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Abstract. Further development o f  the dynamic adaptation method for gas dynamics problems that 
describe multiple interactions o f  shock waves, rarefaction waves, and contact discontinuities is 
considered. Using the Woodward-Colella problem and a nonuniformly accelerating piston as examples, 
the efficiency o f  the proposed method is demonstrated for the gas dynamics problems with shock wave 
and contact discontinuity tracking. The grid points are distributed under the control o f  the diffusion 
approximation. The choice o f  the diffusion coefficient for obtaining both quasi-uniform and strongly 
nonuniform grids for each subdomain o f  the solution is validated. The interaction between discontinuities 
is resolved using the Riemann problem for an arbitrary discontinuity. Application o f  the dynamic 
adaptation method to the W oodward-Colella problem made it possible to obtain a solution on a grid 
consisting o f  420 cells that is almost identical to the solution obtained using the W EN 05m  method on a 
grid consisting o f  12 800 cells. In the problem for a nonuniformly accelerating piston, a proper choice o f  
the diffusion coefficient in the transformation functions makes it possible to generate strongly nonuniform 
grids, which are used to simulate the interaction o f  a series o f  shock waves using shock wave and contact 
discontinuity tracking length. In the modelling piston problem for the gas with non-linear heat 
conductivity having the self-similar solution, shock wave propagation is essentially concerned the 
mechanism o f  heat conductivity. At a choice o f  small dimensionless factor o f  heat conductivity the mode 
o f  propagation o f  TW-1I is observed when the shock leaves behind the generated thermal wave. At a 
choice o f  high constant the shock lags behind the thermal wave, that observes a mode o f  TW-I. The grid 
points are distributed under control o f  function obtained by means o f  the diffusion and quasi-steady-state 
approach.

1. INTRODUCTION

There is rich literature devoted to the generation and adaptation of computational
grids1 * * * * *'7. By adaptation, we mean the process of grid generation with the optimal 
distribution of the grid points with respect to the unknown solution. Usually, the
generation of optimal grids for a certain problem of mathematical physics is based on a 
priori information about this solution. However, if no such information is available or if 
the structure and specific features of the solution are rapidly changing with time, which
is characteristic of unsteady problems, then the generation of optimal grids runs into
difficulties. An approach to overcome these difficulties is to organize the numerical
solution of the problem and grid generation as a unified process. Judging by the number
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of publications, two approaches to the adaptive grid generation for unsteady problems 
are presently most popular: adaptive mesh refinement and dynamically adaptive grids.

The adaptive mesh refinement methods [8-10], which have recently received 
widespread use [11, 12], are used to improve the accuracy of numerical solutions by 
refining the cells of the grid in the regions where the solution undergoes sharp changes. 
Refinement can be performed repeatedly, which leads to high-level (from third to sixth 
level) small cells. The generation of adaptively refined meshes requires complicated 
algorithms due to a variable number of grid points and the presence of the regions 
where nonuniformly scaled cells must be matched.

The dynamic adaptation methods [13-21] are less complicated and make it possible to 
generate grids with a constant [19] or variable [18] number of grid points. In these 
methods, the control of the distribution of the grid points is achieved by using 
information about the dynamic behavior of the solution to be found. This makes it 
possible to concentrate a large number of grid points in the regions where the solution 
undergoes sharp changes [13]. A close relationship between the dynamic behavior of 
the solution and the location of the grid points requires that the coordinates of the grid 
points be recalculated at each time layer. This fact places high requirements upon the 
consistency of the solution dynamics with the grid points motion. For this reason, the 
algorithms that do not use any fitting parameters have certain advantages [15]. These 
features are especially pronounced in the generation of adaptive grids for unsteady gas 
dynamics problems [16-22], which describe rapidly changing processes. The solution 
of hyperbolic differential equations, which governs gas-dynamic processes, imposes 
additional requirements for the adaptation techniques -  these techniques must take intc 
account the discontinuous solutions like shock waves and contact discontinuities.

The existing techniques for solving gas dynamics problems can be divided into two 
groups: shock capturing methods [23] and explicit front tracking methods [24]. Each of 
these groups has certain advantages and disadvantages.

The methods for solving hyperbolic systems of equations without discontinuity tracking 
(the so-called shock capturing methods) have lately been under intensive development. 
The main problem in designing finite difference schemes in the shock capturing 
methods is to improve the accuracy of the approximation while ensuring the 
monotonicity of numerical solutions, which is a nontrivial task in the presence of weak 
and strong discontinuities. Godunov’s theorem (see [25]) claims that, in the linear case, 
the monotonicity can be ensured only in the first-order schemes. Earlier, artificial 
viscosity (linear, quadratic, or their combinations) was introduced in the models in order 
to ensure the monotonicity of solutions. In recent years, artificial viscosity is no longer 
used due to the development of new methods that smooth discontinuities.

At the early stage, the development of monotone schemes of improved order o* 
accuracy was due to studies [26, 27] and to the flux-corrected transport (FCT) method 
[28-30]. The next step in the development of difference schemes for hyperbolic 
equations is the invention of TVD schemes [31-34] and of the ENO and WENO 
methods [35, 36]. Another line of research, which is fairly close to the methods 
mentioned above, is based on a monotone or quasi-monotone interpolation of grid 
solutions. The methods based on this technique are known as reconstruction methods. 
Among them is the so-called piecewise parabolic method (PPM) [37]. A detailed 
description of the methods mentioned above can be found in book [38] and in survey
[39].
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The main drawback of all shock capturing methods is the use of a very large number of 
grid points for achieving the desired accuracy and the necessity to use monotone finite 
difference schemes. These drawbacks can be significantly mitigated by using controlled 
grid refinement in the regions where the solution becomes discontinuous.

The use of explicit boundary tracking methods is mainly dictated by some applications, 
such as energy release or detailed account of the kinetics of various reactions in the 
discontinuity region. In spite of some difficulties due to the relative complexity of 
determining the location and time of the appearance of discontinuities and the 
generation of the grid in regions with variable geometry in multidimensional cases, the 
discontinuity tracking methods [4(M-2] have evident advantages for a wide class of 
problems. In recent years, front tracking methods [40, 43] (they are usually used in 
combination with adaptive mesh refinement (AMR techniques), gradient adaptation 
methods based on variational approaches [44] or harmonic mappings [45], and dynamic 
adaptation methods [4] have been intensively developed.

The purpose of this paper is to further develop the dynamic adaptation method for gas 
dynamics problems with interacting discontinuous solutions like shock waves, 
rarefaction waves, and contact discontinuities.

