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Abstract
A dynamically adaptive grid method for solving partial differential equations exhibiting
strong spatio-temporary solution variations is proposed. The method is based on a tim edependent coordinate transformation from the physical to a computational space which
is controlled by the evolving solution. The transformation is determined by the condition
that the solution in the computational space behaves nearly stationary. For the example
of the Burgers’ equation, describing convective and diffusive transport processes, an ana
lytical investigation of the accuracy as well as the dispersive and dissipative properties
of the method for different finite-difference schemes reveals that dispersion is strongly
suppressed. As a consequence, a high computational efficiency compared to conventional
calculations on a fixed grid is achieved.
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Introduction

The problem of an appropriate grid generation for solving partial differential equations
(PDEs) is o f great current interest [1] - [6]. The accuracy of numerical solutions depends
on how the distribution of grid points is adapted to the behaviour of the solution. For
fixed number of grid points, a higher accuracy results by means of a distribution that
is better matched to the peculiarities of the solution.

In order to achieve an optimal

distribution of grid points, numerous approaches to the generation of adaptive grids have
been proposed [7] - [16].
For stationary problems, the peculiarities of the solution like strong gradients, discon
tinuities at boundaries etc. are spatially localized in general. This simplifies essentially
the generation of adaptive grids. The accuracy of the numerical solution is improved by
a higher density of grid points in regions of large solution variations [7] - [12].
For non-stationary problems like evolution equations, the generation o f adaptive grids
is more complicated since the peculiarities of the solution may appear, move and disappear
in the course of time in the whole region where the solution is defined. In these cases, the
appropriate distribution of grid points is not only related to the problem o f increasing the
accuracy but sometimes also to the problem of finding the proper qualitative behaviour of
the solution. One of the most essential features for the generation of dynamically adaptive
grids is the optimal choice of the grid point velocities. If the velocity is too slow, the grid
points cannot follow the temporal changes of the solution which decreases the accuracy
and efficiency of the procedure. On the other hand, an inappropriate fast movement of
grid points can affect erroneous oscillations of the solution, or coupled oscillations of grid
and solution, or the numerical calculation becomes globally unstable.
The efficiency o f time-dependent adaptive algorithms depends crucially on the appro
priate control of the grid movement by the evolving solution. Without any correlation,
a new grid is generated after a certain number of time steps. This is sufficient if the
solution evolves into a quasi-stationary asymptotic stage. For strong temporary changes
of the solution, a grid rearrangement at every time step may be advantageous. This is
typical for dynamically adaptive methods where the solution and the movement of the
grid points are calculated simultaneously [17] - [20].
In the present work, a new procedure for the generation of a dynamically adaptive grid
is proposed which is especially suited for the solution of one-dimensional non-stationary
PDEs. As an illustration, the method is applied to the numerical solution of the Burgers’
equation which describes transport processes by convection and diffusion. The difficulties
in the solution of similar equations by means of conventional methods are well-known
[21, 22]. Application of difference schemes of first order accuracy, 0 ( r + /i2), in connection
with an insufficient grid point density leads to an increase of the numerical viscosity in the
region of strong gradients and, therefore, to a strong smoothing of the solution. Difference
schemes of second order, 0 ( r 2 + /i2), affect strong oscillations of the solution. In some
cases, one cannot avoid the appearance of oscillations.
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Idea of the Method

