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Mathematical modeling in the technology of laser treatments of materials
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Summary. In the present review the authors consider the application of mathematical modeling methods for the study of laser radiation influence on
absorbing materials. The principle attention is paid to the mathematical formulations of the phenomenon studied as well as the analysis of the simulation
results. The numerical solution methods are analysed briefly. It is shown that the mathematical modeling is the main method for theoretical studies of
dynamically non-equilibrium phase transformations and processes of plasma formation, which are the basis of numerous kinds of laser treatment of
materials.
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1 Introduction
Rapid development of laser and electron-beam technique has led to the design and implementation of basically new
technological processes to solve modern scientific-technical problems mostly arising from the considerably increased
requirements about physical-chemical and mechanical properties of materials, the purity and quality of their treatment, as
well as the energetic efficiency and safety of technological operations. Concentrated energy fluxes are wide-spread tools
for the treatment of metals, dielectrics and semiconductors, meeting in many respects the necessary requirements. At the
same time they ensure a high speed performance with excellent degree of precision and location of processes. For this
reason such techniques are widely used in metallurgy, mechanical engineering, microelectronics and other branches of
modern industry.
More specifically, laser technologies are nowadays an unmatched method for materials treatment. Their
characteristics are mostly defined by the features of laser beam as a thermal source. Among their properties it is necessary,
first, to underline the high degree of chemical purity as laser influence is a contactless method of energy transfer
preventing surface contamination. Laser treatment, as distinct from electron-beam, does not require any vacuum which
proves to be a technological advantage in some cases. Lasers with different radiation wavelengths can be used in various
processes according to their particular destination. Laser radiation focused into a spot of small diameter can produce the
local destruction of practically all materials, allowing the treatment of superstrong and refractory substances. Parallel to
the introduction of laser technique, an intensive study on physical-chemical processes in radiated zones is being
developed. On one hand, accumulation of knowledge in this dynamic field is necessary in order to acquire fundamental

86

Vladimir I. Mazhukin and Alexander A. Samarskii

theoretical notions about the phenomena taking place, as a rule, under conditions of dramatic lack of equilibrium; on
the other hand, the study on physical phenomena accomplishing laser radiation influence on the materials is aimed
at determining optimum technological process conditions, as well as to improving them and to introducing new
methods for treatment.
Modern investigators dispose of three research methods: full-scale experiments, analytical methods, or
mathematical modeling. The processes on the whole or their separate elements can be studied by means of full-scale
experiments. In the problems of laser action upon condensed media, as a rule, the results for post-action are fixed as
some integral effects which often require an additional mathematical solution to be interpreted. The disadvantages
of experimental approaches are the limited possibilities for studying processes dynamics, great complication and
high cost of equipment. At the same time experimental data are the criterion for validation of any theoretical
calculations because in the absence of an experimental validation, the question of their applicability remains open.
Analytical approaches allow to obtain solution in closed form comparatively quickly but generally, they use
naive mathematical models requiring strict simplifying assumptions resulting in the idealization of physical
processes and simplification of real objects geometry. Thus, the analytical methods often used in engineering
calculations make it possible to obtain only some limited information about a strongly idealized picture of physical
processes.
Mathematical simulation is an essentially new technology for scientific studies with a number of obvious
advantages. Mathematical models to be used for this purpose do not require too strong simplifying assumptions and
allow to obtain qualitative and quantitative information about any aspect of a phenomenon. Mathematical
simulation may have an essential role in problems describing complex phenomena dynamics. Then it becomes
possible to introduce an empirical information into mathematical models and to get numerical experiment
essentially close to real physical experiment.
Mathematical modeling becomes an indispensable technique in the field of laser influence on the materials.
Most of the applications for laser irradiation are connected with the onset of phase transformations of the first type.
Among the mostly used operations of laser treatment we list the following: cutting, drilling, scribing, dimensional
treatment, micro remelting, laser deposition, micro welding, as well as welding of large-dimensional parts. All the
above technological operations are connected with either melting-crystallization processes or with evaporation or
sublimation, or with the whole complex of these processes.
Note that phase transformations of the first type play an essentially important role in technological range of
intensities (104-199 W/cm2) of laser radiation. However, the state of the total theory of phase transformations does
not allow yet to give an answer for certain essential questions even in cases of such evidently well-known processes
as melting and evaporation. Active study of phase transformations under pulse influence is in fact only at the
beginning and there are still numerous unclear problems and contradictory results. From the point of view of
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engineer-technologists, phase transformations are one of the factors finally not understood and essentially influencing the
technological processes. Therefore, in order to determine the optimum conditions for laser influence, further additional
developments and studies are necessary. Fruitful studies on non-equilibrium phase transformations under laser influence
are practically impossible without the help of mathematical modeling allowing to simulate nonlinear situations by means
of modern computers, preceding experimental investigations.
The use of powerful personal computers allows to improve the process of mathematical modeling for the experimental
devices and technological lines. In addition, simulation results can be used directly for further adjustments of techno
logical processes. In this connection, the problem of computing automation based on program packages becomes actual.
Note one more important remark. Simulation of laser treatment processes, even in simplified thermodynamical
description (namely when hydrodynamical effects are neglected) leads to the consideration of nonlinear problems, whose
solution is rather complex. Sometimes this fact is seen as an obstacle to engineering practice. Moreover, the presence of a
number of badly controlled parameters such as absorptivity A and spatial fluctuations of intensity G considerably
complicates the comparison of calculations with experimental data. Furthermore, the heat transfer problem, as well as
Stefan problems occurring in the description of laser heating often do not permit linearization without the loss of accuracy
(100-300%) due to the strong dependence on the temperature of physical properties of the conducting material such as
surface absorptivity A(T), heat capacity Cp(T), and thermal conductivity , 1,(T). As it is known, linear approximations are the
basis of engineering calculations, but in the field we are considering, they have to provide an accuracy within 5-10%.
Therefore, most of the problems for laser heat are solved empirically and absorptivity A(T), for example, is used as an
adjusting parameter. Nevertheless, the amount of papers showing rather good agreement of calculations with experiments
is very small. This is due on one hand to the not too high accuracy of experimental description of such parameters as
condensed phase temperature, and on the other hand to the absence of reliable comparison procedures. As a rule,
comparison of calculated data with experimental ones is made by melting isotherms [1]. Therefore, systematic comparison
of calculated values of temperature with experimental ones for various materials is not available even when phase
transformations do not occur.
In our opinion, the application of traditional engineering computing schemes in the laser technology problems is not
suitable. In theoretical studies for the effect of concentrated energy fluxes upon a material it is necessary to use the
essentially nonlinear mathematical models realized as compact highly efficient program packages oriented for personal
computers. Such physical quantities as C p(T), ).(T), A(T) are defined either experimentally or from theoretical studies,
including computing experiment. The methods for the numerical solution of differential problems which we are
developing and using are based on the classical concepts of computing mathematics: conservativity, homogeneity, and
adaptivity [2] which guarantee high computing efficiency.
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Mathematical modeling and computing experiments are successfully used to study and predict the solutions to many
complex problems of physics and technology. The present paper deals with the review of the most important and
interesting problems of laser technology, the solution of which requires a wide application of mathematical modeling.
Visualization of these problems is based on longterm experience of the authors' work in this field.
The paper is organized as follows. In Sect. 2 we discuss the applicability of numerical experiments to the laser thermo
hardening problem. Computational results are provided for three-space-dimensional temperature field in steel plate heated
under the influence of a moving energy source. Values of influence parameters were assumed to be typical for laser
technology.
In the other sections the principal attention is paid to the phase transition dynamics and first of all to the melting and
evaporation problems, that provide the basis of many laser technologies. In Sect. 3 we provide a brief classification of
physical mathematical formulations for phase transition problems, deduced from several variations of the Stefan problem.
We also analyze the main numerical methods for solving such problems. Particularly we consider the solution of
two-space-dimensional enthalpy-formulated crystallization problem for metals. The main attention is paid to dynamic
adaptation method, proposed by authors. Numerically examined by means of this method are some problems, typical for
pulse laser influence. The application of dynamic adaptation method allows direct phase front tracking and the
determination of such important technological parameters as the front propagation velocity, the melted and evaporated
layers depth and the pressure on the evaporation boundary along with the temperature field in the material. The method
also enables the analysis of such an insufficiently investigated phenomenon as overheated metastable states formation in
condensed media.
Section 4 is devoted to the modeling of melting and evaporation processes in homogeneous materials, providing the
basis of such technological operations as laser treatment of coating, plating and surface modification of metals. As an
example, melting, crystallization and evaporation processes in two-layer Ti-AI plate are numerically analyzed by means
of dynamic adaptation method.
Section 5 is devoted to the evaporation kinetics analysis under wide range of parameters. The mathematical models
considered describe metal evaporation into vacuum for two essentially different regimes: with or without plasma
formation in the evaporated substance. The consideration of these processes inevitably leads to a system of coupled
equations: the heat equation for the condensed medium and the radiational gas-dynamics equations for the evaporated
substance. As mathematical modeling showed the nonequilibrium degree for liquid-vapor phase transition and
consequently a value of mass flow across the interface in some cases are determined not only by temperature regimes
(thermodynamical factor), but by gaseous media behavior (gas-dynamic factor) as well.
In Sect. 6 a problem for optical breakdown in aluminum vapor is formulated on the basis of collisional-radiational
transitions analysis. The mathematical model provides a coupled system of chemical kinetics equations and two energy
equations. The essentially nonequilibrium regime was determined for electron
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avalanche formation and threshold values of energy source necessary for break
down were found. The gas-dynamic stage of laser plasma formation is examined on
the basis of the two-space-dimensional radiational gas-dynamics model. The main
mechanisms of propagation of plasma formations are analyzed by means of math
ematical modeling and an optimal regime for laser-plasma treatment is proposed.
In Sect. 7 we consider the main characteristics of lastec- s program packages
developed by the authors for automatic computation of laser influence.
2 Laser thermohardening

It is known [1, 3] that laser radiation with intensity G < 106 W/cm2 upon strongly
absorbing condensed media is equivalent to the influence of a thermal source of the
corresponding power. Laser heating of solids without melting and evaporation of
the heated surface is generally referred to as thermal treatment. Its main objective is
the change of microhardness and finally, of wear resistance of the material to be
treated. Laser surface treatment of ferrous metals and their alloys are nowadays
one of the most important fields of application of laser technology. Its principal
advantages with respect to traditional methods for hardening, for example, induc
tion or contact with gas-flames, consist in increasing productivity and quality,
energy efficiency due to selective treatment of separate areas, the possibility of
using cheap raw materials, improving their mechanical quality, and the possibility
of treating complex geometries with simultaneous strain reduction. Laser harden
ing is mostly used in technological lines of engineering industry. For its realization,
laser devices working in pulse mode or in continuous mode under scanning
condition are used.
Surface thermohardening is connected with the increase of microhardness of
a material in the region of influence which is obtained by rapid heating of thin,
0.1-1 mm, near-surface layer by laser radiation with simultaneous cooling due to
heat transfer to substrate. The underlying physical mechanism includes phase
transformation and structural changes related to the formation of various non
equilibrium states, to the milling of original metal grains into smaller blocks and to
the generation of a large amount of dislocations under the influence of rapid
temperature changes and strong thermal strains.
Generally, the thermal cycle of surface hardening for ferrous metals consists of
two stages: heating and cooling. For example, surface hardening of steels is based
on different solubility of doping impurities and carbon in high-temperature (yphase) and low-temperature (а-phase) forms of iron. During the first stage of
thermohardening, heating up to temperatures above the temperature of the a -»• у
transition (phase transition of the first type) but below the melting temperature can
lead to the complete dissolution of carbon. Solid solution of carbon in у-phase is
called austenite. During the second stage of thermohardening, high speed cooling,
the process runs in the reverse direction (y -» a transition). Carbon excess pro
duced by у -> a transition is usually extracted as ferric carbide. However, under
very rapid cooling, order of 108 K/s, typical for the process discussed, carbon has
no time to be extracted, thus giving rise to the formation of a non-equilibrium state
called martensite. Such a phenomenon is accompanied by the appearance of a large
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amount of new surfaces preventing dislocation motion, which along with over
saturated solution of carbon, leads to microhardness increase.
The kinetics of martensite-austenite transitions is still insufficiently studied but
at present it is the object of intensive investigations [4-6]. Therefore, in practice, in
order to optimize the conditions for surface hardening, the trend is to obtain
reliable information on temperature fields dynamics and to use it for correction of
the technological process. When studying metals heating by laser radiation it is
important to know the process characteristics: spatial distribution of temperature
fields, their gradients, heating and cooling velocities, as well as the thermal
influence zone.
As a typical example, a laser heating problem was considered for a solid with
normal incident laser beam moving along the у-axis at speed v (Fig. 1). It is
suggested, that laser radiation is volumetrically absorbed by the material according
to the exponential law.
G(x, у — vt, z) = Gf(x, у — vt) exp

xdz

0 < z < /3

о
where G{(x, у — vt) is the radiation intensity in the focal plane and к is the
absorption coefficient.
To describe the heating process we consider a boundary value problem for heat
and radiation transfer equations.
dG
r .^ T
= div X{T) grad Г - — ,
oz
»C^ T ,
dG
— +
oz
0 < x < /ь

„

kG

n
= 0,

0 < у < /2, 0 < z < /3.