The dynamic adaptation method considered in this paper is based on the transition to an 
arbitrary time-dependent system of coordinates in which both the grid functions and the 
coordinates of the grid points are unknown. The transformation of coordinates is 
performed using the unknown solution; depending on the features of this solution, we 
obtain one or other distribution of the grid points [4, 15, 19, 46]. This approach allows 
one to use both the shock capturing methods with automatic grid refinement in the 
vicinity of the solution singularities and the methods based on the explicit tracking of 
moving boundaries and discontinuities. In [19], these methods were used to solve the 
uniformly accelerating piston problem, the efficiency of the algorithms was estimated, 
and the onset of the self-similar mode was examined.

The features of the dynamic adaptation method will be demonstrated using the 
Woodward-Colella problem [37], the non-uniformly accelerating piston problem and 
the modelling piston problem for the gas with non-linear heat conductivity; recently, the 
first problem has become the most widespread problem for testing new numerical 
methods in gas dynamics.

The main difficulties in the first two examples considered in this paper are in tracking 
the discontinuities and in taking into account their interaction. Discontinuity tracking 
requires the development of reliable means for determining the location and time of the 
appearance of discontinuities. Multiple interactions between discontinuities are 
characterized by great diversity, but it can be reduced to several elementary interactions: 
collision of two counter propagating shock waves, absorption of a shock wave by an 
overtaking shock wave, and passage of a shock wave through a contact discontinuity.

The basic problems in the last problem are related to the mechanism of a heat 
propagation and presence in the produced problem of a shock wave. Depending on used 
parameters the heat wave can have as the supersonic velocity of propagation on a 
background, leading thus generated shock wave (TW-I mode), and the subsonic velocity 
when the heat wave places in field between the piston and a shock wave (TW-II mode).
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2. INTERACTING DISCONTINUOUS SOLUTIONS

2.1. Mathematical statement

We use the ideal gas approximation. Then, the problem is reduced to solving the system 
of gas-dynamic equations formed by the differential conservation laws for the mass, 
momentum, and energy supplemented with the proper initial and boundary conditions. 
Below, we present these equations in the Euler system of coordinates for the one
dimensional case:

Эр Э—- + —  
dt dx

(p-w)= 0,

^г(р -м)+ ^ - (р + р 'м2)= 0’dt ox

- ^ - {p -E)+^ - (P-u  + p-u-E)=0,  or ~ “ (p■ e)+ ~~~(p■ и ■ s)+ P • — 0.
dt dx dt dx dx

( 1)

Here E - z  + —-, P = p R T ,  e = — -Г.
2 y-1

We use the notation p for the density, и for the velocity, P for the pressure, s for the 
internal energy, T for the temperature, R for the gas constant, у for the specific heat 
ratio.

Using the change of variables of the general type according to the dynamic adaptation 
method, we make the transformation to an arbitrary time-dependent system of 
coordinates with the variables (q, x) in which Eqs. (1) are written [19]

Эх Ip +-
dq

Q
P

= o,

~ ( \ \ i u ) + ~ ( P + Q - u )  = 0, 
dx dq

_Э_
Эх ( ч '- е ) + - - ( б - е ) + Р ~oq dq

= 0,

Эц/ _ dQ dx  _ vp 
Эх d q ’ dq p ’

(2)

where — is the Jacobian of the transformation, Q is the transformation function (its 
P

physical meaning is the flux of matter through the boundary), and —X = -  — is the
dt p

velocity of the coordinate system.

As a result, we obtain an extended differential system (2) in the variables (q, r), n 
which the last equation is the inverse transformation equation; in combination with Lie 
transformation Jacobian, it is used for determining the coordinates of the grid points, 
i.e., for the generation of the computational grid. The controlled distribution of the grid 
points for each time instant is performed using the transformation function Q, which is 
to be determined.
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2.2. Breakdown of an arbitrary discontinuity
The Riemann problem concerning the breakdown of an arbitrary discontinuity has been 
thoroughly studied [23, 47]. It is well known that the Riemann problem can appear in 
the simulation in two cases. First, when a discontinuity is present from the very 
beginning and it is required to consider the processes occurring after its breakdown. 
Second, any interaction of a shock wave with other shock waves and with contact 
discontinuities is reduced to the Riemann problem. As applied to the examination of 
processes in ideal gases, the following algorithm for determining the structure of the 
solution and of the gas-dynamic functions after an arbitrary discontinuity breakdown 
can be proposed.

Let the subscript n = 1 correspond to the parameters P,, uv p, , and Г, on the left-hand 
side of the discontinuity and n = 2 correspond to the parameters P2, u2, p2, and T2 on its 
right-hand side. We want to find the parameters P3 -  P4, u3 = u4, p3, p4, T3, and T4 after 
the breakdown, where (3-4) is the contact discontinuity that separates the gas in the 
state n = 3 (the left boundary of this portion of the gas is the wave (1-3)), and the gas in 
the state n = 4 (its right boundary is the wave (2^1)). It was shown [23, 47] that, due to 
the self-similarity of the solution to the Riemann problem, the waves (1-3) and (2-4), if 
they exist, are either shock waves or rarefaction waves. Therefore, if P{ < P3, then (1-3) 
is a shock wave. In this case, the parameters P3 and u3 of state 3 belong to the Hugoniot 
adiabatic curve, which passes through the point (Pp u{). Otherwise, if P, >Pv  then (1-  
3) is a rarefaction wave. In this case, the parameters P3 and u3 of state 3 belong to the 
Poisson adiabat, which passes through the point (P,, u{). Similarly, the type of the wave 
(4-2) is determined, depending on relation between P2 and P4.

Using these facts, we define the function Fn{P) for each of the states 1 and 2 of the 
discontinuity under examination [23]:

P.+
y + 1

Ф )  =

(  \2 I 2 / \4 16 • Y t \2РпЛЩ- u J  + jpn \ щ - и п) +------z2 ■ Pn ■ p„ • (u3 -  un)
V (y + 1)

p > p ,

y - i
2 - ф - Рп/Рп

■(щ ~ Un)

2 j_
y - i

P < P’ 1 ^  1 n

In this definition, the first equation describes the Hugoniot adiabat, and the second one 
describes the Poisson adiabat. Equating P,(P) and P2(P), we use the Newton method to 
find the gas-dynamic velocity u3 = u4 on the contact discontinuity from the values P,, 

pp P2, w2, and p2 on the discontinuity. Upon finding u3 = u4, we determine P3 = P4, 
and then the other quantities: the densities p3 and p4, the temperatures T3 and T4, and (in 
the case of shock waves) the discontinuity velocities using the Hugoniot conditions

P--{u_-V)=p+-(u+- V )  = Q

P- + P- ' (u- ~ v)2 = P+ + p+ • (u+ -  F )2 (3)

S_ + p_/p_ + (u_ - V )2/ 2 = s+ + P J P+ + {u+ -  V)2/ 2

The subscripts (-) and (+) refer to the parameters on different sides of the discontinuity, 
and V and Q are the velocity and the flux of mass through the boundary.
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Consider two situations:
(1) The left shock wave passes through the contact discontinuity or overtakes the right 
shock wave, which propagates in the same direction as the left wave.