The present adaptive method is based on a time-dependent coordinate transformation
(TD C T) from the physical space to a computational space. The numerical solution of a
PDE is formulated by two coupled differential equations, where one equation describes
the physical process and the other one the movement of the grid points in the physical
space. The essential point is that the TDCT is governed in an appropriate manner by
the evolving solution.
Previously, TDCTs have been applied mostly in order to desribe properly moving
boundaries as well as special lines and surfaces in aero- and hydrodynamics [1]. In those
cases, the grid has been adapted to peculiarities of the solution like shock waves [23, 24],
internal phase boundaries [25, 26], and free surfaces [27, 28], but not to the gradient
of the solution. A well-known example for the application of a TD C T are the classical
Lagrange coordinates in hydrodynamics where the velocity of the coordinate movement is
determined by the hydrodynamic flow velocity. Recently, a modified method of Lagrange
coordinates has been applied also to an adaptation to the gradient of the solution [16].
In [16], the control of the grid movement has been connected with the requirement of
equidistributing the second derivative of the solution.
The TD C T presented here allows us to generate a moving grid which is able to adapt to
various peculiarities of the solution including large gradients [18, 29], moving boundaries
[17, 30] as well as shock waves [19].
In the following, the special procedure for generating the moving grid is explained.
Let us consider a TDCT from the physical space (x , t ) to the computational space (q, T)
given by the relations x = f ( q , T ) and t = T.

The transformation is to possess the

non-degenerate back transformation q = ф(х, t) and T = t. The partial derivatives with
respect to the independent variables are given by
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where Ф = dx/dq is the metric coefficient and dx/dT describes the movement of the
physical coordinate for fixed coordinate q. The computations are performed on a fixed
grid in the (q,T) space. The corresponding movement of grid points in the physical space
(x,t) is formally determined by the function Q(q,T) which defines the coordinate back
transformation
dx
dT

(3)

-Q .

In some cases, it is more convenient to use the following relation
ЗФ _ _ d Q
dT ~

(4 )

dq
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which is obtained from (3) by applying d/dq. The crucial step now is to relate the function
Q suitably to the evolving solution in order to achieve an optimal adaptation.
The success of the method of dynamically adaptive grids depends on the proper choice
of the properties of the solution which serve for the control of the grid movement. Usually,
the approximation error of the solution or its derivatives are used. In the following, an
alternative approach is proposed. From the analysis of finite-difference schemes it is wellknown that the dissipative and dispersive properties of difference schemes are essentially
determined by the time derivative.

This circumstance suggests that a TDCT into a

coordinate system where the time derivative of the solution is equal to zero or sufficiently
small is advantageous. For this reason we choose in the following the TDCT defined by

(5)
The requirement (5) also defines the function Q(q,T) via the PDE and, consequently, Q
is determined by the evolving solution. The special form of Q depends of course on the
PDE under consideration.
In order to illustrate the present approach, let us consider the Burgers’ equation
du

d u2

d2u

a one-dimensional nonlinear PDE of Navier-Stokes type, with x a < x < хь, t > 0, and
the following initial and boundary conditions
u(x, 0) = u °(z),

t = 0,

(7)

<jra(;r, t, и, du/dx) = 0,

x = x a, t > 0,

(8)

дь(х, t, u, du/dx) = 0,

x = хь, t > 0.

(9)

The Burgers’ equation is often used to test the accuracy and computational efficiency of
numerical solution procedures because the solution of this equation evolves like a shock
wave for small viscosity parameter fi (g < 10-3 ).
By using relations (1) - (4), the Burgers’ equation in the (q, T ) coordinates is expressed
as
du

Q du

1 d и2 _

1 d g du
(
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10)

and the relation to the physical coordinate x is given by
dx
=

’
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qa < q < <76,

T > 0.

(П)

According to the definition of the TDCT by the requirement (5) together with the PDE
(10), the function Q is obtained as
d ц du
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dq Ф dq
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d и
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( 12)

In the following, the efficiency of the numerical solution of (10) by using an appropriate
function Q is investigated both analytically and numerically. To this end, the discrete
space u>l is introduced
ши. = {(9b 9i+i/2>T*) : <7,+i = qi + h, <7,+1/2 = 9« + ^/2, г = 0 ,1 ,... / — 1,
Tj+1 = Tj + r j , j = 0,1,2... }

(13)

and equations (10) and ( 11) are approximated by finite-difference schemes. However, in
order to demonstrate the insensibility of the procedure to a slight violation of condition (5),
the numerical calculations presented here have been performed with a slightly modified
function Q neglecting the third term on the r. h. s. in (12).