(2.1)
(2.2)
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The plate boundaries were considered to be heat impermeable, i.e., the heat
transfer equation (2.1) was supplemented with boundary conditions of the second
type. It was also supposed that Gf could be described by the normal distribution
law:
Gf(x, у - vt) = G0 exp[ - (x2 + (y —rt)2)/2K2]

(2.3)

where G0 = P/(n ■R 2) represents the intensity in the focusing spot center, P is the
radiation power, and R is the radius of the focusing spot. The boundary condition
for the radiation transfer equation (2.2) was formulated on z = 0, taking into
account the absorptivity A(T) of the radiated surface:
G(x, у - vt, 0) = A(T) G0 exp[ - (x2 + (y - vt)2)/2 R 2].

(2.4)

In general A(T) depends on the material, on the surface quality, on the angle of
incidence and on the surface temperature as well.
The nonlinear problem (2.1)—(2.4) was numerically solved by finite difference
method [2]. As a material, steel was chosen letting its thermodynamical parameters
vary within the temperature range T0 < Tmax < Tm as follows:
0.48 < 2 < 0.23 W/(cm K),

0.35 < Cp < 0.5 J/(g K ).

Radiation intensity G0 and laser beam velocity v were varied within the
ranges: 104 < G0 < Ю5 W/cm2 with A = 10.6 pm and 2.5 < v < 25 m/s. The
absorptivity of surface in the given intensity range was considered to be little
dependent on temperature and in calculations was prescribed as constant
A = 0.1 -0 .2 .
In Fig. 2 typical spatial profiles for temperature fields on various material
depths are given. The conditions were chosen in such a manner that the maximum
temperature Tmax on the surface is consistent with the bounds T0 < Tmax < Tm. The
total view of curves shows that the temperature fields created in the material by the
movable source are non-symmetric. Increase of intensity and laser beam velocity
induces, on one hand, an increase of heating and cooling speeds necessary for
hardening, and on the other hand, leads to a higher torsion of fronts characterized
by steep gradients. The appearance of high gradients is accompanied by strong
thermal strains which can eventually lead to a decreasing of microhardness.
According to the given figures, the highest gradients arise at the top surface and in
a thin layer underneath, especially, on the boundaries of thermal influence zone.
Thus, the knowledge of the temperature evolution allows to establish necessary
thermal cycles resulting in the required changes of microstructure in the zone of
influence.
Note that the main problems of mathematical modeling in the field of
laser technology are related to the insufficient development of the theoretical
description of the kinetics of phase transformations of the first type. Some difficul
ties arise also with numerical solution of problems with complex geometrical
shape.
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3
Laser treatment based on phase transformations
The main mathematical models and methods for their solution

The great majority of applications of laser effect upon materials is connected with
the onset of phase transformations of the first type: melting, evaporation, crystalli
zation and condensation.
Phase transformations of the first type play an important role within the whole
technological range of laser radiation intensities, however, the state of the general
theory of phase transformations does not allow yet to give answers to some
essential questions, even in the case of such widely known transformations as
melting and evaporation [7].
The problem of the theory of non-equilibrium phase transformations, reflects to
a certain extent the difficulties which arise when describing strongly non-equilib
rium processes in macroscopic systems.
The absence of phase equilibrium is a necessary condition for phase trans
formation. The dynamics of non-equilibrium phase transformations depends in
a sensitive way on how deeply the process considered comes into the metastable
states region. High heating and cooling rates to be realized under intensive
laser pulses lead deeply into the metastable states region. Rapid cooling due to
high temperature gradients under pulse influence is used to obtain “frozen”
metastable states with qualitatively new properties. In particular, metastable
states are the basis for obtaining amorphous metal alloys and semiconductors
differing from the materials with crystal structure by higher strength and corrosion
resistance.
In fact, an active study of phase transformations under pulse influence is only at
the beginning and in this area there are still many unclear problems and contradic
tory results. No progress on the problem of non-equilibrium phase transformations
with laser influence on condensed media is practically possible without the help of
mathematical modeling.
Theoretical investigation for dynamics of the first type phase transitions leads
to different variations of the Stefan problem [8], under which heading a very large
class of free boundary problems for parabolic or elliptic equations are collected.
A quite general formulation of the Stefan problem consists in a boundary value
problem for a quasilinear parabolic equation with piecewise-continuous coeffi
cients, having discontinuities on level sets of the unknown function.
There is a very large number of publications devoted to the Stefan problem, in
view of the relevant scientific and practical interest of phase transitions and its
various technical applications. Theoretical papers can be classified into several
groups in various ways. One group, devoted to the mathematical structure and to
the qualitative properties of solutions, deals with existence and uniqueness
theorems for classical or generalized solutions. Many papers [9-18], reviews
[19-24], and monographs [25-28] are devoted to this subject. Another group is
connected with the development of numerical methods and with their applications.
Too, there is a variety of papers in this especially fast developing field [29-49].
Thus a full review of the Stefan problem should be the subject of individual
consideration, as well as exhaustive bibliography of this problem.
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The classification above is not rigid and is introduced just for the sake of
conciseness. In the sequel we only deal with the methods more frequently used in
mathematical modeling for this problem. So that one should not consider this
section as an attempt to review the literature concerning the Stefan problem. This
paper covers only some aspects of this general problem directly connected with
mathematical modeling of laser influence.
3.1 Classic version of Stefan problem
Melting-crystallization
Let us write down the most commonly used mathematical models for Stefan
problem referring mainly to one-space-dimensional formulations. The analysis of
these models allows, on one hand, to establish the main physical objective laws
of the processes and, on the other hand, to determine the characteristic peculiarities
of different methods for the numerical solution of multi-dimensional problems.
The classic version of the Stefan problem formulated around the end of the last
century for phase transformations, melting or crystallization type, contains first of
all the heat transfer equation in the region with a priori unknown moving
boundary which separates solid s and liquid l phases:
8T
dT
d_
pCp dt “ dx
a-- * Я dx

+Q

к = s,l,

(3.1)

where pk ■Cp is the volumetric heat capacity, X is the thermal conductivity and Qk is
the volumetric power of heat sources. At phase interface a so-called Stefan condi
tion is fulfilled,
, dl\
A s

3Tt _

~

OX

p sL/mVsi .

(3.2)

OX

The physical interpretation of the Stefan condition is the following: the interface
velocity, vsh is defined by heat flux absorbed or extracted on this boundary due to
volumetric heat of phase transformation, ps ■L m. Relations (3.1)—(3.2) for simplicity
are written in the one-space-dimensional case with a planar interface.
Besides the free boundary condition (3.2), one more condition connected with
phase transformation kinetics is necessary. In melting or crystallization problems it
is usually assumed that on the interface, the temperature is continuous and equal to
the equilibrium transition temperature, denoted Tm:
Tsl= T s = T , = Tm.

(3.3)

Tmin many cases can be considered as a constant value. Variation of Tmmay result
from change of outer pressure or variation of substance properties occurring at the
transformation front.
It must be noted that nonequilibrium states occurring in phase change pro
cesses are not included in the classical Stefan problem [8]. Such an approach and
its various modifications are widely used to describe phase transformations with
pulse influence of concentrated energy fluxes [50] and undoubtedly it has a certain
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range of application. However, the question of its applicability in some practically
important cases remains still open. The assumption of constant temperature on
the phase boundary proves to be correct, for example, for solid-liquid transforma
tions with relatively low radiation intensities in which temperature changes are
slow.
Problems like (3.1)—(3.3) complemented by appropriate boundary and initial
conditions are non linear even at constant values of thermodynamic parameters,
therefore, their analytic solution can be determined only for some special cases. The
main difficulties with numerical solution of such problems are related to the
presence of moving boundaries.

3.2 Enthalpy formulation
Widely used in theoretical investigations and in the numerical analysis is another
principal approach, known as enthalpy formulation. The enthalpy approach is
based on bypassing the direct search of interface location, solving instead a nonlin
ear heat transfer problem, written in the whole domain. To provide such formula
tion, the coefficients smoothing technique is used, proposed in [9,10] in the theory
of quasilinear parabolic equations for generalized solution construction. An effec
tive heat capacity concept is introduced for the heat equation, including the latent
heat of phase transition by means of Dirac type singularity at the interface. In
this way the problem is summarized by the following quasilinear heat transfer
equation:
(3.4)
to be solved in the entire domain with appropriate initial and boundary condi
tions. The boundary condition for the interface (Stefan condition (3.2)) is not
explicitly used in this formulation of the problem, but it can be derived from
Eq. (3.4).
Note that the homogeneity principle for differential equations and for corres
ponding numerical methods is used not only in the Stefan-problem framework, but
has also a great importance in mathematical modeling of different processes,
described by p.d.e’s. We refer for instance to the homogeneous computation
method of discontinuous flows in gas dynamics, based on smoothing of jump
discontinuities by artificial viscosity [51, 52].

3.3 Non-equilibrium version o f Stefan problem
More generally, the description of dynamics of rapid phase transformations,
typically accompanying high power laser radiation, can be done with a phenom
enological condition different from (3.3). Proceeding from the general theory for
phase transformation kinetics, it is possible to write down the condition connecting
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the velocity of phase interface, vst, with the interface temperature, Tsl [53]:
(3.5)
where C is a constant, A is the activation energy, AG represents the change of free
energy, R is the ideal gas constant. In the engineering applications this approach is
not of frequent use and so far it was mainly adopted to describe crystallization
processes [54, 55].
3.4 One-phase version o f Stefan problem
Evaporation
Evaporation is the process of the transformation of a substance from condensed to
gaseous state and it is characterized by high energy capacity and specific volume if
compared with melting. Laser evaporation of metals can proceed in two essentially
different modes if the temperature and pressure values lie in the subcritical region
and the liquid-vapor interface is well-defined. In the first mode the evaporation
velocity is equal to velocity of sound. This is a typical situation for evaporation to
vacuum or to media with negligible pressure as compared to the pressure of
saturated vapor. In this case gas-dynamic disturbances in evaporated substance
flux have no effect upon the behavior of condensed medium and the description of
the processes is considerably simplified [56] as the problems in the condensed and
in the gaseous phase seem to be independent of each other and they can be
considered separately. In the second mode, typical for evaporation into medium
with counter-pressure, the evaporation velocity can be lower than the sound
velocity and so gas-dynamics can play a determining role in the behavior of the
overall process [57]. In this case, the problem is considerably complicated because
the processes in condensed and gaseous phases appear to be interrelated. First, we
consider the mathematical model for evaporation when the evaporation velocity is
assumed to be equal to sound velocity.
To describe the process for surface evaporation, it is usual to exploit the version
of Stefan problem [58] in which flat front transition temperature depends weakly
(logarithmically) on the front velocity, vlv. Three conservation laws (for mass,
momentum, and energy) are written down on the phase interface Г
PlVlv = Pv(Vlv ~ и),
Pi + Pivf» = Pv + pv(v,v - u)2,

(3.6)

where the index v denotes vapor, G, is energy source intensity, и is hydrodynamical
velocity of vapor, P is pressure. We also write down two additional relations
describing the kinetics of phase transformation and the degree of non-equilibrium
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for the overall evaporation process. In the Knudsen layer approximation [56]
these relations take the following form [59]:
Tv = T r

1 + /Ч ^ ) - M
у+1
T \m

Pv

4/ ,
(yM 2 + l)exp(b2M2)erfc(bM )----- M
n

2 Ph I \ г
+

^
T

*v

2 1/2- / • ( у— ^ \ - м У
7+1

1 - 2■/• M exp (b2M 2) erfc (Ш )

(3.7)

1/2

U/2 f.- / « У
b = (y/2)1'2,

, M = - , u c = (yRTv)112,
ur

where uc is the sound velocity and pH denotes the saturated vapor density.