(2) Two interacting counter propagating shock waves.

In the first case, the pressure satisfies the inequality Px> P3 = P4> P2, and the algorithm 
for continuing the calculations is as follows. On the left, a contact discontinuity is 
formed instead of the shock wave on which u3 = u4 and P3 = P4 are specified along with 
/o3 and T3 on the left of the discontinuity and p4 and T4 on the right of it. The right 
boundary is replaced by the shock wave with P4, u4, p4, and T4 behind the front and P2, 
u2, p2, and T2 before the front. In the region between the discontinuities, the gas- 
dynamic quantities are assumed to be equal to P4, u4, p4, and T4. In the region to the left 
of the contact discontinuity, a rarefaction wave is propagating, which is not explicitly 
tracked.

In the second case, the pressure satisfies the inequalities P3-  P4> Px and P3 = P4 > P2, 
which somewhat complicates the calculation algorithm. On the left boundary, the shock 
propagating from the left to the right is replaced by a shock wave propagating in th 
opposite direction; its gas-dynamic parameters are P3, u3, p3, and T3 behind the front and 
Px, ux, 1o,, and Tx before the front. On the right, the shock wave is replaced by the 
contact discontinuity on which u3 = u4 and P3 = P4 are specified along with p3 and T3 on 
the left of the discontinuity and p4 and T4 on the right of it. Next, an auxiliary subregion 
with the left boundary coinciding with the contact discontinuity and the right-hand 
boundary coinciding with the shock wave with the parameters P4, u4, p4, and T4 behind 
the front and P2, u2, p2, and T2 before the front is created. In the region between the left 
shock wave and the contact discontinuity, all the gas-dynamic quantities are assumed to 
be equal to P3, u3, p3, and T3, between the contact discontinuity and the right shock 
wave, all the gas-dynamic quantities are assumed to be equal to P4, u4, p4, and T4.

2.3. Boundary conditions

In the process of solution, different boundary conditions may be used in differem 
calculation subdomains. For the problems considered in this paper, these conditions are 
classified as follows.

On the external steady boundaries, the impermeability condition is specified:

On the left boundary, which corresponds to the piston (for the nonuniformly 
accelerating piston problem), the law of the piston motion is specified:

On the external boundary that tracks the propagation of the perturbation over the 
background, the following boundary conditions are used:

u = 0, Q = 0 (4)

u = r( l) , Q = -pV(t) (5)

du (<>

On the contact discontinuities, it holds that
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u+=u_, P_=P+, Q_=Q+= 0 (7)

Here, the subscripts (-) and (+) refer to the parameters on different sides of the 
discontinuity (to the left and to the right, respectively).

On the shock waves, Hugoniot condition (3) must be fulfilled. Since the three equations 
connect seven variables, four of them are determined by solving system (2) at the 
boundary points; these are the density, the velocity, and the temperature before the front 
of the shock wave and the velocity behind the front. The three other unknowns (the 
velocity of the discontinuity propagation and the density and the temperature behind the 
front of the shock wave) are determined from conditions (3). For example, when the 
shock wave propagates from the left to the right, conditions (3) yield V, p, and T_.

This classification of the boundary conditions for the system of differential equations 
(2) completely closes the mathematical model under examination. The final form of the 
boundary conditions will be presented below for each particular problem.

2.4. Finite difference approximation
The numerical implementation of the model system of equations (2) in each of the 
subdomains of the computational space was performed on a grid with integer and half
integer grid points

l{(h ^ J\{qi+\l2^ J\  Ям =4i+h, qMi1 =qi + Q.5-h, i = 0,1,...,N ~\\
® /; ,Д т  . j

\T'/+ = ту+Дх7, y=0,l,... j

In the physical space, this grid is associated with the computational grid

l(x{,tJ}(x]+]/2,tJ} xJM =xi+hP, XJM,2 =xi + 0.5-hP, / = 0,1,...,W -l

юл,д, = ( hL  = h ■

i+1/2

( . V

v p ;,

\tj+] =tj + AtJ, 7=0,1,.
i+l/2

To approximate the differential equations, we used the finite difference method on 
staggered grids: the following family of difference schemes [19] was set up in which the 
density pj+ 1/2, the temperature Ti+ 1/2, the pressure Pj+ 1/2, and the internal energy ej+ 1/2 
are determined at the half-integer points, and the velocity uj and the function Qi are 
determined at the integer points:
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v Juv2- <  
Ax7

J

CTl _ Л )СТ1

t  К
_ й г , / р й - 0 ’| /р?2- « " !, + " '3

Ат /г.,

y+i „ у+i „ j P ryv - P ° b + Q ' y\ / - u \ - Q ° \ / - u c1 -и  -V ;  -м,- <+X j-K  ^i+X '+X ^<-X <
03

W  ■ “Г = _ JfK
Ax7

■̂+1/

( 8)

°.5-(й,.+̂  + /г._^)

_ c a - s s - g i _ s r i_
Ax7 ’

и ■ j j

Here,/ =аг/  + (1 - and or = ov o2, ... are the weight factors determining the
degree to which the difference scheme is implicit. If <r, = a2 = ... = 0, then we obtain a

2
completely explicit scheme with the approximation order 0(Дт + h ). In the case a] = a2
= ... = 1, the scheme is completely implicit and has the same order of approximation. In

2 2
the case cr, = a2 = ... = 0.5, the order of approximation is 0(Ar + h ). The computations 
were performed using both the implicit scheme and the mixed scheme with the weight 
factors equal to 0.5. The computation results were almost independent of the weight 
factors; however, in the scheme with the second-order approximation with respect to 
time, the integration step was by a factor of 1.5-2 greater. In this paper, we present th 
results obtained using the completely implicit scheme of the first-order of 
approximation with respect to time and the second-order of approximation with respect 
to space.