3

Analysis of Difference Approximations to the
Transformed PDE

Consider different three-point two-shell difference approximations to the Burgers’ equa
tion (10) in the (<7, T) coordinate system
tix = —
where
uT = (u-+1 - u^)/rJ.

(15)

The index a = c, f, b denotes the central, forward and backward differences
f^ -q ,c — f i ( u , + i

f u 4,J
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fi
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U i)/ h ,
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and according to
[ / ] . = (! - * ) / ’ + T /i+ \

0 < <r < 1

(17)

the index cr controls whether the difference scheme is explicit (a = 0), implicit (cr = 1)
or of mixed type. The accuracy of the corresponding schemes is of order 0 ( r fc + hl) with
к = 2 for cr = 1/2 (symmetric Crank-Nicholson scheme), к = 1 for a = 0 or 1, / = 2 for
central differences in the space coordinate, and / = 1 else.
Because of requirement (5), defining the function Q, the transformed PDE (10) be
comes stationary and the corresponding difference schemes read
a = c, / , b.

Q uq,a + 2 ^ )?,<*
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(18)

In the following, the accuracy of the difference approximations (18) is investigated ana
lytically. The difference between the PDE and its finite-difference approximation can be
considerable in certain cases. Since the approximation by finite differences corresponds to
the replacement of an infinite-dimensional space of functions with continuous arguments
by a finite-dimensional space of discrete grid functions, the solutions of the PDE and of
the difference scheme belong to different functional spaces and, therefore, a comparison
is complicated. Usually, it is assumed that the difference scheme is solved by functions of
continuous arguments not only in the grid points, but in all points of the considered region
of the solution. This allows us to transform difference operators into a functional space
which includes also differential operators. In this way, difference schemes can be analyzed
by methods developed for differential equations. As a result of the transformation of the
difference scheme to a differential equation, the so-called ’’ modified equation” is obtained
[31, 32].
The modified equations corresponding to the difference schemes (18) are derived in a
standard way by the expansion of the grid function in the vicinity of the grid point (<7,-,
T3) into a Taylor series. Since the calculations are straightforward but involved, only the
final results for the modified equations are given here
du
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(m = 4 for central differences, m = 3 else). Note that it is important to investigate just the
modified equations (19) since these equations are solved actually by the finite-difference
scheme but not the starting PDE (10).
The numerical dissipation and dispersion of the difference schemes (18) are mainly
given by the terms with the second and third derivative on the r. h. s. of (19), respectively
[22, 31]. The corresponding coefficients a and (5 in these terms depend on the function Q.
For example, the dispersion is of the order of R if one requires /? = 0 ( h m) which leads to

(20 )
The choice (12) of the function Q fulfills this requirement. The simpler form
d ц

would even lead to (3 = 0.

It must be mentioned, however, that (21) implies a weak

instationarity of the transformed equation (ди/дТ ф 0) so that (19) does not apply to
this case rigorously. The modified equation corresponding to (21) is more complicated
in comparison with (19) and requires extensive calculations.

Note, however, that the

calculations in the following section are carried out with the simpler transformation (21).
The results show that the proposed procedure can be applied succesfully also if the choice
of the function Q does not rigorously fulfill the stationarity condition (5).
The lowest dissipation of the difference schemes (18) is obtained for central differences
(a c = 0 ( /i2) compared to аь, a / = 0(h)).

