and Gi was considered in the rectangular domain G = { 0 < x < l , 0 < j / <  0.5}. 
The coordinate axes are chosen so that the phase boundary Ts/(f), while moving parallel 
to itself, remains parallel to none of the axes. In the numerical calculations, the following 
values of the thermal parameters were chosen: Л = cp = g = 1, Lm = 1, and um = 0. 
By rotating the coordinate system through an angle <p, the problem reduces to a one
dimensional problem with space coordinate z — x cos <p + у sin ip. A self-similar solution 
exists for this problem, i.e.,

u(z t ) = f - 1 + Ф(г/(2>/О)/Ф08), 0 < г < гг,
\0 ,  гг < г < 1,

where
Z

Ф(г) = - 7= f  e~y dу, zr = 20уД, (3 = 0.62.
0 r J0

We considered a computational grid with a total of 15 x 6 nodes in domain G. We plotted 
the boundary Tsi(x,y,to) at an angle of 30deg. The initial state is chosen to correspond 
to the self-similar solution at to = 0.162 (see Figure 2). Mapping to the curvilinear coor
dinates £,77, t transformed the domain G into a rectangular domain fi, in which the initial 
computational grid became uniform in both dimensions with the same total number of the 
nodes, and with the steps hi = h2 = 5 -10-2. The plane boundary Ts;(^, 77) coincided with 
the coordinate line £ = £д/0, No = 11, and its position, as well as the steps hi and h2, 
remained unchanged over time.
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Figure 2.

0 0.2 0.4 0.6 0.8 x

Figure 3.
The time integration step was restricted by the requirement that the explicit scheme 

be stable. Figure 3 displays the phase front’s location and the computational grid in the 
physical space at t = 0.413. The self-similar and numerical solutions were compared along 
the axis x for three cross-sections with j  = 1,3,5, where j  is the row number, and at three 
different time moments. The relative error Su was under 1% which is quite acceptable for 
practical purposes. Table 1 lists the values of Al  which characterize the deviation of the 
phase boundary from planar, where Al = Ides — lex, lex is the exact value of the coordinate 
zr corresponding to the phase boundary, and Ides is the computed value of the coordinate. 
The results show that the location of the phase boundary is accurately determined by the 
algorithm.

It seemed interesting to test the possibilities of the method experimentally in the following 
situations:

(a) regions where the phase states changes by orders of magnitude over time;
(b) the initial computational grids in physical space differ significantly from orthogonal 

grids.
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Figure 4.

В C D
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Figure 5.

Table 1.

Computed values /jes
Row t = 0.2623 t - 0.3375 t = 0.4123

number lex =  0.6357 lex ~ 0.7209 lex = 0.7970
Ides A l Ides A l Ides A l

1 0.6370 1.3 • 10~3 0.7224 1.6- 10~3 0.7986 1.6- 10~3
2 0.6365 8- 10“4 0.7220 1.1 • 10-3 0.7983 1.3- 10-3
3 0.6353 -4  • 10-4 0.7213

T*1Оl“4 0.7978 1о00

4 0.6345 -1.2 • 10-4 0.7205

4*1О1 0.7972 2 - 10-4
5 0.6349 -8  • 10-4 0.7207 1Оi--i1 0.7981 1.1 • П Г4
6 0.6360 3 • 10~4 0.7217 1Оi-H00 0.7980 1 • 10-4
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0.2 0.4 0.6 0.8 x

Figure 6.

We therefore studied the following model problem. The subdomain Gs in the rectangular 
domain G = {0 < £ < 1, 0 < y <  0.5} was bounded at the (initial) time t = 0 by u = — 1, 
so it was a corner within the lines x = 0 and у = 0.5 with a width of 1.25 • 10~2 in both 
directions. The remainder of the plane was occupied by the domain Gi with и = 0 (see 
Figure 4). Over the course of time, the phase front Tsi(t) travelled to the node x = 1, 
у = 0, from the subdomain G; to the subdomain Gs.

Although this case is similar to the first problem, a rather coarse grid was chosen with a 
total 10 x 10 nodes for the domain G. The subdomains Gs and G; were assigned 10x6 and 
10 x 5 nodes, respectively. Initially the space steps in the subdomains Gs and G; differed 
by a factor of more than 20. The grid in the physical space was defined by the intersection 
of radial rays originating from the lower right corner, which is represented by the arc AE  
of length / < hi , Л-2 , and lines parallel to the coordinate axes (Figure 4). In curvilinear 
coordinates, the mapping £ = £(x,y,t),  r? = rj(x,y,t), т = t takes the computational grid 
onto a rectangular one, while the phase boundary location F,s; becomes associated with the 
coordinate line т] = т]м0, Mq = 5 (Figure 5).

Note that all the boundary conditions were approximated using finite difference relation
ships written in conservative form. This procedure is described in detail in [30].

Figure 6 shows the form of the computational grid and the phase-front position at time 
t = 0.104. The calculations showed that by time t = 0.122 the domain Gs had almost 
completely moved into domain Gi . The use of such an “exotic” grid with a small number of 
nodes, and the significant change of the spatial steps in each subdomain does not hamper 
the calculations in any way.