3.5 Hydrodynamical version of Stefan problem
One-space-dimensional hydrodynamical model of Stefan problem can be applied
to describe photoacoustic effects arising in condensed media under the influence of
pulse radiation [50], as well as to consider the influence of equilibrium phase
transformation temperature dependence on pressure, Tm = Tm(P), during melting
process. The corresponding mathematical model is as follows:
dp

8

a + S (f,' “ , = 0

8

8

,

8p

(3.8)

8
"d
8 ,
,
8 ,
8T
(
»2M
»2\ i
p - u •i
= - ^ { p - u ) + — l{T)- —
pdt
8x
8x
ox
( e + t ) J + 8x
\ C+V \
К
x0 < x < r sh
r s l< x < x N.
The symbols p, u, p represent density, hydrodynamic velocity and pressure respec
tively, while Я denotes thermal conductivity and e the internal energy. The given
system is supplemented with the appropriate state equations:
[e = e(p, T )]K,

Ip = p{p, T)~\K.

and boundary conditions. On phase interface the relations for one of the versions of
Stefan problem (equilibrium, nonequilibrium) has to be considered.
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3.6 Methods for numerical solution
Due to the presence of moving phase boundaries, the Stefan problem is non
linear, even with constant thermodynamical and optical parameters. Non-linearity
of the problem makes it difficult to emphasize the main features of heat model
and to obtain analytical solutions. In general case, the determination of temper
ature profile in a Stefan problem is possible only by means of numerical
methods.
The methods presently available for numerical solution of Stefan problems can
be conventionally divided into two broad classes: methods with explicit front
tracking and smoothing methods. Numerical methods including the procedure of
explicit phase fronts tracking are remarkable for the great variety of approaches.
Among them the most widely used are: method for front trapping into a node [31]
in which by means of an iteration procedure, the integration time step is chosen in
such a way that phase boundary is shifted one interval in space; method of straight
lines [32, 33]; method of straightened fronts [34] based on the substitution of
spatial variable with transformation x =
where £ characterizes the phase
boundary position; methods for isotherms migration [36] in which dependent and
independent variables are exchanged. As a rule, these methods have sufficiently
high precision of front tracking but become algorithmically rather bulky and
require high expenditures of computer time in case of multi-phase and multi
dimensional problems.

3.7 Smoothing methods
The absence of sufficiently effective algorithms for numerical solution of classic
Stefan problem and increasing number of applied problems stimulated the devel
opment of another approach to numerical solution of Stefan problem. For math
ematical modeling of a certain class of problems connected with phase
transformations where precise interface position does not play an essential role, the
methods using the technique of enthalpy smoothing proved to be effective. Numer
ical methods based on this approach work over the whole region considered,
recovering the location of the phase boundary in a fully implicit way [30, 37].
The efficiency of these algorithms is especially noticeable in multi-dimensional
problems [30, 37-39]. The disadvantages of the smoothing methods usually
consist in low precision of front tracking and their sensitivity to the choice of the
smoothing parameter [40], whose optimal value is difficult to be determined a
priori.
As an example of application of the given algorithm, consider the problem of
crystallization of liquid metal subject to a cooling flux [40]. The problem is
formulated as follows. A cooling flux, q, acts on the surface of rectangular metal
melt-filled bath with heat-impermeable walls. At time t = 0 the melt has the
temperature equal to the melting temperature, Tm. It is necessary to determine the
dynamics of the crystallization front advancing from the surface into the melt and
the spatial-time temperature distribution corresponding to various spatial profiles
of cooling flux, q{x). From the mathematical point of view, the problem leads
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to the integration of a non-stationary heat transfer equation in a rectangle,
£2(x, y) e [0, / J x [0, /2], with boundary conditions of the second type:
<ЭЯ
— + d iv I F = 0 ,

W = — X{T)grad T,

H = \pCv + L m■v(T — Tm)~] ■T , ( x ,y ) e Q ,
v ( T - Tm) =

1,
0,

T>Tm
T < T m’

^ jn

у = 0:

—A— = q(x),
dy

t > 0,
(3.9)

^ yi

x = 0:

—

ox

= 0,

3T
y = l2: T = Tm, x = lx\ - 2 — = 0,
ox
t = 0: T(0, x )= Tm.
For p, CP(T), ЦТ), the values typical for zinc have been chosen. ^ and l2 are
given as equal to 10 cm and 5 cm, respectively.
In finite differences approximation of (3.9) the discontinuous function
v(T — Tm) has been replaced by a continuous function vA(T). Two different approx
imations have been considered, differing from each other by their smoothness degree.
A typical approximation is the linear one [30, 41,42]:
•1,
уЦТ) = (Г - r min)/A,
.0,

T
1 >
— 1T max
T e ( T mt m ) T
■* max/)

(3.10)

T < Tmi

where A = (Tmax — Tmin) > 0 is a parameter, defining the width of jump smoothing.
Also the exponential function approximation has been used, [40]:
Уд(П = 1 - [1 + exp {4 • (Г - Г0)/А}] - 1,

(3.11)

where T0 is the inflection point of v^T).
In the first case, the smoothing interval is finite and equal to A and in its
extreme points, Tmax and Tmin, the derivative of the function vAhas discontinuity of
the first type. In the second case, the smoothing interval is infinite but it is possible
to emphasize an effective interval of smoothing A: (T — A/2, T + A/2). Function
vA(T) is C00.
The influence of the approximation of v on the solution was studied on two
problems with sinusoidal and exponential spatial distribution of source g(x):
2тгх \
g(x) = g0\ 1 + A sin — J , g0 = 10 W/cm2, A = 0.2,
g(x) = g0 exp

^
1
------- ----- >, g0 = 21 W/cm2, m = - x , k = 3.48.
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Note that numerical integration of boundary value problem with boundary
conditions of the second type is studied to a lesser extent and for such problems an
additional requirement exists for A to be as small as possible.
The distribution of temperature fields and position of phase boundary A T = 0
for both sources at different time instants are given in Figs. 3 and 4. Isotherms in
Figs. 3 and 4 are shown in relation to temperature Tm, A T = Tm — T. The zero
isotherm, A T = 0, corresponds to phase boundary. For the linear approximation of
v(T — Tm) an 8 times decrease of the smoothing parameter A (i.e., 1°) requires the
reduction of the integration step At approximately by two orders. While for the
exponential approximation of v(T — Tm) a 100 times decrease of A practically has
no influence on the integration step.
However, it is necessary to note that the smoothing procedure of the enthalpy
function applies to a restricted class of problems, excluding in particular the
processes of overheating or overcooling of a condensed medium. In the latter cases
when physical conditions permit the appearance of overheated or overcooled
states, the use of such an approach can lead to the failure of the definition of
temperature field and phase boundary velocity. Additional limitations arise in
connection with correct statement of boundary conditions in cases when the
complete system of hydrodynamic equations is used to describe the process [43-46].
3.8 Dynamic adaptation methods
Numerical algorithms based on the methods of dynamic adaptation of computa
tional grids for the solution specially developed for Stefan problems [60, 61] and
allowing to analyze both one- and multi-space-dimensionally all problems are free
of the disadvantages discussed above [62]. In the dynamic adaptation methods the
problem of constructing the computational grid is formulated at differential level.
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In the differential problem some equations describe physical processes and the
others the behavior of grid points [63].
The main source of complexity for the numerical solution of Stefan problems is
the presence of unknown moving boundaries. The dynamic adaptation method is
based on the automatic transformation to a moving coordinate system driven by
the solution to be determined. The transition to moving coordinates system allows
to eliminate the problems related to moving boundaries but in this case it is
necessary to determine not only the values of unknown functions but also the grid
points coordinates. The description of the grid points movement is performed by
partial differential equations added to the problem. The number of such equations
is equal to the space-dimensionality of the problem. The adaptation mechanism of
computational grids in the proposed method is introduced at differential level and
does not depend on the specific numerical method employed (finite differences or
finite elements). The behavior of additional equations considerably depends on the
dynamics of the physical process. The transformation of coordinates driven by the
solution itself allows to dislocate grid points depending on particular features of the
solution such as the spread of large gradients, shock waves, contact and phase
boundaries. The density of points in the regions of fast changing solution in the
dynamic adaptation methods is determined with the help of a transformation
function, Q, which generally can be the combination of the solution and of its
derivatives [64, 65].
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As it was already noticed, the problems connected with moving boundaries are
eliminated by passing to a moving coordinate system in which grid points and
boundaries are fixed. In this respect the method is similar to Lagrangian methods.
However, there is a principal difference. In Lagrangian methods for moving
coordinates system the hydrodynamical velocity is increased: this is not always
convenient and considerably restricts the class of solvable problems. In the dy
namic adaptation methods the velocity of coordinates system (and respectively, the
grid points distribution) is not indicated a priori and is determined in the process of
solving of the problem. It principally allows to obtain any desired points distribu
tion and the application of the method is not limited by the problems of hydro- and
gas-dynamics. For the complete description of the principles for constructing
dynamically adapting algorithms for free boundary value problems we refer to
[65].
In conclusion, we note that during the last years most attention has been given
to the problem of computational grid generation, being of paramount importance
in numerical solutions of mathematical physics equations. Several general direc
tions to grid generation and adaptation can be found in the literature [66-78].
Nevertheless the methods of adaptive grid generation are developing intensively
and at present it is impossible to say which ones are preferable.
The efficiency of the dynamic adaptation method is shown in the following two
tests which refer to essentially different problems. The first problem deals with laser
melting and evaporation of condensed media [79]. The mathematical model
describing these processes represents the classic one-phase Stefan problem. In the
second problem, associated with the Stefan hydrodynamical model, we consider
metal melting from an overheated initial state [80].
3.9 The problem o f laser melting and evaporation [79]
In Fig. 5, laser radiation is spread along the axis x from right to left. In points
x = Гsl and x = TlB and x = Г,v solid-liquid and condensed medium-vapor inter
faces are located.
At the body surface, laser flux is partially absorbed producing heating, melting
or evaporation depending on the intensity and duration of the pulse influence.
Surface and volumetric energy absorption
During heating the volumetric and surface energy absorption of electromagnetic
radiation is distinguished depending on correlations between absorption coeffi
cient values к and thermal influence length lT = (a ■t)l/2. If the latter is much
"sl
1
1
x=x0

S o lid

hv
L iquid

1

1
x=x.

r si

Tiv
Fig. 5
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higher than the mean photon free path lp = к ~ 1(1т P lp), the conversion of radi
ation into thermal energy occurs entirely at the surface. In the opposite case,
(1T < lp) energy penetrates and is absorbed volumetrically. Volumetric heating by
laser radiation can produce phase transformation if K-afVs l < 1, i.e., if energy
absorption length is not small as compared with thermal influence length.
The volumetric absorption of laser radiation is described by the energy balance
equation and the radiation transfer equation:
8T
8 - , ^ dT
CP{ T ) p (T ) — =
A{T)dt
dx
8x

8G
8x ’

°^- + k G = 0.
8x

(3.12)
(3.13)

On the surface to be irradiated, x = x L, the following boundary conditions are
imposed:
x = xL:

. 8T

A

—

OX

= 0, Gs = A{TS)G0 ■

(3.14)

In the case of surface energy absorption the heat transfer equation does not contain
the term 8G/8x, and the equation for radiation transfer is not required. Laser
source influence is introduced through the system (3.6), expressing energy conser
vation.
Taking into consideration the above statements, the mathematical model
describing the behavior of solid phase (s) and liquid phase (/) and accounting for
phase transitions can be written as follows:
Г
8T1
[c ,iT )P T t \
8G
+
8x

kG

к
к

~d
dT
dx A ^ dx

dG
dx

(3.15)

= 0, x 0 < x < xL

with boundary conditions:
t = 0: T(x, 0) = T0
, 8T n
x = x0: /> — = 0
dx
X

x

_ *г s l•■ i Oil
л

^iv* ^i

OX

i dT‘
л

/1Ч

ox

Pi^v^ivi Gs

т

Ps*-'m Vsh

т - ■*т/ - тm

■* s

А(7^) Gq exp ^

PlViv = P v ( v tv

-

u)

Pi + Pivfv = PV+ pv{viv - u)2

(3.16)
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Tv=T,

1 + / 2 ( -----\ )M 2 1/2 - f - ( - — ^ м Г
у+1
у+1
T \m

Pv

2 Р н \\Т,

4L
(yM2 + l)exp(b2M2)erfc(bM) — -M
71

+ у [1 —2 •/• M exp (b2M 2) erfc (Ш )] i
J

PH = RpHT,, PH = pbexp

^1 -

y

J J

Let us formulate the method for numerical solution with dynamic adaptation
as applied to system (3.15), (3.16). Transition to non-stationary system of coordi
nates is done by a substitution of variables of general type
* =/(<?> t). t =

t,

.