Thus, the central difference scheme is in

principle the most accurate approximation due to small numerical dissipation and very
small dispersion. For difference schemes of the Burgers’ equation on a conventional fixed
grid, a small dissipation is disadvantageous since it cannot suppress numerical oscillations
due to the relatively strong dispersion in this case. For the forward and backward diffe
rence schemes, the dissipation coefficient a contains a term ~ (Q + u) h and, by inserting
(12), this term becomes proportional to the physical viscosity /<. As a consequence, in the
limiting case of small physical viscosity, the three difference schemes (18) show a similar
behaviour. For high physical viscocity, the numerical dissipation plays no role since steep
gradients in the solution are suppressed by the physical dissipation.
Finally, let us summarize the main conclusions of the present analysis:
(i) By an appropriate choice of the function Q, a TDCT can be determined so that the
solution in the computational space behaves nearly stationary, (ii) Explicit and implicit
schemes are equally suited for the present adaptation procedure, (iii) Dynamical adap
tation can considerably increase the quality of the difference schemes. By means of the
proposed procedure, it is possible to suppress strongly the dispersion and, simultaneously,
to decrease considerably the degree of dissipation for first-order difference schemes in h.

4

Numerical Examples

The computational efficiency of the proposed adaptation procedure is illustrated in the
following by the numerical solution of the Burgers’ equation (6). The results are compared
with the theoretical predictions of the above analysis of the modified equation as well as
with results of conventional calculations on a fixed grid.
In the computational space (<7, T), the Burgers’ equation (10) is written in the divergent
form
в(Фи)

_ 9 P M _ a(Q u)

dT

dq

dq

1

where
P(u) = -

2

fi du

(23)

Ф dq'

The back transformation to the physical space (x , t ) is given by (11). The function Q
may be chosen according to ( 12) or (21).
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The difference scheme is formulated on the grid (13) in the (q, T) coordinate system.
The grid functions xj, u\ and Q\ are calculated at the points (<7,, T 3) and, analogously,
v]>i+i/2 and Pf+x/2

{Qi+i/2, T j ). With the function Q according to (21), equations (22),

(11) and (23) are approximated by the following difference equations
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The approximation error of this scheme is of the order 0 ( t + /i2) for a = 0, 1 and of the
order 0 ( t 2 + h2) for a — 1/2. The system of difference equations (24) - (27) has been
solved by the Newton-Raphson iteration method. At every iteration step the system
of linear algebraic equations with tridiagonal matrices can be solved easily. The time
increment r J is controlled automatically by the required accuracy and by the number of
iterations per time step.
Let us consider two typical examples which are often met in solving the Burgers’
equation [14]. In both cases a small physical viscosity is assumed (ft — 10-4 ) so that
the solution tends to form a discontinuity. Because of the special choice of the initial
conditions u°(x), a quasi-discontinuity appears in the first example within the considered
region of the solution, and in the second example at the boundary.
Example 1: The initial condition is chosen as an asymmetric sinusoidal function
u(x, 0) = u°(x) = sin(27rx) + 0.5 sin(7ra:),

0< x < 1

(28)

and the boundary conditions are given by
u(0, t) = u (l, t) = 0,

t > 0.

(29)

In the (q, T) coordinate system the following initial and boundary conditions for the
solution of equations ( 11) have to be added

#(«,0) = 1,

0<7<1,

<?(0,Г) = <Э(1,Г) = 0,

(30)
r>0.

(31)

At first, the Burgers’ equation (6) subject to conditions (28) and (29) has been solved
numerically on a fixed grid in the (x ,t ) coordinate system.

The calculations showed

that on grids with less than 100 points the numerical solution is practically unstable.

The solution obtained with 1000 grid points is shown in Fig. 1. The two half-waves of
the sine-function move to each other and form rapidly a steep front at which erroneous
oscillations appear. Similar oscillations have been found also on the other side of the front
if the number of grid points is less than 500. An increase of the number o f grid points up
to 104 diminishes the amplitude of the oscillations but they do not disappear (cf. Fig. 2).
These results reveal a strong dispersion of the difference scheme applied.
By the use of the present adaptive grid method, solutions without oscillations have
been obtained even with a relatively small number of grid points I > 15. For a point
number of / = 25, the solution of the difference scheme (24) - (27), corresponding to the
PDEs (22) and (11), is shown in Fig. 3 at the same times as in Figs. 1 and 2. The absence
of oscillations is achieved by the appropriate movement of grid points controlled by the
evolving solution. As discussed above, this can lead to the nearly complete disappearance
of the numerical dispersion. As a consequence, calculations with a dynamically adaptive
grid need unusually small numbers of grid points only.
In agreement with the theoretical predictions above, schemes of order 0 ( t + h2) yield
the same results as the scheme of order 0 ( t 2 + h2).