Figure 1. Flowchart o f  the calculation algorithm.
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For the functions {u, Q) = f  specified at the integer points of the grid со, their values at 
the half-integer points were determined by the rulef j+ m = 0.5(ft +fi+x). Similarly, the
values of the other functions {i]/, p, T, P, s} = / at the integer points were determined 
from the values of these functions at the half-integer points: f i = 0.5 ( f t_ 1/2 +f j+1/2).

An algorithm for solving Eqs. (7) is described in [19]. It is illustrated in Fig. 1. It 
involves two internal iteration blocks performed by the Newton method. The first 
iteration block solves the difference analog of the energy equation, and the second block 
solves the analogs of the equations of continuity, motion, and the equation governing 
the grid point redistribution (the first three equations in (7)). Both internal iteration 
blocks are included in the external iteration cycle. If the number of iteration steps in the 
external cycle exceeds seven or the number of iteration steps in the internal cycles 
exceeds ten, the time step is halved. If the number of iteration steps in the external cycle 
is less than four, then the next time step is increased 20%. The initial value for all the

unknown grid functions is determined by / j+m
= f ‘ +( / j

At7
At7”1

The class of finite difference schemes used to solve the problems in this paper is 
classified as implicit schemes with central space differences; therefore, if the iteration 
process is convergent, these schemes are absolutely stable and converge to the solution 
with an accuracy determined by the order of approximation (see [23]). By the well- 
known Godunov theorem, there are no monotone schemes with an order of 
approximation with respect to space greater than one. Nevertheless, the use of higher 
order approximation schemes is preferable to the use of the first-order schemes because 
they produce more accurate solutions on coarse grids in the case of smooth solutions. It 
is clear that the schemes proposed in this paper are not monotone because they have the 
second order of approximation with respect to space and use no monotonization 
techniques. However, the dynamic adaptation method helps explicitly track the greater 
part of the singularities in the solution (the shock waves and the contact discontinuities) 
thus eliminating the sources of nonmontonicity from the solution. Among the regions 
with high gradients, which can cause the violation of monotonicity, there remain only 
the rarefaction waves. The regions of the rarefaction waves expand with time thus 
decreasing the initial gradients of the unknown functions. This fact and the controlled 
motion of the grid points in the physical space that is coordinated with the unknown 
solution considerably reduce the appearing oscillations of the solution. Both these facts 
allow us to avoid tracking the boundaries of the rarefaction waves and avoid introducing 
monotonization procedures into the schemes for the problems under examination. We 
also stress that the use of the dynamic adaptation method does not contradict the use of 
various difference schemes and monotone algorithms (such as TVD or WENO) in a 
wide class of problems; it is rather an additional technique to those algorithms in the 
cases when it is desirable to redesign the computational grid near the singularities of the 
solution. However, this study shows that sometimes one can do without monotonization 
procedures. The main advantage of the dynamic adaptation method is that the grid point 
redistribution mechanism is introduced at the differential level (each of the initial 
equations includes the metric function ip and the adaptation function Q related by the 
additional differential equation). It was shown [13, 15] that the motion of the grid points 
coordinated with the solution considerably reduces the scheme variation.

2.5. Simulation results of the Woodward-Colella problem

The Woodward-Colella problem describes the interaction of two counter propagating 
detonation waves that are formed as a result of the breakdown of two arbitrary

9
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discontinuities (see Figs. 2 and 3). From the mathematical point of view, this problem 
reduces to solving gas-dynamic equations (2.1) that include the differential conservation 
laws for the mass, momentum, and energy in the regions /, m, r: x, e [0,0.l),
xm e (0.1,0.9), and xr e(0.9,l]. At the initial moment, the gas with the specific heat 
ratio y= 1.4 is in three different states in these three regions:

Figure 2. A schematic profile o f  the pressure and temperature at the initial moment in the W oodward-
Colella problem.

Figure 3. Scheme o f  arbitrary discontinuity breakdown at the initial time (the profiles o f  the pressure I 
and the temperature T, the regions o f  the rarefaction waves are shaded); the arrows indicate the directi -n

o f the front propagation.
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V '1  ] ' РЛ V ' г ^
и = 0 ? и = 0 5 и = 0

/ 103 Л m 410-2J ,Р) Г j o 2,

At the boundaries x = 0 and x=  1, the impermeability condition u(t, 0) = u(t, 1) = 0 is 
imposed. At the initial moment, two arbitrary discontinuities are placed at the points x = 
0.1 and x = 0.9.
As a result of the breakdown of discontinuities (9) located at the points x = {0.1, 0.9} 
(see Fig. 2), a complex structure is formed in the regions adjacent to these points. This 
structure includes rarefaction waves, contact discontinuities, and shock waves (Fig. 3). 
In order to determine this structure, the Riemann problem must be solved. We solve this 
problem using the algorithm described in Section 3, and obtain the structure depicted in 
Fig. 3. At the points of the initial discontinuities are the contact boundaries; from these 
boundaries, rarefaction waves are propagating towards the outer boundaries of the 
domain, and shock waves are propagating towards each other. Mathematically, this 
structure is described as follows:

t*0:{

x e 
x e 
x e
X G  

X G 

X G

[0,0.099] P = l. и = 0, P = 10J
(0.099, 0.0995) /(х )  = /(0.099) + (х - 0.099)-(/(0.0995)--/(0.099))/0.0005
[0.0995,0.1) р = 0.59, и = 19.5976, Р = 460.9
(0.1, 0.101) р = 5.99924, и = 19.5976, Р = 460.9

[0.101,0.899] Р = 1, и ■-= 0, Р = 10"2
(0.899, 0.9) р = 5.99242, и = -6.1964, Р = 46.09
(0.9, 0.9005] р = 0.583, и = -6.1964, Р = 46.09
(0.9005, 0.901) /(х )  = /(0.9005) + (х-0.9005)-(/(0.901) -  /  (0.9005))/0.0005

[0.901,1] Р = 1, и == 0, Т = 102

( 10)

Here, Дх) is any of the gas-dynamic functions p, u, and P determined by linear 
interpolation on x in the specified interval. At the initial time, it is assumed that u+ = u_ 
and P = P+ at the boundaries x = 0.1 and x = 0.9. At x = 0.101 and x = 0.899 two shock 
waves satisfying Hugoniot conditions (3) are placed.