having the reverse transformation
q = Ф(х, t), г = t .
Partial derivatives of dependent variables are expressed conventionally:
д
dt

d
dz

dq д
or dq
d
dx

д
dr

dq d
dx dq

8x p д
dz ¥ dq
p d
¥dq’

d
Q d
dz ^ ¥ dq
dx
dqP

q

where — = —— is the velocity of coordinates system movement, Q is a function
dz
p
depending on the solution to be determined, IP is a metric coefficient of transforma
tion that shows how much the region is changed in comparison with initial region.
Using variables substitution, the mathematical model (3.15), (3.16) takes the
form
d(H¥)~
dx
к

~dW
_ dq

— + tcp¥G = 0
dq
d¥ _
dz

dQ
dq

d(QH)
dq

dG~

(3.17)

dq _

, k = s, l, W = —

pXdT
~¥dq

— = t ~, k = s,l, q0 < q < q L
p
dq

(3.18)
(3.19)

with boundary conditions:
t = 0: T ( q ,0 ) = T o
Xp d T
4 = Qo- ~¥~dq = 0 , 6 = 0

(3.20)
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Gs = A{TS)G0 exp
(3.22)

Plvlv — Pv{vlv — M)> Qlv — — PlVlv
P i + PlViv — Pv + p M v — u)2 1

1
Pv — 2 Ph

Г Л 1/2Г
— I
(yM2 + l)exp(b2M2)erfc(bM )----- M
Tv)
L
n

Equation (3.19) is the equation of reverse transformation. Function Q in this
equation, as was already noticed, is to be chosen depending on the properties of the
solution to be determined, thus permitting a great flexibility of the method.
Without considering the selection of function Q in detail (a special analysis of this
question is performed in [65]), we just observe that for any given form of Q, we
obtain a different transformation. For example, choosing Q dependent on the
spatial rate of change of the solution it is possible to increase the number of grid
points in the region of large gradients [63-65]. For free boundaries problems the
most important form is Q = —D ■(d'P/dq) which provides a quasi-uniform grid at
each time step if a sufficiently large value is chosen for the coefficient D. Thus, the
problem for moving interface boundaries in computational space leads to the
determination of values Qsl, Q,v.
To construct discrete models approximating the differential form of the prob
lem (3.17)—(3.22), computational grids Wj must be introduced into each phase
sub-region. In the solid phase computational grids are used with non-uniform step,
hi, along spatial variable q and step AiJ along variable t:
со = {{qh ArJ),(qi+1/2,AT:j),
4i+1 = Pi + hit qi+l/2 = qi + 0.5/i;, tj+1 =

+ A tj ,

i = 0,l,...,N,j = 0,l,...,J}
In the region occupied by the liquid phase, a grid uniform in space is used.
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Discretization in each sub-region is done by implicit conservative difference
schemes [2]:
W f - - Tj/J+1
tvr
~(!ГН )£}/2 - (VH )Jl+1/2 IJ/J+l
Atj+1
hi
j+l
i-H1/2
W+l/2
Atj+1
Gi+i

j+i
*;+1 - x

w = -

—

hi
j +i

'(QH)tli
^ J+1 - '(QH)t
^ J+1
hi

Gi+i - G,
hi

Qh-i - Qi
Ы
j+i
G,
, к = s, l,
+ «(«PpG),*! = 0

(3.23)

U/J,+1
* i+l/2 n J - — n y /+
i+1/2 'pi- 112
/+1- ’
W 0.5(h; + hj_i)
J+
Pi+112
rj
tJ
i+1/2 “ ■*i—1/2
>tipi
, i = 0,1,
, W- 1
<pj \ 0.5 (hi + /ii-г)

Functions IF/, Qi, x\, aj, CJpi are related to nodes, and Г/+1/2, 'Pj+i/2 to points
between nodes.
Values Г/, ¥{ in nodes are determined through the value of these functions in
points between nodes with the interpolation formula:
j _ Pl+112 'Pi-l/2 hj-l/ 2 y Ji+l/2 + hi+1/2 yi-l/ 2 'Pi+ll2 pi-l /2
Pi+1/2 Pi—1/2hi—i/2 + hi+1/2 'Pi+l/2Pi-ll2
Boundary conditions (3.20)-(3.22) are approximated by the following finite
difference relations:
q = q0: Wl = 0, QJ0 = 0
q = Tsl: Ti = T{ = Tm, Qi, = - psvJsh Qi, = q = r , v: W( = ~ L VQ{V, Q],v = - v Jlvp{,
Piv,v = pi(vlv - uJ), G{ = A(Ti)G0 exp ( Pi = Pi + pl(vjv - uJ)2 - piv1,2,
l + f 2 l У_

1

у+ 1

\

\ Л2
м

1/2- / ■ ( ?у—
+ т1 М

2.

( у м 2 + 1) exp (b2M2) erfc (ЬМ) - - М
+

jtj [1

~ 2-/- М exp (b2M 2) erfc (ЬМ)] j ,

PJH = R pjHТ1,, Pj, = Pb exp
Pt = RpiTi

(l -
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Algorithm of solution
The application of dynamic adaptation allowed to develop numerical algorithm
the main idea of which is to make calculations according to homogeneous scheme
(as in the smoothing methods) with simultaneous front tracking. For this purpose
the solution of difference scheme (3.23) at one time step tj is done by means of two
included iteration cycles. In the first boundary condition the values Qsi and Q,v are
determined by means of iteration procedures which is equivalent to the determina
tion of the values of interfaces velocity vsh v,v. In the second cycle for both regions
the values T{ and У/ are determined by the usual method of three-diagonal
matrices combined with Newton-Raphson method. Iterations are performed to
fulfill the conditions:
|<5S71 = |

— !Pf| <

¥7 + e2
6i -H e4 < 10-3-10~6

|<577| = |7 7 +1 - 271 < s3 27 + £4

Certain difficulties can arise when a new phase appears. In the above method
a new region is introduced according to the following criteria. Overheating of the
solid phase surface is admitted up to 0.2 K. It is assumed that the energy stored for
overheating is utilized to form liquid phase. Comparing its value with Lmthe initial
liquid thickness and initial melting velocity vsl are determined. Surface temperature
is chosen so that the energy stored is sufficiently large for several atomic layers to
melt. Usually, the initial thickness of the liquid phase is 8-100 A.
The above procedure is used for mathematical modeling of laser melting and
evaporation of condensed media [79, 81]. As an example, we consider the influence
modes typical for metal cutting and for evaporation of ceramics [79].
In the first example, a laser pulse of rectangular shape with half-width 10- 2 s
and intensity 2 - 105 W/cm2 is incident upon aluminum sample surface of thickness
1 cm. Energy absorption is assumed to be confined at the surface. The portion of
absorbed radiation is characterized by some temperature dependence A(TS) to
gether with СР(Г) and k(T) which are shown in Fig. 6. When phase transition takes
place all these values change abruptly, i.e., they experience a discontinuity. Note
that one of the advantages of the proposed method is the possibility of working with
discontinuous thermodynamical and optical characteristics without any smoothing.
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This feature allows to sharply increase calculations accuracy in the field of phase
transformations.
In Fig. 7a-c the typical profiles of T{x), Ч'(х) are shown (and G(x), in case of
volumetric source), together with G(t), Gs(t) as displayed on monitor screen. The
plot on the left characterizes the spatial distribution of temperature fields Ts(x),
Тх{х) and functions Ts(x), 4Ji(x). Variation of functions Ts(x) and f'i(x) shows the
dynamics of solid and liquid domains. On the right hand side, time-base of laser
pulse G(t) and portions of radiation absorbed by surface, Gs(r), are given. Markers
on these curves show the current time instant. In the upper right corner the values
of current time, t, the number of time steps, J, and integration step, Atj, are given.
In the legend, the current values of tj, x h vsh x v, vtv, P, are quoted.
The appearance of melting (Fig. 7a), accompanied by the introduction of new
area is characterized by a sharp break in the diagram of T(x) on the interface,
which is marked by a vertical dashed line in the figures. The dynamics of solid and
liquid phase size is defined by function 'P(x). In the solid phase Ts(x) decreases from
1 at the moment of melting to zero with complete melt. In liquid phase ^ (x )
increases from 1 at the moment of melting to several orders (102-105) (Fig. 7b and
c) depending on the sample thickness in the initial state and on the duration of the
melting process. In Fig. 9 the temperature distribution at the moment of laser pulse
end is shown. In Fig. 8a and b, the functions Gs(t), Ts(t), vsi(t), vtv(t) and
characterizing the process dynamics are given. The negative branch of vsl(t)
corresponds to melting, while the positive one is related to crystallization. The
interfaces velocities are rather small (tens of centimeters per second) that is
primarily due to the given intensity value, G. The maximum melt thickness reaches
0.5 cm and the evaporated layer is 0.03 cm.
In the second example we consider pulse influence of laser radiation on
ceramics. At present, intensive studies in the field of the application of supercon
ducting ceramics are carried out. Treatments such as laser annealing of ceramics
are also widely used for the purpose of obtaining specific properties and for the
formation of thin superconducting films produced by laser evaporation. Typically,
it is very hard to predict the outcome of such processes, mainly because of the fact
that the underlying physics is not known completely. Ceramics are materials with
complex chemical composition and with badly studied optical and thermody
namical parameters and consequently it is difficult to determine the optimal modes
of influence. The importance of mathematical modeling in the study of such
phenomena is considerably increased.
As an example, let us consider the typical mode for pulse laser evaporation
of ceramics, series YBa2Cu 30 7 _x. From the experience it is known that optical
and thermodynamical properties depend poorly on temperature and their
values are within the range к = 104-105cm-1, Cp = (3-8) ■10“ 1 J/(K g),
a = (1-5) • 10-2 W/(cm K). Thus, in comparison with metals, ceramics are materials

Fig. 7a-c. 1, T; 2, 4>\ 3, G. a Time = -7 .7 6 - 1 0 “ 3 s, x, = 8.42 • 10“ 6 m, x„ = 1.51 -10“ 15 m, vd =
—0.175 m/s, v,„ = —7.63 ■10"11 m/s, P, = 9.46-10“ 11 bar. b Time = 1.13 • 10“4 s, x, = 3.36-10“ 4 m,
xv = 1.02-10“4 m, vsi = — 3.32 • 10“ 2 m/s, v,v = — 1.81 • 10“2 m/s, P| = 3.38-10“ 2 bar. c Time =
1.07-10“ 2 s, x, = 4.49 • 10“4 m, x„ = 2.95 ■10“4 m, vs, = —2.47 • 10“ 2 m/s, u,„ = — 5.78 • 10“4 m/s,
P, = 9.98-10“ 4 bar
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with low, thermal diffusivity, a, and relatively high absorption coefficients, к. The
experiments show that ceramics, series УВа2С и з0 7- х, evaporates passing through
melting state, i.e., as most metals do. However, the absorption of laser energy in
ceramics is substantially volumetric, due to the different relation between the
parameters a and к.
In calculations, because of the absence of reliable data on optical and thermo
dynamical parameters, all the values were taken constant and the same for both
phases. Their values were assumed to be equal:
Tm = 1300 K, Tv = 2000 K, Lm = 2.5 • 102 J/g, L v = 6 ■103 J /g .
ps = Pl = 6.43 g/cm3, a, = Я, = 3 ■10“2 W/(cm K), A s = A t = 80%,
CPs = Cp, = 5 • 10“ ‘ J/g К, к = 5 • 104 c m '1.
Let us consider some peculiarities of melting and evaporation of ceramics,
thickness 5 pm, by laser pulse with т = 50 ns and G0 = 107 W/cm2. The temper
ature profile, T(x), characteristic of volumetric source and fixed at time instant
preceding appearance of the liquid phase, is shown in Fig. 9a. The given profile,
T(x), differs from the analogous one obtained during surface source influence by
a smoother distribution in space and lower spatial gradients resulting in slower
increase of melting velocity, Vsi. Melting process proceeds from the surface and
rapidly leads to the formation of a temperature maximum which, in the solid phase
and with volumetric source shown in Fig. 9b and c, reaches 50 К over the
equilibrium temperature, Tm. As a result, a region, whose size is about 0.5 pm, is
formed where the solid is in overheated metastable state. The size of overheated
regions and the degree of overheating depend on thermal conductivity, absorptiv
ity and on the source intensity. During heating, the liquid phase rapidly increases in
size from 8 A at the moment of melting to 0.1 pm in the middle of the pulse (Fig. 9c).
The increase of liquid phase thickness leads to the fact that a great portion of
radiation is absorbed in the liquid, resulting in its further heating, up to the
evaporation temperature, Tv. At the same time, a smaller portion of radiation
reaches the solid phase and the overheating degree is decreased under the influence
of thermal conductivity till complete disappearance. In the liquid phase surface
evaporation and volumetric energy absorption lead to the formation of a new
metastable region with maximum temperature at a certain distance from the
surface (Fig. 9c). Contrary to solid phase overheating, the metastable state in liquid
is maintained till pulse end.
It is necessary to note that in the model (3.15)—(3.16) here used, the processes for
volumetric nucleation and volumetric vapor formation are not considered. More
over, it is supposed that the metastable phase is stable enough and has no time to
decay during pulse influence. Therefore, the above calculations have the main
purpose of attracting investigators attention to the possibility that metastable
states appear in deep regions during laser treatment. More attentive study of such
phenomena requires, first, additional experimental investigations and the develop
ment of more sophisticated mathematical models. The practical importance of the
mathematical model discussed above consists mainly in the fact that it allows to
determine the conditions for the formation of metastable states. And though their
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lifetime is unknown, it is always finite. Therefore, explosive decay of metastable
phase due to volumetric vapor formation processes is actually possible. It is
necessary to consider its possible occurrence for a more correct development and
application of laser technologies, since an explosive decay of metastable states is
capable not only to accelerate the material elimination process, but also to present
a serious problem during thin film coating and the production of elements of
submicron sizes.
3.10 The problem o f overheated metal melting [50]
As it was already noticed, metastable states nowadays attract the attention of many
investigators. A great number of papers is devoted to formation dynamics and the
properties of overcooled and frozen states of condensed substance [82-84]. The
properties of solid bodies overheating during pulse influence are more complicated
and less studied. The main efforts in the theoretical study of this subject should be
directed, first, to the construction of more comprehensive mathematical models,
since, for example, the classic version of the Stefan problem in the given situation is
far from being a correct description of the problem. Actually, during strong
overheating, the velocity in the problem (3.1-3.3) can be formally taken infinite. As
a consequence one obtains the self-similar solution of the one-space-dimensional
melting problem in which the initial temperature, T0 > Tm, exceeds melting tem
perature. In this case for the temperature profile and the velocity of front move
ment the following expressions are obtained [8]:
Ts = T0 — СФ(х/Хт), Tt = T m
X m = 2 № ) U2, a = л/(Срр),
vsl = dAm/dt = P(a/t)112, Ф = 2/n112