The only difference is that the

second-order scheme in т permits an about two times larger time increment.
The movement of grid points may conveniently be characterized by the function Ф,
which shows how the intervals Да:, in the physical space expand (Ф > 1) or shrink (Ф < 1)
in the course of time (cf. Fig. 4). The positions a:,- are labeled by markers in Figs. 3 and 4.
The grid points are concentrated in regions of large gradients of the solution. According
to the plot in Fig. 4, some intervals shrink up to a factor of 1000 whereas other intervals
expand up to a factor of 4.
Example 2: The initial condition is chosen similar to a step function
1,
u°(x) =

0 < x < 0.28

15 - 50a;,

0.28 < x < 0.3

0,

0.3 < x

(32)

and the boundary conditions are given by
u (0 ,f) = 1, u(oo,t) = 0,

t > 0.

(33)

The initial and boundary conditions for equation (11) read
Ф(<?,0) = 1,

0 < g,

<Э(0,Г) = <2(оо,Т) = 0,

(34)
T>0.

(35)

Unlike the first example, the solution exhibits a quasi-discontinuity already at the begin
ning, which moves along the x-axis in the course of time.
The method of dynamically adaptive grids has been applied to a series o f problems with
weak moving quasi-discontinuities as e. g. temperature waves [20, 29] as well as to strong
discontinuities as, for example, shock waves in gas dynamics [19, 33]. The investigations
showed that it is advantageous to represent the problem of a moving front by a problem
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with a free boundary.

This means the front is described by a moving boundary with

adequate boundary conditions. The formulation of these boundary conditions is easily
performed in the (q , T ) coordinate system in contrast to the (x , t ) system. In general, the
boundary conditions may be formulated by means o f the starting differential equation.
In the present case, taking into account ди/дТ = 0 at the boundary <7,-, the boundary
condition can be expressed by the following differential relation
dP(u)

d(Qu)

dq

dq

= 0,

(36)

q = qi = 0.3

from which the velocity of the moving front can be derived after approximating (36) by
a difference equation.
As for Example 1, the Burgers’ equation, together with conditions (32) and (33), has
been solved first in the (x , t ) coordinate system on a fixed grid. In Fig. 5, the solution
obtained on a uniform grid with 1500 points is shown at different times. The solution
develops rapidly into a stationary state which corresponds to a moving step. At the front,
considerable erroneous oscillations appear which cannot be avoided simply by increasing
the number of grid points. For this reason the problem has been solved alternatively by
using the present adaptation procedure. In this way, a solution without oscillations has
been obtained for only 16 grid points as shown in Fig. 6 where the solution of equations
(22) and (11) subject to conditions (32) - (36) has been plotted.

Thus, also in this

second example, the dispersion of the difference scheme is strongly suppressed due to the
dynamical adaptation.
In both examples considered, the solutions are characterized by one region with a
very large gradient and other regions with small gradients. In the case of dynamically
adaptive grids, this can lead to a strongly non-uniform grid point density up to the
complete disappearance of grid points in the regions of small gradients (cf.

Fig.

7).