In terms of the variables (q, t), the extended differential system (2) must be 
complemented with the corresponding boundary and initial conditions. If we set ip = p, 
then the Jacobian of the transformation is equal to unity. Therefore, the coordinates in 
the physical and in the computational space at the initial time coincide. Hence, initial 
conditions (10) written in terms of the variables (q, r) do not change and we do not 
repeat them here.

In the computational space, the boundaries q = 0 and q = 1 are immobile and 
impermeable (see (4)):

w(r,0) = £(r,0) = 0, и(г, l) = 0( r , l )  = O.
There is no flux of mass through the contact boundaries q = 0.1 and q = 0.9; therefore 
(see (7)), we have

и-(г, 0.1) = м+(г, 0.1) = 0, Р_(т, 0.1) = Р+(т, 0.1) = 0, 0(г,О.1) = О,
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u_(r, 0.9) = u+( t, 0.9) = 0, P_(t, 0.9) = P+(r, 0.9) = 0, Q(r, 0.9) = 0.

The boundaries q -  0.101 and q = 0.899 are assumed to be moving and are explicitly 
tracked. Their velocity is determined from conservation laws (3).

In the evolution of the solution to the Riemann problem, several principal facts are 
distinguished.

1. The breakdown of two arbitrary discontinuities in the vicinity of the outer boundaries 
of the domain under consideration (see Fig. 2). As a result, at the points of the initial 
discontinuities contact boundaries are formed; from these boundaries, rarefaction waves 
are propagating towards the outer boundaries of the domain, and shock waves of 
different intensity are propagating towards each other (Fig. 3). A typical profile of the 
density is shown in Fig. 4.

X

Figure 4.

2. The collision of the two shock waves results in the formation of a new contact 
discontinuity with two outgoing shock waves.

3. Passage of one of these shock waves through the contact discontinuity, which results 
in the formation of a rarefaction wave propagating in the opposite direction to the shock 
wave.

In the process of solution, the shock waves propagating towards each other collide, and 
this collision results in the formation of a contact discontinuity and two outgoing shock 
waves. This situation is also modeled by the Riemann problem with the parameters 
corresponding to the gas-dynamic characteristics behind the fronts of the shock waves.

12
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From the mathematical point of view, this collision results in the formation of an 
additional computational domain because we must track the appearing contact 
discontinuity (see item 2.2 above).
It has already been mentioned that in order to ensure the desired distribution of the grid 
points, the transformation function must depend on the unknown solution or on its 
features. The main feature of the solution of the problem of interacting counter 
propagating shock waves is the presence of moving discontinuities. The preliminary 
analysis shows that it is sufficient to use a quasi-uniform grid at each instant of time to 
solve this problem. A dynamic quasi-uniform distribution of the grid points can be 
obtained using one of the simplest forms of the function Q that is given by the so-called 
diffusive approximation [46, 48]

е = - Ц * .  ( П )oq

Here, D is the free parameter that has the meaning of the diffusion coefficient. Its value 
can be found from such parameters of the system as the geometric size of the domain 
and the velocity of the boundaries (see [48]). This value is found on the basis of a linear 
estimation of the size of the perturbation zone for the parabolic differential equations:

L ~ -\D ■ At .

In (11), D is chosen so as to ensure that the perturbation can cover the distance L equal 
to the distance between the moving boundaries in the time At. Representing At in terms

^2 j j

of the velocity of the boundaries v as At = -------- ,, D can be written as D = -—- l
\Vl ~ Vr AL

where AL = — L is the increment of the domain in time At and v/ and vr are the 
P

velocities of the left and the right boundaries, respectively. Taking into account the

expression for vl r = -
V p )l,r

the coefficient D can be finally written as

r ,  \ Q , - Q r \ L

v
In the discrete space of grid functions in which h is the space size and the length of the 
domain L = hN is represented using the number of meshes N, D is written as

D = Nh\& - Q r

min

( 12)

Thus, the transformation function Q is related to the features of the problem under 
consideration; namely, with the domain size and the velocity of the boundaries vi r.

The processes in the Woodward-Colella problem were simulated taking into account 
the abovementioned initial and boundary conditions for system (2.2) and the particular 
form of the adaptation function Q (see (11), (12)).

13
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X

Figure 5.

X

Figure 6.
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X

Figure 7.

X

Figure 8.
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X

Figure 9.

X

Figure 10.
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Figure 11.
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Figure 12.
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Figures 5-12 show the spatial profiles of the velocity and density at various time 
instants found from the solution of the Woodward-Colella problem by the dynamic 
adaptation method with explicit discontinuity tracking. All these figures illustrate the 
solution obtained on the grid with the total number of grid points N  = 420 containing 80 
cells in each interior domain and 50 cells in each domain adjacent to the outer 
boundaries. Due to initial conditions (10), the evolution of each discontinuity has some 
specific features. In particular, the process as a whole is affected by the interaction of 
shock waves of various intensities. Figures 5 and 6 correspond to the time when the left 
rarefaction wave was already reflected from the outer boundary and approached the left 
shock wave while the right rarefaction wave only approached the opposite outer 
boundary (t = 0.016). The further propagation of the shock waves towards each other 
leads to still greater rarefaction in the regions between the shock waves and the outer 
boundaries.

X

Figure 13.

The density and the velocity profiles at t = 0.026 immediately before the collision of the 
shock waves are shown in Figs. 7 and 8. In Figs. 9 and 10 at t -  0.032, they are shown 
immediately after the collision. The calculations were stopped when the right shock 
wave passed the right contact discontinuity (Figs. 11, 12) at t = 0.038. At that time, all 
the characteristic discontinuities are clearly visible: two shocks and three contact 
discontinuities. Note that the solutions obtained by various methods on the grids with 
less that 500 points give only a qualitative description of the behavior of gas-dynamic 
functions; the numerical values can be significantly inaccurate (for example, 10-50% 
for density). Figure 13 compares the density profiles obtained using the dynamic
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adaptation method and the modified WENO scheme [49]. It is seen that the dynamic 
adaptation method on a grid consisting of 420 cells produced almost the same solution 
(open dots) as WEN05m on 12800 cells (solid line); the results obtained by WEN05m 
on a grid consisting of 400 cells are shown by diamonds.

2.6. Simulation results of the problem of a nonuniformly accelerating piston
The problem concerning a nonuniformly accelerating piston can be obtained by 
modulating the law of motion of a uniformly accelerating piston by a periodic function 
of the type

и = V(t) = a0 ■ t + V0 • (l -  cos(co • t)).