6. MODELING BOUNDARY LAYER PROBLEMS

The mathematical model of (3) and (5) with g = —u was used to model two versions of 
the problem that admit a boundary layer solution. The investigations were to show that a 
two-dimensional adaptation of the computation grid is feasible.

In the first version, the following boundary-value problems were considered in the rect
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angular domain G = {0 < a; < 1, 0 < y  < 0.5} :

u(Q,y,t) = 1, u(x, 0, f) = 0, 

u(x,0.5,t) = 1, u(l,y,t ) = 0, u(x,y, 0) = 0.

The physical and computational domains coincided in this problem. At t = 0, the computa
tional grid were also same, with the total number of nodes set equal to (10 x 10) (Figure 7). 
The small parameter Л was made 10-3 . The characteristic size of the boundary layer was 
estimated to be l «  (A)1/2 = 3.33'10-2. Thus, we were concerned with the case in which the 
spatial steps exceeded the boundary layer’s characteristic size hi, hi > / in each direction.

By setting nonzero boundary values of и different and along a corner, the domain of 
the essentially non-one-dimensional solution was fitted into the upper left corner of the 
computational domain. Motion to the right and down along the boundaries converts the 
solution in the adjacent region to the one-dimensional type. In regions where there is only

f=0.0

Figure 7.

t=  10.02

Figure 8.
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Figure 9.

Figure 10.

one-dimensional variation, the solution is

u(l) = (e- V * ' 2 -  e- ( '- 2)A1/2)/(l -  e -2/Al/2). (10)

The calculations were performed on a fixed and on an adaptive grid with the same total 
number of nodes (10 x 10), one continued until the и profile stabilized completely. The
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Figure 11.

results of the calculations were compared with each other and with the analytical solution 
in the regions where the latter exists. The comparison showed that when using a fixed 
grid, only one coordinate line extends to within the boundary layer region where the Uij 
values fall by approximately one order of magnitude. With the adaptive grid with the same 
number of nodes, one is able to concentrate five grid coordinate lines in the same region 
(Figure 8). The node-by-node comparison with the analytical solution in the boundary 
layer region showed that the maximum error occurred in the nodes of the coordinate line 
nearest to the boundary, and comprised 1 to 3%.

The numerical solution obtained on the adaptive grid is presented as isolines in Figure 9. 
The node concentration in regions in which the solution underwent significant change re
sulted in an appreciable two-dimensional deformation of the grid in physical space (see 
Figure 8). The adaptive grid’s deformation can be measured in terms of the Jacobian ipij, 
which describes the areas of the cells with indices (i j ). For uniform fixed grids, the cell 
areas are the same and remain constant over time, 4’lJ = const. The nodes of the adaptive 
grids coincide with the nodes of the fixed grids at t = 0. By the time the solution stabilizes, 
the values of Vij fall by a factor of 4-5 in the boundary layer, while in the zero-solution 
region they increase by 3-6-fold. Thereby the computational grid in physical space becomes 
orthogonal (Figure 8).

An even greater deformation of the grid was achieved in the second version of the problem, 
in which the region was a square measuring 1.4 on a side, and the boundary condition и = 1 
was fixed along one of the principal diagonals. Thus, the boundary layer was located along
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the principal diagonal. An analytical solution as in (10) exists in the direction perpendicular 
to this diagonal.

A uniform orthogonal grid was introduced in this region, the total number of nodes being 
20 x 20. The grid steps exceeded the characteristic boundary layer thickness l w 3.3 • 10-2 
by a factor of more than 2. As before, the calculations were continued until complete sta
bilization and then the results were compared with the exact ones. The configuration of 
the adaptive grid when the solution had stabilized is shown in Figure 10. Figure 11 shows 
a magnified section of the solution. Up to seven cells of the grid were concentrated in the 
boundary layer region within the characteristic thickness l, which led to extreme deforma
tions of the grid. Note that the maximal difference between the cell areas in the boundary 
layer region and the cell area in the rest of the domain was two orders of magnitude.

It is widely believed that the accuracy of the calculations is low on very nonuniform grids, 
especially for multidimensional problems. This may occur because of the large error in 
approximating mixed derivatives and fluxes on nonorthogonal grids. However, these effects 
are smoothed on adaptive grids dynamically coupled with the solution. The calculations 
were carried out in a computational space with a fixed rectangular grid. Information about 
the deformation of the grid in the physical space is transmitted via metric coefficients, and 
since the grid deformation is determined by the solution’s dynamics, the changes in the 
solution and in the node arrangement occur simultaneously. This implies that in regions 
where the solution changes significantly, the transition Jacobian and the metric coefficients 
decrease in proportion to the gradients, which should reduce the truncation error. In the 
regions where the solution changes only slightly, the cell areas increase, as do the values 
of ф and the metric coefficients. However, the values of the derivatives in this region are 
small, and hence the truncation error is also small. For example, the error of the numerical 
solution in the boundary layer region was under 2%.

In conclusion, we should note that the mathematical modeling we carried out indicates 
that the method suggested here for generating adaptive grids is quite efficient for multidi
mensional boundary value problems of mathematical physics.
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