There are several possibilities to avoid this effect:
(i) If the ratio of the maximum and minimum grid point density exceeds a certain
limit, the grid point with the minimum value of Ф,- is removed and is added to the region
with the maximum value of Ф,+1/Ф,-. In the considered examples, the relation Ф.-и/Ф.' >
10 to 100 has been used as a criterion for a grid point rearrangement.
(ii) The function Q is modified by an additional term —Dd ^/d q which tends to
equalize the grid point density [18]. The numerical parameter D has to be chosen suitably
in order to slow down the grid point movement but not to suppress adaptation completely.
A series of numerical calculations revealed that the mechanism of dynamical adapta
tion does not depend sensitively on the special choice of the function Q. Application of
the simple formula (21) for Q in the above examples demonstrated that the numerical
dispersion was sufficiently suppressed. The use of formula (12), which fulfills the statio
nary condition (5) exactly, showed the same behaviour, only the grid point movement was
slightly modified.
The calculations confirmed also the theoretical prediction that dynamical adaptation
may be applied with equal success to explicit and implicit difference schemes. Only the
computational efficiency differs owing to different time increments during integration. In
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Fig. 8, the time increments r for different difference schemes are compared to each other
as well as to the maximum time increment rc which follows from the well-known stability
requirement of the explicit difference scheme (Courant condition and the corresponding
condition for diffusive problems). The comparison of the curves shows that the explicit
scheme requires a considerably smaller time increment than the implicit schemes. Implicit
schemes of order 0 ( r + h) and 0 ( t + h?) yield practically the same results. The CrankNicholson scheme of order 0 ( r 2 + h2) permits calculations with a time increment r about
two times larger than schemes of first order. However, the number of arithmetic opera
tions is also two times larger in this case. Thus, in summary, the method of dynamical
adaptation actually depends only weakly on the accuracy of the difference scheme.

5

Concluding remarks

In the following, essential advantages of the proposed adaptive grid method are listed:
1. An optimal movement of grid points has been achieved by an appropriate TDCT
determined by the condition that in the computational space the solution behaves nearly
stationary. Numerical calculations suggested that the method is relatively insensitive to
the special choice of the function Q determining the TD C T (cf. eqs. (3) and (4)) provided
the time derivative of the field in the computational space is sufficiently reduced by the
transformation.
2. An analytical and numerical analysis of the presented solution procedure for the
case of the Burgers’ equation revealed that the properties of explicit and implicit finitedifference schemes are essentially improved. The dynamical adaptation leads to a decrease
of the dispersion and dissipation of the difference scheme and, therefore, only a small num
ber of grid points is needed compared to calculations on a fixed grid. As a consequence,
the computational efficiency of the present method is sufficient for practical applications
although the grid movement is calculated at every time step.
3.

The general formulation of the dynamical adaptation procedure by differential

equations permits also to apply the finite-element method for a numerical solution.
4. The idea of the present method is quite general and can serve for the generation
of dynamically adaptive grids for a wide class of evolution equations including tw o- and
three-dimensional problems.
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Captions
Figure 1: Numerical solution for Example 1 with a conventional calculation on a fixed
grid with 1000 points showing oscillations at the moving front (£,• = 0, 0.1, 0.2, 0.3, ...
0.8, /i = 10- 4).
Figure 2: Calculation as in Fig. 1 on a grid with 10 000 points (f,- = 0, 0.2, 0.3, 0.4, 0.6
and 0.8).
Figure 3: Numerical solution for Example 1 with a calculation on a dynamically adaptive
grid with 25 points (t, = 0, 0.2, 0.4, 0.6 and 0.8).
Figure 4: Parameter Ф = dx/dC, characterizing the distribution of grid points for the
calculation in Fig. 3.
Figure 5: Numerical solution for Example 2 with a conventional calculation on a fixed
grid with 1500 points showing oscillations at the moving front (ц = 10-4 ).
Figure 6: Numerical solution for Example 2 with a calculation on a dynamically adaptive
grid with 15 points.
Figure 7: Parameter Ф = dx/dC, characterizing the distribution of grid points for the
calculation in Fig. 6.
Figure 8: Comparison of time increments, r, for different difference schemes. rc denotes
the maximum time increment resulting from the stability requirement of the explicit
scheme.
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