The statement of this problem is very close to the uniformly accelerating piston problem 
with the difference that the law of the piston motion has a periodic component in 
addition to the uniformly accelerating component. The periodic law of motion leads to 
the generation of a series of shock waves. They appear in the gas near the surface of the 
piston when it is accelerating and recede into the depth of the domain when it is 
decelerating. Since the piston law of motion includes an accelerating component, each 
next shock wave is more intensive than the previous one; when propagating, the next 
wave overtakes the previous one and absorbs it. At the place of absorption, a contact 
discontinuity is formed: a rarefaction wave is formed that propagates towards the piston, 
and a shock wave propagates in the opposite direction. Since the motion of the piston is 
periodic, the pattern of the gas-dynamic flow becomes more complicated with each new 
shock wave; this requires that the interaction of the shocks with the contact 
discontinuities be taken into account in addition to the interaction between the shock 
waves.
Application of the dynamic adaptation method to the nonuniformly accelerating piston 
problem is reduced to solving system of equations (2) with the corresponding initial and 
boundary conditions.
The initial conditions are as follows: и = 0, P = P0 = 1 bar, T= T0 = 273°K, and \j/Q = 1. 

The boundary conditions are as follows.

(a) On the piston

и = V(t) = a0 -t + V0 -(l-cos(co-t)) (see (5)),

where a0 = 2.5-1011 cm/sec2, V0 = 3 -104 cm/sec, со = (л/2)-108 1/sec.
(a) On the free boundary

u = 0, P = P0, T = T0, Q = --[~  (see (6)).
ou

The thermophysical characteristics are as follows: Cv =6.93x10”’ J /g K ,
R = 2.8668x10"' J j g К .

This problem was solved using a family of finite difference schemes written on 
staggered grids (see Section 2.4 and [19]). The modifications in the algorithm 
concerned only the mechanism of shock waves generation and interaction of 
discontinuities (shock-shock and shock-contact discontinuity).
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When the inequality ut A -  ui+] > 5 (where 8 is a small number) became true in each cell 
of the subdomain adjacent to the piston, the C+ characteristics

Q V i/2 = 0 -5 -(w/_i + w/)+ / y - ^ - ^ - i/2

Ci,M /2 = °-5 • iUM +Ui)+-ft ~R - TM!2

were drawn from the centers of the cells i -  1/2 and / + 1/2. The time when these 
characteristics meet is found by the rule

H  ~  (X /+l/2 ~  X ;-l/2  ) / ( C + , / - l / 2  — ^ ' + ,( + 1/2 ) •

j  J . . . . .
When t + tQ attained its minimum and the coordinate of the intersection point fell in
the computational sub-domain, the time of the shock generation tsw = t + 0.95 tc was 
fixed, and the computation continued. The coefficient 0.95 is introduced to avoid 
violating the monotonicity of the gas-dynamic quantities caused by the excessive 
coarsening of space profiles. As soon as the time exceeded tsw, a discontinuity was 
explicitly introduced on the left boundary of the cell with the maximal gradient. It was 
assumed that conservation laws (3) (Hugoniot conditions) were fulfilled on this 
discontinuity.

As in the Woodward-Colella problem, all the subsequent interactions between the 
discontinuities are reduced to the Riemann problem (see Section 2.2). As a result, a 
contact discontinuity, and outgoing shock and rarefaction waves propagating in opposite 
directions are formed. Since the rarefaction waves are not explicitly tracked in the 
proposed algorithm, the number of tracked discontinuities before and after the 
interaction remains invariable. This allows one to make simple algorithmic 
modifications in the computation procedure for this case.

Choice of the transformation function Q. The main difficulties in the choice of the 
adaptation function Q in the problem of the interaction of the shock waves generated by 
the nonuniformly accelerating piston are caused by the requirement to use strongly 
nonuniform grids. The grid points in the domain adjacent to the piston must remain near 
the piston surface as long as possible because, due to the nonuniformity of the piston 
motion, the solution has high gradients here and shock waves are generated. The 
application of uniform grids is inefficient in this case because they have too many grid 
points. In the dynamic adaptation method, the distribution of the grid points is 
controlled by the choice of the function Q. To generate nonuniform grids, several types 
of functions Q can be used [4, 13, 19].

The diffusive approximation with the function g  = -£) • -— is attractive due to its
dq

simplicity. It was earlier used only for the generation of quasi-uniform grids [46, 48, 
50]. However, if we reject the requirement for the propagation of the perturbation of \1/ 
to the entire domain with moving boundaries and restrict ourselves to several grid cell , 
the diffusive approximation can be used for the generation of strongly nonuniform 
grids. The degree of nonuniformity depends on the size of the domain (or the number of 
cells) affected by the perturbation of ip.
Using the derivation of the diffusion coefficient D in the Woodward-Colella problem 
and assuming that the perturbation affects only two intervals (N = 2), formula (12) can 
be modified as follows:
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N-h-fo-Qr]

Vrnin

where N = 2 and factor ^(v|r) = s ,
[УЧ>

cells from collapsing when у  « 1.

Simulation results. Simulation of the processes in the nonuniformly accelerating piston 
problem was performed with account for the initial and boundary conditions for system 
(2.2) formulated above and with account for the particular form of the adaptation 
function Q. The depth of the initial domain and the number of cells were
1 = 3.2x10 cm and A = 380.

у  >1
is introduced to prevent two adjacent

V|/ < 1

Figure 14.

Figures 14-16 show the space profiles of the gas-dynamic quantities and temperature at
various time moments. In all the figures, the piston is located at x = 0.0 cm. At t = 6... 8
xio s (Fig. 14), two shock waves are clearly visible; one of them was formed earlier 
and has already receded from the piston, and the other has just appeared. The latter
wave has a large velocity and will finally absorb the former wave. At f = 1.4 x 10 s 
(Fig. 15), one wave has already absorbed the other, and two new shock waves appeared; 
one of them has passed through the contact discontinuity formed at the location of

. -7
absorption. Finally, at t = 1.8 xio s (Fig. 16), three explicitly tracked shocks and two 
contact discontinuities are visible; i.e., by this time, the exterior shock was twice 
absorbed by the shocks formed later. Six space computational domains with one fixed 
and six explicitly tracked moving discontinuities are associated with these phenomena.
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Figure 15.

Figure 16.
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h ' I h  'л: л:

Figure 17.

that describes the
, i i f  у

-7 n J VI/
Figure 17 shows, at t = 1.8 ХЮ s, the dependence -jr= —

К  I p
change of the size of the cells in the physical space by the end of the computation

hJrelative to their size at the initial moment. During computations, the ratio — varied
nt

-4
from 10 (before the interaction of the discontinuities) to 400 in various domains; i.e., 
the variation of the space grid size exceeded six orders of magnitude. This variation did 
not cause any complications in the computations.