exp ( —y2)dy,

where /? is a parameter.
During high overheating, when T0 — Tm = Lm/Cp, this solution becomes com
pletely meaningless. Correct mathematical description of such physical situation
requires the use of the complete system of hydrodynamic equations [80] as
unlimited increase of velocity, vsh at the initial time moment would result in
unlimited value of pressure P in the system. For a number of materials, the
dependence of phase transformation temperature on pressure, Tm(P), is experi
mentally established [85]. A precise consideration of this phenomena should lead
to establish bounds for the initial velocity, vsh and to the elimination of non
physical regions.
A mathematical model considering hydrodynamical effects and including the
relationship, Tm = Tm(P), has the form (3.8).
The boundary conditions can be specified as follows. The left end of bar,
X = X 0, is rigidly fixed and heat impermeable, i.e., the conditions correspond to:
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The right end of bar, X = X N, is assumed to be free and also thermally insulated;
P = 0 , ^ = 0.
ox

(3.25)

On the interface, X = Fsi, three conservation laws are fulfilled and the law for
melting temperature change is given, depending on pressure:
P*-vs, = pr ( Us ~ U, + vsi),
Ps'vsl + Ps — Pr(U, — Ut + vsl)2 + Pi,
8TS
V
8x

(3.26)

, dTt _
Pm ' Ps ' Vsl s
Al dx
Tsl = Tm{Ps).

The initial conditions were chosen on the basis of the following considerations.
It was supposed that a thin layer of the material is heated up to a temperature T0,
exceeding the equilibrium temperature, Tm, and the process of melting begins after
the propagation of an unloading wave (the pressure in medium decreasing to zero).
This situation is simulated by the equations of state in the form of pk = pk(p —p0,
T — T0) and spatial temperature distributions, T(0, x), and density, p(0, x), in the
form of uniform step functions subject to jump at the interface:
Г (0 ,х )= Г „|

7X0, x) = T0
p(0, x) = Ps

x0 < x < r sl, p( 0, x) = pi l , Г si < x < Хм.

u(0, x) = 0

и(0, x) = щ J

(3.27)

As thermodynamical parameters and state equations, in calculations the values
typical for aluminum were used [86]:
ek

—

(Cp- T)k;

Ps = l'Pso- (zV3 - zs5/3) • [1 + a •(zs2/3 - 1)] + 3 •R •p ■(T0 - T ) ■[y + 4■ (z, - 1)];
Pi = Pio'Lzi ~ 1 + P - { T - Ts,n , Zk = p/pk, k = s,l,
where Tm = 933.6 K, ps0 = 2.7 g/cm3, plo = 2.383 g/cm3, R = 0.30793 J/(g- K),
Ps0 = 7.27 10s bar, Pl0 = 105bar, a = 0.225, у = 2.136, /I = 3-10_5K_1.
For relationship, Tst = Tm(Ps), the experimental data [85] which were approx
imated by the expression were used:
Tsl = Tm + 0.00644 -Ps.
Calculations begin with the solution of nonlinear system (3.26-3.27) from which the
values Tsi and all related values were determined.
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Simulation [80, 87] shows that consideration of hydrodynamic effects led to the
limitation of phase boundary movement (Fig. 10a), thereby, within the range of
overheating, T = 50-300 K, whose maximum value was less than sound velocity.
The limitations of velocity, vsi, are due to the appearance of high pressure on solid
phase surface, shifting the temperature value Tsl = Tm(Ps), to higher values, which
in turn lowers temperature gradients on this surface and decreases the velocity vst.
The decrease of vsh in turn, leads to the decrease of Ps and Tm(Ps) (Fig. 10b) and at
the moment in which the equality, Tst = Tm is attained, the interface pressure
becomes zero and the velocity vsI tends to that of a self-similar solution (Fig. 10a,
dashed line). The pressure rise on interface is further spread into solid and liquid
phases causing hydrodynamical disturbances which eventually determine the nonmonotonous character of the behavior of usl(t). In Fig. 10c and d, the change of
pressures, Ps, Ph and velocities Us, Ut, are shown on the interface r j;. Spatial
distributions of temperature in both phases for various time instants are shown in

Fig. 10
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Fig. 11. On temperature curves, a minimum corresponds to the interface position.
Pressure and velocity on this boundary have jump discontinuities (Fig. 10c, d).
Note, that the application of a kinetic condition of the type (3.5) instead of (3.3)
in an analogous statement leads to a solution completely different from a self
similar one.
In conclusion, we note that numerical solution of the problem (3.23)—(3.27) was
carried out by the specially developed algorithm [87], based on the dynamic
adaptation method and allowing explicit determination of interface position, like
for the solution of the classic version of Stefan problem, and the calculations are
carried out according to a homogeneous algorithm.
The principle of dynamically adapting grids is extended to the class of nonstationary problems of gas-dynamics [88, 89], allowing to determine explicitly
weak and strong singularities, in particular, shock waves can be calculated without
artificial viscosity. With no particular difficulty, the method is generalized to
multi-dimensional problems of mathematical physics (see [62, 90, 91], where nonstationary two-space-dimensional problems and boundary layer problems have
been considered.)
Thus, the development of the dynamic adaptation methods is a powerful tool
for theoretical study of laser technology problems.

4 Laser surface modification and treatment of coatings

As has been noted, laser radiation with intensities higher than necessary for
heat-treatment leads to the melting of thin surface layers. The melt being formed
then can be cooled with a high rate due to heat removal to the bulk or artificially
from the outside. Experiments [92, 93] show, that if the cooling rate exceeds the
value of 106 K/s, then the crystallization front may be too slow to reach the surface,
and a certain part of the melt appears to be frozen in an amorphous state. This
phenomenon is the basis of the production process of surface amorphous layers in
metal alloys and semiconductors [84, 94]. Such phenomenon has not been experi
mentally observed for pure metals.
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If the operation of laser melting and subsequent crystallization is performed
with the material previously coated with an appropriate substance, then laser
melting leads to the formation of surface layers with a new composition, and,
consequently, with different properties. This phenomenon underlies the technolo
gical process called laser surface modification or laser doping. Note, that for the
surface modification (laser doping) the impurity need not necessarily be coated as
a solid film, but can be supplied in the form of liquid or gas jet [1].
Similar processes are typical, also, for laser treatment of coating, in particular,
for laser cladding. The coating of construction materials by solid layers is one of the
procedures for improving wear resistance, durability and reliability of manufac
tures. However, the physical-chemical properties of metal films, coated onto the
substrate surface by one of known methods, such as plasma or laser spraying, not
always meet the necessary requirements. Depending on the materials used, the
coating method and the thickness, the coatings can have weak adhesion, high
porosity, laminated structure and other defects. Further laser treatment, leading to
melting of the surface layers allows to remove most of the indicated defects. Then,
the coated layer is melted in such a way to achieve the minimum melting of the
basic material, as a considerable mixing can worsen the cladding layer properties.
As cladding materials usually Co, Ni, Ti and iron based alloys are used. The
method of solid layer coating is well enough tested and commonly used [1, 94].
One of the main problems to be solved by mathematic modeling in this area is
the determination by numerical calculation of optimum values for laser radiation
intensity and duration for the treatment of heterogeneous materials.
For the mathematical description of a multilayer material behavior under the
pulse influence we write the heat transfer equation for each layer, complemented by
appropriate boundary conditions on phase boundaries Fsi and on interfaces of the
materials Г ‘,1+1, where indices i, s, l refer to z-th material, solid and liquid phases,
respectively.

1 ( р С - ( Г ) Г ) = £ Я (Г ) f
i = 1, 2, . . . , N,

(4.1)
к

к = s, l

On the interfaces Г ‘,,+1 for (4.1) the so called contingency conditions or boundary
conditions of the 4th type are written. For an ideal contact they reduce to the
diffraction conditions:
Г

,5 Г “| i
-я (Г ) —
дх

Г ,

,

дТ~\

—

H

,Г = г

(4.2)

r >& J

During heating of z-th material up to the melting point T'm the additional condi
tions on the phase boundary T\x are:
Г

s t ~\

-А Г 7Г
дх

i

Г -А (Г ) —
дТ~\

S

дх

Ts = T} = T'm

= piL^vi,
(4.3)
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As a typical example of the coating laser treatment let us consider the problem
of melting and vaporization of the two-layer material, comprising an aluminum
substrate of thickness lM = 1 mm, on which a thin titanium film lTi = 0.1 pm is
coated. The impinging pulse has a rectangular form, a duration т = 5 • 10“8 s and
intensity G = 5 - 107 W/cm2. Thermodynamical characteristics and parameters of
the two materials significantly differ from each other, and their reflectivity is not
considered. Let us point out the main features of the conditions being considered.
Laser radiation is completely absorbed in the bulk of titanium. Aluminum,
being under titanium, is heated by heat conduction. With the chosen influence
parameters the first to be melted is aluminum, whose equilibrium melting point
Tm = 933 К is almost three times lower than titanium melting point. In Fig. 12a
and b the time dependence of melting-crystallization rates for aluminum v ^ f ) and
titanium vj/(t) vaporization rates vlv(t) and the surface temperature Ts(t) are
presented. The negative branches of v^‘(£), vj,‘(£) curves correspond to melting, the
positive ones to crystallization. The vertical dotted line describes the end of laser
pulse. When the surface temperature T™ = 2000 К is reached the second melting
front, characterized by the rate vjI1(r), penetrates deeply into the titanium from the
surface (Fig. 12b). The termination of laser pulse is followed by a sharp decrease of
the surface temperature and vaporization stops (Fig. 12a). The quick heat transfer
from titanium to aluminum leads to a further substrate melting and to the
beginning of titanium crystallization. The crystallization proceeds with high
rate, its maximum value is several times higher than the melting rate. The high
rate of crystallization leads to a significant release of the crystallization energy in
the liquid phase, which inhibits its cooling. This stage of the process is character
ized by a plateau on the curve of the surface temperature Ts(t) (Fig. 12a). On
completion of the crystallization in titanium the surface cooling rate again in
creases, which eventually allows crystallization to start in aluminum. The max
imum rate of aluminum crystallization, also, exceeds the maximum melting rate, as
a consequence of the low heat conductivity of titanium in comparison with
aluminum.
For comparison let us consider the same influence conditions, changing only
one parameter, namely, increasing the coating thickness by a factor 2: lTi = 0.2 pm.
In this case the development of the process qualitatively changes (Fig. 12c, d).
Because of its low heat conductivity, as compared to aluminum, titanium is heated
more rapidly than in the previous case and is the first to be melted. Aluminum
melting begins with a considerable delay. By the pulse termination the surface
vaporization rate v,„ is several times higher than in the previous case, the surface
temperature and the melting rate vj,1 are also significantly higher. The maximum
crystallization rates vj/ and v^1are lower, although the surface temperature behav
ior (Fig. 12d) is qualitatively the same as in the first case. The significant quantitat
ive differences of curves vj,'(£) and v^‘(t) lead to considerable deviations in the
depths of fusion of both materials.
The example considered shows that due to multiple interrelation of the
influence parameters in problems of coating treatment even the qualitative stages
of the process cannot be predicted without the use of appropriate mathematical
models.