3. PISTON PROBLEM WITH NONLINEAR HEAT CONDUCTIVITY

3.1. Mathematical statement

The Euler equations for inviscid flow of an ideal heat-conducting gas obeying the y-law 
are (see section 2.1)
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dp d
— ---1-------
dt dx

(lр-м) = 0,

d
dt

d_
dt ( p l £ ) + ~dx

(p-и -z)+P- du dW-----j-----
dx dx

=  0.

(13)

where p, и, P, e, T, W and у are the density, velocity, pressure, internal energy, 
temperature, thermal flow and specific heat ratio with

P = pRT,  e w  = ~x(p,T)d̂ ,
у — 1 p dx

initial conditions:

p(x,0) = p0, u(x,0) = 0, Г(х,0) = 0 ,

and boundary conditions:

u(0,t) = v0 -tn, W(0,t)-p0 -v03 -r3" 
u(co,t) = 0, p(°o,0 = p0, T(<x>,t) — 0

Dependence of a thermal conductivity X from density and temperature and value of 
coefficient n will be specified later at discussing of the self-similar solution (see section 
3.4).

Using the change of variables of the general type according to the dynamic adaptation 
method, we make the transformation to an arbitrary time-dependent system c " 
coordinates with the variables {q, x) in which Eqs. (13) are written [19]

~ ( v  • p) + ~ - ( p ' (u + Q))=o,dx dq

-5 -(y-p-n)+ ~ ( P  + p-u-{u + Q))=0, 
dx dq

(15)
d ( \ 5 ( ( rP\ и du dW n— (vp-p-e)+- (s-pi u  + Q))+P-- ~+ —-  = 0,

dx dq dq dq
<9vp dQ dx
dx dq dq

where W = -  '- .
dq

In contrast to system (2) (see section 2.1) Eqs. (15) look in a different way because now 
\p is the Jacobian of the transformation, Q is the transformation function (its physical

d xmeaning is the velocity of the coordinate system) —  ~~Q ■
dt

Discontinuity in the produced setting is tracked explicitly, therefore Eqs. (15) are solved 
in two subdomains separated by a shock wave with parameters defined by means of 
Hugoniot conditions
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p_(u_-V)=p +(u+- V )  = DM 

Р + р _ ( М_ - Г )2 = P++p+(u+- V f

8_ +P_/p_ + { u _ - V f  W_
+  v ^ - £ + + - P + / p +  +

K - f L i f ,
D

+ -
м Dм

The subscripts (-) and (+) refer to the parameters on different sides of the discontinuity, 
and V and DM are the velocity and the flux of mass through the boundary. Taking into 
account that fact that in the presence of thermal conductivity temperature is continuous 
on a shock wave and the velocity V in the variables (q, r) is defined as

v  = -Q{q\^)=-Q\,

Hugoniot conditions are rewritten differently:

P-(m_ + Q\) = P+ (и+ +Q\) = d m

P_ + p _{u_ +Qlf = P ++ p M  + Q\ f  (16)

w_+ 0.5 p_ (u_ + Qlf = W + + 0.5 p+ (u+ + Qx )3

Calculation is started from some small (but non-nil) time instant. Initial space 
distributions of gasdynamic functions are determined almost arbitrarily in two fields 
separated by a shock wave. It is known that thermal perturbation on a cold hum is 
propagated with a finite speed, so boundary conditions (14) for Eqs. (15) may be 
specified at finite point q = qo. This point is a free boundary, which velocity 
V0 =-Q(q0,T) is defined from the second equation of system (15). Produced 
approvement allows in many problems of fluid dynamics to exclude from domain of 
definition the region with incidental perturbation and, thereby, it is essential to reduce 
an amount of nodes and calculating speed. Hence, initial and boundary conditions (14) 
in terms of the variables (q, r) are written:

Initial conditions:

0 < q < q x : u(q,t0) = v0-t0n -(1-0.5-q/q^,
P(<?T0) = P+. T(q,t0) = T+, \\i(q,t0) = 1; ^

qx<q<q0 : u(q,t0) = u_= 0, p(q,tQ) = p_ = p0,
T(q,t0) = T_=T0, \\j(q,t0) = 1.

Parameters with subscript (+) is defined from Hugoniot conditions (16).
Boundary conditions:

q = 0: u(0,t) = v0-tn, W(0,t) = Po • v03 • t3n, 0 (0 ,0  = -v0 • tn
1 dP (18)q = qQ: u(qQ,t) = 0, p(q0,t) = p0, T(q0,t) = T0, Q(q0,t) =------- ~

p0 ou

On the shock waves, Hugoniot condition (16) must be fulfilled. Since the three 
equations connect six variables, three of them are determined by solving system (15) at 
the boundary points; these are the density and the velocity before the front of the shock 
wave and the velocity behind the front. The three other unknowns (the velocity of the
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discontinuity propagation V {Q\= -  V) the density p+ behind the front of the shock wave 
and the temperature T= T+) are determined from conditions (16).

3.2. Finite difference approximation

The numerical implementation of the model system of equations (15) in each of the 
subdomains of the computational space was performed on a grid with integer and half
integer grid points

To approximate the differential equations, we used the finite difference method on 
staggered grids: the following family of difference schemes [19] was set up in which the 
density pj+ 1/2, the temperature TH 1/2, the pressure Pl+ l/2, and the internal energy s.+ , , 
are determined at the half-integer points, and the velocity ui and the function Qt are 
determined at the integer points:

In the physical space, this grid is associated with the computational grid

= tJ +AtJ, j -  0,1,...

Axj

(19.