Mathematical modeling of laser treatments of materials

d
F ig . 12

119

120

Vladimir I. Mazhukin and Alexander A. Samarskii

Doping processes, in which one of the materials acts as an impurity, or similar
processes under laser influence on the alloys, require more complex physicalmathematical models. The mathematical model for crystallization of multi-com
ponent systems, disregarding the hydrodynamics of the melt, usually is based on
the heat transfer equation with the addition of equations describing the change of
the components concentration during the crystallization process.
The formulation of the problem of laser pulse influence has a number of
peculiarities. The main physical feature to be considered is the non-equilibrium of
the process both at the melting and at the crystallization stage. It is known that the
melting and crystallization are non-symmetric processes [61], under metastability
conditions. The description of metastable states arising in melt was discussed in the
previous section. Let us briefly consider the main aspects of physical-mathematical
description of a multi-component melt undergoing non-equilibrium crystallization.
Non-equilibrium alloy crystallization is related, in the first place, to extremely
high cooling rates and, respectively, high rates of phase front propagation. It is
known [96, 97] that, depending on the cooling conditions, the same alloy can have
a different morphological structure: regular, cellular or dendritic. Until recently in
the description of the liquid alloy crystallization an assumption about the local
thermodynamic equilibrium on the interface melt-crystal has been used, which is
valid for crystallization rates not exceeding 1 m/s. In these cases the main problem
is the determination of the temperature on the phase boundary, the composition
being determined by solids and liquids lines of the phase diagram. The commonly
well-known mathematical model in crystal equilibrium growth theory is, apparent
ly, the concentration overcooling model of Mullins and Sekerka [98]. The basis of
the model is the assumption that the movement of the crystallization front is so
slow, that segregated impurity is mixed with liquid phase thanks to diffusion. The
increase of the overcooling degree is due to decrease of the equilibrium temperature
Tmof phase transition, caused by accumulation of the impurity in the melt near the
crystallization surface. Under certain conditions the initial plane front becomes
unstable and acquires a cellular or dendritic structure. The main achievement of
the concentrational overcooling model is considered to be the possibility of
reproducing critical condition for the transformation of a plane front into a cellular
one. Other aspects of equilibrium crystallization are considered in [96, 97, 99, 100].
The experiments of last years [101-103] on crystallization of alloy melt thin
layers after laser influence have shown that crystallization following exposure of
the order of picoseconds can be performed with enormous rates 50-100 m/s, at
which an assumption about local equilibrium is hardly valid. The studies
[104-106] have shown the existence of a real deviation from equilibrium on the
interface melt-crystal, where the impurity concentration significantly exceeds the
equilibrium limit of solid body solubility, as the so called impurity capture occurs.
A theoretical study on the high crystallization rate under such conditions requires
a comprehensive examination of the kinetics and the phase front structure. The
analysis of non-equilibrium processes of the high rate crystallization and their
mathematical description have been carried out in a number of papers [107-109].
In spite of the high complexity of theoretical studies, laser doping and surface
modification find common practical use in various technological cycles. As an
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example, we shall dwell on laser hardening method of aluminum alloys, developed
by the authors [110-112] and used for manufacturing of automobile motor
pistons.
The technological process consists in metal powder coating on the piston
surface and its subsequent fusion by laser radiation. The powders coating is
performed by coverings. Fusion is achieved by laser radiation with wavelength
Я = 10.6 pm, G = 104 W/cm2 intensity and speed v = lm/s. As a result of remelting
in the radiation region a wear resistant aluminum alloy, differing from the basic
metal both by structure and properties, was obtained. Then in the remelted zone
the groove was turned for compression rings. In the process of the studies powders
based on NiCr, FeCuB and NiCrMo were utilized. The tests have shown that the
most efficient doping of Al25 alloy is achieved with powders based on NiCr. As
a result of the doping an alloy with 2-3 times increased hardness, high temperature
resistance and impact viscosity has been produced. The alloy produced at a high
cooling rate has a fine dispersion structure with an oversaturated solid solution,
which makes resistance characteristics several times higher. The method above has
been introduced at a number of plants of automobile branch.
5 Laser cutting and dimensional treatment

Laser cutting of metal sheets with x 1 cm thickness has significant advantages over
other methods employing, e.g., oxygen-acetylene flames or plasma. The main ones
are the high quality of cutting, the possibility of complex contour cutting, the high
localization of heat influence. The best results are achieved on super-resistant and
refractory materials for the purpose of drilling holes of given form, depth and
diameter with high precision.
Laser cutting and dimensional treatment of metals are performed by melting
and vaporization processes. The cutting of non-metals has considerable differences
due to their high transparency and low heat conduction. For comparison note that
heat conductivity Я of metals lies in a range of 0.1-5 W/(cm K) while for dielectrics
it lies in 10_3-10-2 W/(cmK). The coefficient of volumetric absorption for most
metals is %= 105-106 cm-1, while for non-metals it is %= 101-104cm“ 1. Therefore,
the cutting of non metals is achieved, as a rule, either by sublimation, or as a result
of generation in the bulk of the material of high thermal pressure, the so-called
thermal cleavage.
With exclusion of thermal cleavage processes, for laser cutting, miniature
welding and dimensional treatment the same mathematical models can be used
including as a necessary element the phase transition dynamics of the first type.
5.1 Surface evaporation without plasma formation
In the present subsection we shall consider the principal steps of construction of the
mathematical models for the specified processes and simulation results, obtained
with their help. In describing pulse influence conditions the microscopic movement
of the melt may be disregarded, and then the condensed medium behavior can be
described by the heat transfer equation. The processes in the evaporated substance
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are usually described by the system of gas-dynamics equations. The equations for
the condensed and gaseous media are coupled through the boundary conditions on
the phase boundary Г lv. The formulation of boundary conditions in the general
case represents a complicated problem, as it is connected with the physics of
intensive surface evaporation.
The vaporization process plays an extremely important role due to the relevant
increase of energy capacity and of specific volume of the substance in the phase
transition. Note, that vaporization can proceed in two considerably different
conditions. If in the subcritical range of temperatures T < Tc the ambient pressure
p exceeds the pressure of saturated vapors p > pn, then the phase transition occurs
without the formation of an interface and can be described as a process in
a continuum. A so-called gas-dynamic model of vaporization corresponds to these
conditions [113]. The inequality p > p„ represents a necessary condition for the
applicability of vaporization gas-dynamic model. When p < p„ in the vaporization
region, a sharp phase boundary must exist, on which, besides the laws of mass,
momentum and energy conservation, additional relationships determining the
phase transition kinetics have to be formulated. A theoretical description of such
vaporization conditions is performed in the framework of the one phase version of
the Stefan problem, in which the temperature of the plane transition front has
a weak logarithmic dependence on the front velocity [58]. The successive formula
tion of boundary conditions on the phase interface when vaporization has de
veloped, requires, strictly speaking, the consideration of the kinetic equation.
Intensive vaporization is followed by the appearance of a non-equilibrium
Knudsen-layer, adjacent to the phase boundary. The hydrodynamics approach
in this region is absolutely unacceptable, as the current parameters vary over
a distance of the order of the mean free path. The Knudsen layer usually is
considered as the gas-dynamic gap, the parameters of which from the external
side are determined with some assumptions about the type of non-equilibrium
distribution function inside the Knudsen layer. Depending on the assumption
used, various mathematical models of Knudsen layer have been realized, from
which the additional relationships at the vaporization front Г ,v are determined
[56, 59, 114-119].
The mathematical description of the surface vaporization process is consider
ably dependent on the conditions being considered. Usually it is assumed, that the
vaporization rate has an upper bound и < uc or M = u/uc < 1, where uc = (yRT)1'2
is the velocity of sound, and M is the Mach number. When the substance vaporizes
under the influence of a continuous radiation current to the vacuum or to
a medium with negligibly low pressure compared to saturation pressure, M is 1. In
this case the behavior of condensed medium ceases to depend on the external
gas-dynamics problem, which simplifies the description of vaporization process
(3.15) considerably.
A more complex mathematical model is used for description of vaporization
conditions with M < 1. In this case the processes in condensed medium and in gas
are correlated, the value of M is a priori unknown and must be considered as
a quantity to be determined [120]. In this case the problem (3.15) must be
considered together with the system of gas-dynamics equations, which in the
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coordinate system moving with the phase interface Г5| is:

(5.1)

d\_p(e + u2/ 2)]
8t
So far the mathematical structure and the properties of the solutions of the
nonlinear system describing such non-equilibrium processes, have not been studied
in detail. At the same time, the problem of the condensed media vaporization under
different non-stationary heating conditions are of great practical interest. The
formulation of such problems is connected with a non-trivial question about the
phase transition deviation from equilibrium, i.e., the behavior of M.
In vaporization into vacuum the change of M on the boundary of phase
interface can be related to the heating of evaporated substance (plasma formation)
or to quick variation of surface temperature caused, for instance, by a change of the
source intensity G. Vaporization under these conditions has non-stationary nature,
the main feature of which is the nonlinear dependence of phase transition kinetics
on a number of parameters of the incident pulse, such as intensity, duration, change
rate, etc. As the calculations [121, 122] have shown, the behavior of M, describing
the deviation from equilibrium of the vaporization process, cannot be obtained by
means of simple analytic evaluations, but the performance of numerical experiment
is required. The mathematical modeling of aluminum surface vaporization in
vacuum under various non-stationary heating conditions has shown that the
vaporization process kinetics in this case appear to be more complex than it has
been assumed earlier.
Let us consider the example of M depending on the heating conditions. In
[123], the results of the numerical solution of the vaporization problem are
presented for a two-phase system in the case of the heating of a condensed medium
by a rectangular pulse of radiation with a microsecond duration. Based on these
results the conclusion that M decreases without any restriction with the heating
intensity reduction has been formulated. However, such a conclusion seems to be
less justified, due to the reason that the results obtained for the concerned condi
tions cannot be reproduced for other cases of the intensity change. The numerical
simulation of the process, made in papers [121, 122] with the help of the math
ematical models (3.15), (5.1) under different influence conditions, has shown that
the behavior of the parameter M in a more general case is qualitatively different
from that described in [123]. In the analysis of the surface vaporization processes
the same formulation and the same condensed medium characteristics (of alumi
num) were used as in [123]. The value of M under boundary conditions was not
fixed and was determined from the simultaneous solution of the heat transfer
equation and gas-dynamics equations.
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In Fig. 13, the graphs of M and pH vs. time are presented. It can be noticed, that
after switching off the source G = 107W/cm2 at the moment of time t = 1 ps
a rapid drop of M and pH occurs. In this, M does not reach zero but passing
through a minimum it begins to increase again unlike in [123], where M drops to
zero and remains fixed on this level.
In Fig. 14a-c, the examples of immediate switching off the radiation source in
various times are given. The intensity of the source G was assumed to be
107 W/cm2. The intensity on the condensed medium surface was determined with
the account of aluminum absorptivity G = A(TS)- G, where A(TS) was assumed to be
A(TS) =

0.23
0.64 T f 4

Fig. 14
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T
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T
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The graphs in Fig. 14 show that with the increase of vaporization time the
previously evaporated substance reaction intensifies, leading to faster drop of M.
In Fig. 15, the profiles of Ts, pH, M are presented corresponding to a discontinu
ous change of G for various amplitudes. With a change of amplitude less than 20%
the value of M does not change and is 1. It is notable, that in all cases in Figs. 14
and 15 M reaches the initial level M = 1.
Figure 16 shows the graph of M corresponding to the intensity modulation
Gs = G/( 1 —a-sin(27iAf/T)), which was switched on after 2 ps from the pulse
activation with intensity G = 5 • 108 W/cm2. The modulation period is т = 20 ns.
The calculations have shown that M essentially does not depend on the modula
tion depth and, moreover, M becomes less than one after the significant intensity
drop and stays there almost through the entire range of growth of G.
In the case a = 0.5 the change of M correlates with the order-of-magnitude of
the linear evaluation [122]. However, with the decrease of modulation depth AM
sharply decreases. With a = 0.2 the difference of M from 1 does not exceed 10 ” 4.
This agrees with the assumption that the nonlinear problem solution is constant
and is M = 1 for the concerned influence mode. It will be emphasized that in the
non-stationary problems it is not known a priori, whether the vaporization with
M = 1 takes place, or M is always less than one.
5.2 Vaporization kinetics in plasma formation in vapors \_124-126]
With values of the intensity G sufficient for ionization of evaporated particles the
vaporization conditions change qualitatively. The vaporization kinetics takes

Fig. 15
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a more complex nature, which is determined by two factors: temperature and gasdynamics. The temperature factor comes into play because of the change of laser
pulse intensity. The gas-dynamics factor is due to pressure variations, caused by
a complex mechanism of substance separation in plasma formation. Ionization of
vapors makes the gas opaque to laser radiation and an increasingly lesser part of it,
being absorbed in the substance vapors, reaches the target surface. But simultan
eously with the decrease of laser flow on the surface an increase of energy radiation
flux occurs, coming out of plasma. Plasma formation leads to that situation even
with a constant source G intensity of the flux, impinging upon the surface since the
sum Gs + Ws changes in a rather broad range of values, owing to variable optical
transparence. In this way non-stationary conditions are produced on the surface.
Partial laser radiation absorption by ionized vapors produces a sharp increase of
pressure in the gas to values comparable with saturation pressure, thus causing an
additional retardation of vapor flow and a decrease of the value of the parameter
M.
From the mathematical point of view and for the one-space-dimensional case
the processes discussed above can be described by the following system of equa
tions:
(5.3)
—H < x < 0
x = —H:

x = 0:

a {T)

a

——= 0
dx

— = Gs + Ws - L vp,vlv

Gs = (1 - R)G0+, Go = (1 + R(TS))G0+
Psbv = Po(uO-

V ,„)

(5.4)
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(5.7)
(5.8)
(5.9)

0 < x < L.
x = L: J° = 0, G + = G, /„ = 0

(5.10)

Equation (5.3) describes the behavior of the condensed medium, (5.5) and (5.6)
describes gas-dynamics equations, (5.7) is the equation of energy balance in gas
medium, (5.8) and (5.9) are the equations of continuous and laser radiation,
respectively.
Indices s, I and о are related to the surface of the condensed medium, liquid and
external side of Knudsen layer, respectively.
W is an average radiation flux, Ivp is an intensity of equilibrium radiation, Ws is
radiation flux, being absorbed by the condensed medium surface.
Note, that the system of radiation gas-dynamics equations is written assuming
the existence of local thermodynamical equilibrium in the gas.
The mathematical model of aluminum surface vaporization in vacuum by laser
radiation with Я = 1.06 pm and G = G0exp (—2(t — t)2/ r 2), G0 = 5 - 108 W/cm2,
proposed in [124-126] according to (5.3)—(5.9) has shown that plasma formation
causes not only a decrease of the evaporated substance flow, but, also, leads to
a complete stopping of vaporization despite high surface temperature (Fig. 17).
Under that condition parameter M takes negative values M < 0 (Fig. 18). In the
same figure the part of the evaporated substance flow F = F0/Fs, having passed
through the Knudsen layer, is shown, where F0 = p0u0 and Fs = psvlv.
Formally, to M = 0 it corresponds zero flow of substance over the interface.
The condensation process must correspond to the negative values of M. The model
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Fig. 17

(5.3)—(5.9) does not include the condensation kinetics, but it was believed that the
whole flow of matter reaching the surface is deposited on it. From the curves in Fig.
18 it follows that vaporization occurs during two short time periods, where M > 0.
The first vaporization period is caused by laser radiation and is characterized by
the inequality pH > pp, where pp is a pressure in plasma. As a result, M > 0. The
plasma formation in vapors makes pressure increase to pp and M decrease. The
negative values of M are taken when pH < pp. The second period of vaporization is
due to the flux of plasma intrinsic radiation Ws, the maximum value of which
reaches ~ 10% of G. Note that during the second period vaporization occurs with
a rate, significantly lower than the maximum one, M «0.1. The appearance of
a new portion of evaporated substance increases the optical thickness of plasma,
which weakens the flux Ws and leads to the situation pH < pp, M < 0.
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A brief consideration of the main aspects of the problem of metal surface
vaporization by laser radiation indicates an important role of gas-dynamics phe
nomena, even in vaporization into vacuum. This becomes more evident when we
consider pressure controlled laser treatment of condensed substances. The vaporiz
ation of the substance can lead to the formation of impact waves and, depending on
the chosen conditions, plasma will appear either in vapors, or in gas. Its composi
tion and other characteristics will be considerably different from the ones of plasma
formed during vaporization into vacuum.
Let us remark that the experimental and theoretical results available indicate
that the studies of such processes are largely incomplete. At the same time, the
optimization of such technological processes as laser cutting, welding, multilayer
coatings, evaporation of superconducting ceramic films, i.e., of those processes in
which phase transformations play a leading part, requires detailed information
about the dynamics of all the processes taking place in the irradiation zone. But
most problems in laser technology, still, can be solved only empirically.
In conclusion, we note that most of the theory here considered, in general, is
applicable to laser miniature welding. The welding of large-size components, as
a rule, performed by laser units under continuous or pulse-continuous conditions
of radiations, must be described including also the hydrodynamical effects.
6 Laser-plasma treatment of metal

Laser-plasma treatment (LPT) is recognized as a whole complex of processes, in
which laser plasma formed in gas under controlled pressure plays a significant role.
Some tests [127, 128] have shown, that the presence of gas metals with a specified
composition and a pressure controlled in the range 10-100 bar near the surface,
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allows to change the laser radiation interaction with targets in a certain interval of
intensity due to plasma formation, and to use laser plasma thermal-chemical
properties in order to change the microhardness of metals. LPT of materials is
a promising technological process, but its application for practical purposes is still
at the initial stage.
Wc shall briefly describe the peculiarities of LPT in nitrogen, N2, and carbon
dioxide, C 0 2, [1], atmospheres, for radiation with /„ = 1.06 pm. Within the
pressure range 1-40 bar plasma appears and develops, mainly, in vapors. With the
increase of gas pressure up to 60 bar the significance of erosion processes reduces
and under pressures exceeding 80 bar, plasma develops in the environmental gas.
The influence of the chemically active medium, just laser plasma, promotes the
formation of nitrides and carbides in the near surface layers of the material under
treatment, with no substantial destruction by laser radiation. The formation of
nitrides, carbides and other non-equilibrium structures in the radiation zone
increases microhardness and wear resistance by 2-4 times for such metals as steel,
titanium, molybdenum, tantalum, zirconium, and others [1, 128, 129]. It is not
surprising, then, that the detailed analysis of the laws of laser plasma development
and the study of its role in the general processes becomes very actual.
Conventionally the origin and development of laser plasma is divided into three
successive stages: gas break-down, formation of plasma cloud opaque to laser
radiation and quasi-stationary spread of plasma formations. The initial stages of
development, in particular the stage of optical break-down, determining the sub
sequent nature of radiation interaction with the substance, are of major interest to
us because they are less known than the third stage.
In study on the initial stages of the development it is necessary to consider the
contribution of the processes both on the level of elementary collision reactions
(excitation, ionization, deexcitation, recombination, dissociation, conversion of
atoms and ions), and the influence of the macroscopic processes (diffusion, transfer,
gas-dynamics separation). As the most part of collision reactions in the radiation
zone proceeds under strong non-equilibrium conditions, the relation between the
processes of chemical kinetics and gas dynamics can be of a very complex nature.
Therefore, one should not rely too much on oversimplified models and on simple
estimates. As we believe, a more promising way of studying such non-equilibrium
systems is the development of sufficiently complete nonlinear mathematical models
and realization of numerical experiments.
The optical break-down of gas has been the object of a comprehensive study for
a long time [130-134]. As it has been already mentioned, gas break-down by
radiation is characterized by a large number of interrelated and interdependent
processes with different space and time scales, and moreover, proceeding under
strong non-equilibrium conditions. While the properties and the state of a plasma
in thermodynamic equilibrium are determined unambiguously by its temperature
T and its density p, the determination of laser plasma properties and particularly its
initial phase—optical break-down due to non-equilibrium—is a far more complex
and difficult problem. In order to describe optical break-down, based on electron
avalanche phenomenon, it is necessary to use the kinetic models, considering the
processes of collision and radiation transitions in atoms, molecules, and ions.
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6.1 Optical break-clown
Kinetic models
The development of electron avalanche in vapors of metals can be described within
the framework of the collision-radiational model [135], representing the system of
equations of level kinetics, complemented by two equations of energy balance for
the electron and atom-ion subsystems. The description of the level kinetics of
atoms and ions is complicated by the fact that the energetic levels of the excited
state are splitted and mixed between each other, which leads to the necessity of
considering multiple transitions between them.
As an example, we will consider the collision-radiational model, describing the
kinetics of the collision and radiation transitions in atoms and ions of A1 and used
for the study of the optical break-down of aluminum vapors [136]. The break
down conditions correspond to the intensive surface vaporization. As initial data
the characteristic parameters of the evaporated substance on the external side of
the Knudsen layer were specified. The electron configuration of aluminum atom
ls22s22p63s23p has three electrons with comparatively high ionization energy on
the non-complete ionization shell: /, = 5.986 eV, I2 = 18.826 eV, /3 = 28.348 eV.
For electrons of the complete shell the ionization energy is much higher than
/4 = 120 eV. Therefore, in the construction of the collision-radiational model only
the neutral atom A1 and the first two ions, Al~ and Al+ +, were considered. The ion
Al+ + + (Ne-like aluminum ion) was assumed to be structureless, i.e., a core. The
excited states of neutral atom and two first ions considered, as well as the collision
and radiation transitions between them, are given in Figs. 19-21. The level with the
main quantum number n = 6 in the model was assumed to be hydrogen like, and
the levels with n > 10 were combined as a ionization continuum. The level kinetics,
charge content and energy balance in the given approach were described by the
system of ordinary differential equations:
dNi
V = R! +
dt

— A,; i = 1, . . . , 11
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dt
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where i,j are energy levels numbers, z is the particle type index (neutral atom or 1,2,3
times ionized atom); Л/f, AEfj are /-level population for z particle and difference
between /-state binding energy and j-state binding energy for z particle; Te, Tg denote
electron and heavy particles temperatures; Ma, Nc, N g, G7, Щ are referring to
aluminum atom mass, overall density of neutral atoms and ions, incident wave
intensity, and /-state population rate of change for z particle because of collision
transition, respectively.
Rj = Nc ^ ( k j j N] - l <j j Nj ) ,

Mathematical modeling of laser treatments of materials

1S

3S

3P°

1P°

1D

3D

1S

3S

3P°

1P°

1D

3D

133

Fig. 20

where the summation set O, consists of states numbers, transition from which to
(-th states are allowed. Sf is the term which defines г-state population rate of change
for z particle because of electron collision ionization process and three-particle
recombination.
S? = (PfNeN z+1 - a-Nf)Ne.
Af is the i-state population rate of change for z particle because of spontaneous
decay
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Terms Q-, Qf take into account the energy exchange between electron and ‘heavy’
component because of non-elastic exciting reactions, quenching, ionization and
recombination:
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vci, ven are the elastic electron-ion and electron-neutral collisions frequencies,
respectively.
3.6 1 0 - 5 11
Vei =
т з/2 X № / + Nl + n ; ++],
j= 1

= Ve<r, X ty = 2.2- 10-8 X ty ,
f= i
where Ve( = 6.7 • 107 Ге/2) is the mean velocity of electron heat motion, and
ay( = 3 - 10—15/7"е/2) is the elastic collision cross-section.
ц is a parameter which defines the electron energy increase because of inverse
brake effect (for one single collision):
V c„

Ane2
meC(co2 + v2) ’

v = ven + vei.

Ion electron concentrations derived from (6.1)-(6.2) were compared to equilib
rium values, deduced with the use of Sacha nonlinear equation system with
temperature T„ r = e,g:
k n

;

me Tr
2n

n
n cn ;

+

n;
n sn ;

++
ivr+ +

g*zr
K+

3/2

meTr
2n

exp

TrJ

3/2

ffe^+ + + теТг
r ;+
2n

exp
3/2

exp

(6.3)
I ++
T,

where E, Er are atom and ion static sums, respectively. I is the particle ionization
energy.
The mathematical modeling has shown that the optical break-down of metal
vapors represents a strong non-equilibrium transition state from partially ionized
vapor, in which the Coulomb collisions frequency vei is less than ven, to a strongly
or completely ionized plasma, in which the Coulomb collisions frequency becomes
dominant, vei > ven (Fig. 22). The non-equilibrium of the process is determined by
the energy dissipation of laser radiation by the electron component, which leads to
a considerable separation of temperature Tt from temperature T%, Te > Tt (Fig.
23), disappearing only in the complete ionization region. The occurrence of this
effect does not depend on whether the partially ionized vapor at the initial time is at
the thermodynamical equilibrium or not.
The optical break-down is based on the cascade ionization having an ava
lanche-like development. In Fig. 24, the variation dynamics of the populations of
the main (n°) and excited (nk) states of neutral atom is shown, by which one can get
an idea of the nature of electron avalanche development. The comparison of the
concentration of charge particles, calculated according to the kinetic model
(6.1-6.2) and the Sacha equilibrium model (6.3), presents a great interest. Since
there exists a significant difference between the electron temperature Te and the
temperature of heavy particles Tt , then the charge content is considerably different
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from the one at equilibrium. In Fig. 25a-c, the time evolution of the charge particles
concentration Ne, Al+, Al+ +, is presented, the non-equilibrium values are marked
by solid lines. For comparison, the corresponding equilibrium values, calculated
by Sacha equations (6.3), for two temperatures T = Te and T = r g are given
(Fig. 25a-c, dotted lines). It is shown, that the values of the concentrations of Nc,
Al+, Al++, calculated according to model (6.1-6.2), are between the equilib
rium values, being significantly less than the values, taken when the medium
temperature was assumed to be T = Te, but being much larger than the equilib
rium values with temperature T = Tg. As the temperatures Tt and Ге become
closer, the non-equilibrium values of the concentrations N c, Al+, Al+ + approach
the non-equilibrium ones Ne = N J T t ) = N J T g), Al+ = А1+(Ге) = Al+(7’g),
А Г + = А Г +(Ге) = Al++(Tg).
With respect to radiation intensity the optical break-down is of a sharply pro
nounced threshold nature. The threshold value of intensity in many respects depends
on the initial data: temperature, density and medium ionization extent (Fig. 26).
The description of electron avalanche development in atomic gases, can be
made within the framework of simpler mathematical models. For most atomic
gases the cascade ionization with a sufficient accuracy degree can be described with
the account of resonance excitation level only [137,138].
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The electron avalanche description in molecular gases is significantly compli
cated by the existence of rotation and oscillation degrees of freedom, which requires
the consideration of numerous rotation and oscillation levels. In papers [139,140]
a kinetic model for molecular nitrogen, further used for the optical break-down
modeling near the metal surface at increased gas pressures, has been proposed. The
mathematical model was written in one-space-dimensional and three temperatures
approach (two forward temperatures for electron and heavy particles and one
oscillation temperature for molecules). The calculations have shown that in the
region of moderate intensities G < 109 W/cm2 one of the channels for the optical
break-down of molecular gas development is the almost complete dissociation of
molecules, so that the electron avalanche then develops in the atomic component.
6.2 Laser plasma dynamics
Radiation gas-dynamics models
The determination of the main characteristics of the break-down allows to turn to
simulation of the next stage of laser plasma development, in which the macroscopic
motion and the related energy balance and, in particular, radiation transfer, play
the principal role. After the optical break-down from the ignition region towards
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3

time (sec)

laser radiation, the absorption wave moves, leaving behind it plasma formations,
for which we can believe that the conditions of local thermodynamical equilibrium
are fulfilled. The evolution of the laser plasma gas-dynamics stage in nitrogen
under increased pressure attracts attention, first of all, for the fact that at this stage
alongside with the laser radiation influence the interaction of laser plasma forma
tion with the target surface takes place. The nature of the interaction, as the
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calculations have shown [136-138], depends to a considerable extent on such laser
plasma parameters as geometrical sizes, temperature, density of ions and radiation
fluxes from plasma to the target. One of the most important conditions of the
treatment, which determine the thickness of the metal synthesized layer, is the
requirement of maximum duration of the contact of nitrogen plasma with the surface.
The peculiarity of the processes we are considering is that at high pressures
besides the hydrodynamical mechanism of energy transfer, the radiation transfer
plays a significant role. On the contrary, heat conduction is not essential. More
over, under conditions of laser pulse high duration т ~ 10 “ 3 s and a relatively
small focusing spot d ~ 500 pm the effects of two-dimensionality, arising because of
the radial extension of plasma cloud, appear to be essential.
The main characteristics and spreading mechanism of low-temperature laser
plasma, being developed near the metal surface in nitrogen under pressure
p = 102 bar and radiation G = 107- 10s W/cm2 with
= 1.06 pm were studied in
papers [141-143] by mathematical modeling of two-dimensional problems in radiational gas-dynamics. The system of two-dimensional axial-symmetric equations of
radiation gas dynamics, written in Lagrange variables was used for simulation:

dn

д(р + со)

dy

д(р + со)

(6.4)

p = p(T, p), e = е(Г, p), к = к(Т, p, v)

140

Vladimir I. Mazhukin and Alexander A. Samarskii

where r, z are space coordinates, t is time, p, p, and e are density, pressure, and
internal energy, кк is the photon absorption coefficient of frequency v e [vb vfc+ x],
W is an average radiation flux, U, Up are radiation density and radiation equilib
rium density, G is the laser radiation intensity, w is the artificial viscosity, n is the
number of groups. The radiation transfer process was described in many groups
approach (N = 7). The break-down stage was simulated according to the data
about the optical break-down [139, 140] specifying the hot region with 15-20 pm
thickness and temperature (expressed via an equivalent thermal energy)
T = 1.5-1.8 eV.
The calculations have shown that the threshold value of the intensity required
for keeping laser plasma development in the pressure range of 30-100 bar, is
G = 4.4 • 107 W/cm2. In Figs. 27 and 28 the space-time profiles of plasmoid section
for pressure 100 bar (Fig. 27) and 30 bar (Fig. 28) are shown. In these problems
laser radiation is incident along axis z and is intensively absorbed in the hot region,
followed by the appearance and spreading of the shock wave to cold gas. The
regions enveloped in the shock wave are emphasized in the figures by dotted lines
and characterized by the jump of density p and pressure p. The maximum velocity
of the shock wave reaches ~ 1.5km/s, its temperature is < 0.35 eV. At such

Fig. 27
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temperature the impact wave is transparent to laser radiation. The shock wave
velocity significantly exceeds the velocity of the plasma front and, as a result, the
shock wave becomes separated from the hot region and decays. The plasmoid has
a complex structure. For example at p = 100 bar the temperature of the surface
layer (T x 1 eV) is essentially lower than the temperature of lower located layers,
where T x 3.5 eV. The explanation of this phenomenon is related to the screening
of laser radiation and to two-dimensional laser separation of the hot region. As
a result, the surface is affected only by the flux of plasma intrinsic radiation W,
whose value does not exceed 5 • 105 W/cm2. The area, subject to the thermal
influence of radiation fluxes, is several times higher than the one of the focusing
spot. Lowering laser radiation flux by 2.5 orders, is the main protection against
surface failure. In the test [127, 128] a decrease of external pressure to 30-50 bar
led to the target surface failure, manifested in the form of craters in the region of
influence. The simulation has shown that if pressure is kept at p = 30 bar for
t < 0.1 ps the process develops in the same manner as at 100 bar. Laser radiation is
absorbed in the hot region, a complex region with different temperatures is formed
in every layer. The radiation flux reaches a value of 3 • 108 W/cm2, and the region
of influence has a radius ~ 600 pm. Furthermore, the nature of the interaction of
radiation with the substance changes. Due to a lower initial density of the sub
stance at p = 30 bar, the intensive separation of plasma make plasma transparent
to laser radiation at t x 0.5 ps. In Fig. 29, the time evolution of laser intensity G(t)
and radiation flux IF(r), reaching the surface and determining its thermal condi
tions, are presented. From the non-monotonicity of G(f) it follows that at
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t = 0.1-0.4 |is the flux on the surface is significantly reduced due to absorption in
the poorly transparent plasmoid, but by t к 1 ps because of the plasma brightening
caused by surface detachment it achieves ~ 80% of laser radiation.
The reduction of screening triggers an intensive vaporization of the surface. The
persistence for some time of a plasma cloud of low transparency to laser radiation
can be exploited for optimizing treatment conditions. Such optimization has been
obtained by time modulation of the laser pulse [144]. At the moment of the highest
absorption the intensity of laser radiation becomes several times smaller, and
consequently the optical thickness of the plasma cloud is reduced. As a result, with
the decrease of the working pressure to 30 bar an increase of the contact time of the
hottest layers of plasma with the surface and consequently an increase of the
synthesized surface layer thickness was successfully achieved.
In conclusion, wc note that in this field of research the main problems of
mathematical modeling are concerned on one side with phenomena of non-equilib
rium radiation gas-dynamics, and their connections with the behavior of the
condensed medium, and on the other side with the development of appropriate
numerical algorithms for the computation of the solutions. Presently the authors
work on these problems.

7 Automation of calculations

All the conclusions about the main aspects of laser influence on materials indicate
mathematical modeling as a fundamental tool in the study and for the determina
tion of the treatment optimum conditions. At the same time thermodynamical and
hydrodynamical processes, following the radiation influence, have not been studied
to such an extent that in most cases the engineering calculations can be made to
determine the main characteristic quantities, such as temperature gradients and
velocities of phase interfaces with accuracy within 5-10%.
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The existence in the problem under consideration of such poorly controlled
factors as the space-time fluctuations of laser pulse intensity and the fluctuations of
the surface absorptivity implies the necessity of carrying out large series of calcu
lations with a set of parameters changing over a broad range of values. The
question about the automation of calculation, which can be performed with the
help of compact highly efficient program packages, becomes actual.
We are creating a family of the programs under the general title lastec,
designed for the simulation of different conditions of laser influence on metals,
dielectrics and semiconductors. At present the first two packages lastec- 1 and
lastec-2 have been completed [145, 146].
The mathematical basis of both packages is a one-dimensional non-stationary
Stefan problem for multiphase regions, lastec- 1 takes into account the processes of
simultaneous melting and vaporization in homogeneous materials with a surface
(metals) and bulk (dielectrics, semiconductors) energy source, lastec-2 has been
created for studies on similar processes in the multi-layer structures with an ideal
thermal contact on the boundaries. The maximum number of materials permissible
in the structure is four. The high computation efficiency of the numerical algo
rithms in both packages is achieved by the application of finite-difference schemes
with dynamically adapted calculation grids [60-63]. The use of dynamically
adapted grids allows to identify the phase boundaries in an obvious way and to use
a homogeneous computational algorithm.
The packages lastec- 1, lastec-2 are designed for simulation of the processes, in
which the phase transition of 1st type plays a significant role. With their help the
temperature fields in the bulk, the phase boundaries velocities, the heating and
cooling rates of the sample, the depth of the melting and evaporated layers, both in
homogeneous and in heterogeneous media, can be efficiently determined. The
packages are orientated to pc - at 386, 486 personal computers and can be used as
a technological line component with the help of which an engineer-technologist can
choose the optimum values of intensity and influence duration. Such a choice can
be made also in the case when reliable data about the material to be treated are
unavailable. For these purposes the packages are conceived in a flexible way, so
that the user can introduce any law of absorptivity, heat conduction coefficients,
and thermal capacity. Also, comparison of numerical results with experimental data
can help to determine the most reliable and optimum conditions for treatment.
8 Conclusion

Certainly, the whole problem of mathematical modeling of laser influence in the
technological range of radiation intensity is not reduced to the questions we have
considered in this paper. Many interesting and important aspects of this problem
are only sketched, and others were not touched upon at all (for instance, the
influence of hydrodynamical effect and so on). A voluminous literature in the form
of original papers, reviews, and monographs is dedicated to laser radiation influ
ence on absorbing media.
Our aim was to attract attention of the specialists to the fact that the poten
tial possibilities of laser technologies in metal treatment, machine building, and
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microelectronic industry are extremely high. At the same time, from the point of
view of an engineer-technologist, a laser influence contains a number of not yet
understood effects, essentially influencing the technological process. In this connec
tion additional studies are necessary, for which mathematical modeling is a support
of decisive importance.
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