Ax1

+  -  -

h. Уi+
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An algorithm for solving Eqs. (19) is described [19] in section 2.4 and is illustrated in 
Fig. 1.
For convergence of iteration process approximation for boundary conditions of velocity 
on a shock wave is performed by means of not divergent form of the appropriate 
equation of system (15):

V-P-
du
dx

dP
dq

p-(u + Q)- du
dq

3.3. Choice of the transformation function Q
) , ■

According to a quasi-steady-state principle, jjippose we found such conversion function 
at which in the computational space those of other processes flow past stationary. 
Therefore we can equate appropriate temporary derivatives to null (in case of

d 8stationarity of thermal processes —  = 0). Transformation function Q results from the
dx

energy equation of system (15) noted in a nonconservative form:

de —  
dx ( T p ) + ¥ p | ^  +dx

p(u + Q) de d-----hs —
dq dq

(p(u + Q))+P du_ dW 
dq dq

After simple conversions we will gain a final form of the transformation function:

Q = - U-(y - i )T
du
~dT

X (y -l)r  d\\i 1 (y-1 )t L ,  Sp + X, 
vp2 P dq P\\f p dq 7

dT . d 
—  + X —  

dq dq
f, dTm-l dq JJ

The first two terms have essential gas dynamic origin. The third term has the explicit 
diffusion mechanism, and leads especially to a uniform distribution of metric function 
in regions with small vp and a large-scale thermal conductivity X. And the last term 
realizes adaptation under density and temperature gradients.
For obtaining of necessary uniformity of a grid, to the function gained from a quasi
steady-state principle, the function gained from diffusion approach (see (11), (12)) with 
a cover zone by perturbation of one mesh (Af = 1) is added:

q  = _D ?V_ D - h\ max(v/A.)
д Я  ’ V m in

Finally the transformation function used in computation is specified:

2  = - u - ( y - l ) r | ~ -
dT

X (y -  l)r h |тах(у;, vr )|

+ (y-l)T
r

P\\i

P

dT

Vn dq
+

к е Р+г тЁ 1 +11 .
p dq T dq dq

i  dT\In!— i 
\dq\JJ

(20)

3.4. Self-similar solution

Problems with nonlinear thermal conductivity are well studied and the major set of self
similar solutions is known in problems of fluid dynamics and heat transfer []. The
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physical mechanisms for processes of heat transfer can be various. However for many 
cases the thermal conductivity is written as a temperature and density power function 
that is looks like:

X = X0Tapb. (21)

For the wide set of problems, it holds that a > 0,b < 0 .

The problem consists in discovering values a, b, n (see (18)) at which there is a self
similar solution to write out system the ODE in self-similar variables and to solve it. It 
is known [] that solution of the piston problem for the gas with non-linear heat 
conductivity is self-similar if it holds that a = 4, b = -2, n = 1/6. For receiving of ODE 
system we specify such dimensionless functions f  a, 8, w, that

/ ( , ) =  f f e j ) ,  Ф ) = -pH
Po Povo 1v0 t V

Where transition formulas to variable s are set by following relations

ds
dx

5 ds _ d s  ds
v0 tn+] dt d t  dx

-(« + 1)5? 1 -  a  5/ 1,

and A.0 = l 0v0 6 p03 R5. 

Then we obtain

(л + 1)^5' = 82 a ' 
n a - ( n  + l ) i a '  = - ( /  8)'

{2n f  ~(n + \)s f ' )  = - / 8a ' -  w'
Y - l

w = - £ 0r s ft+1 / '

Substituting values a, b, n, у we write the final ODE system

7 58' 
6

= 82 a '

/
2

a  75 a ' 
6  6 ~  

_ l l L  =
4

- / 8  a ' -  w

The boundary conditions are as follows:

(22)

5 =  0 a  =  1, w =  1 
5 = со a  = 0, w = 0, /  = 0, 8 = 1.

To solve the system (22) it is necessary to note two moments. At first, there is a point 5o 
(heat wave front) in which function / ’ is break, more to the right of this point all 
functions have initially preset values. Secondly, there is such point s\, in which all

28



Р. V. BRESLAVSKII AND V. I. MAZHUKIN/Modelling of shocks propagation and their interactions

functions, except /  have a breakdown. In self-similar variables it is possible to write 
Hugoniot conditions in point s \:

5,
6 2

^ • f  =  0
49 V

a ,  = a , +  ̂ f '1 • (l - Q)
6 - 5 ,  

/2  =  /1

w2 = w, —0.5 ■ Sj 7 s ,
6-5

\3

1 У

(23)

Value of parameters .?o, is found from the numerical solution of combined equations 
(22) at the appropriate boundary conditions set at 5 = 0 and s = s0. Three self-similar 
solutions were received for different thermal conductivities X0 ={10, 50, 200}.

3.5. Simulation results
The piston problem for the gas with non-linear heat conductivity is described the 
propagation shock and heat waves. From the mathematical point of view, this problem 
reduces to solving gas-dynamic equations (15) that include the differential conservation 
laws for the mass, momentum, and energy taking into account appropriate Hugoniot 
(16) initial (17) and boundary (18) conditions and received transformation function 
(20). Parameters are chosen the same as in self-similar solution:

R = l, p0 =l, v0 =l, n = \ ,  X = X0-T4 -p~2.
6

To track movement of a free boundary correctly the coefficient of thermal conductivity 
in field between a shock wave and the free boundary is chosen

A. = V  (r -  ?<, • 0.95 • 1 °]~m  }'P~2-
This formula show that at T = To the thermal conductivity is only 5 % from real and for 
example at T= 3 To differs from real less than on 1 %.

f\ 'iAt the initial time to= 10' value of background temperature is specified To = 4><10 and 
total length of two initial domains and the number of nodes are L = 10~8 and N= 40, i.e. 
h = 2.5xlO'10. Constants Ло matched to dimensionless coefficients of thermal 
conductivity X0 in self-similar solution.

Figure 1 shows the space profiles of gas-dynamic quantities and temperature at t = 10'3 
for Ло = 10. The amount of grid points in region between the piston and a shock wave is 
chosen equal 30; in region between a shock wave and an external free boundary the 
amount of grid points is equated 10. The solid line matches to the self-similar solution, 
and dashed with markers - to the numerical solution by used on dynamically adapting 
grid. At this time the numerical solution though has an approximate appearance self
similar, but does not coincide yet with it owing to randomness of initial space profiles.
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Figure 18. The space profiles o f  gas-dynamic quantities and temperature at t = 10'J for \  = 10; solid line 
-  the self-similar solution, dashed line with markers -  numerical solution on dynamically adapting grid.

At later stage the numerical solution completely matches with self-similar solution that 
shows fig. 19 at t -  106. Function \\i defines the ratio of the space step at arbitrary time 
moment to a step chosen at the initial time. On the end of calculations its quantity 
reaches ~10b , i.e. the space step varies on 15 orders on quantity. Any complexities at 
execution of calculations it is condition does not call. From behavior of functions у, 
temperature and density it is possible to conclude on successfully chosen transformation 
function which concentrates of grid nodes in regions of heavy gradients of temperature 
leaving thus their sufficient number in fields with a little varying solution. It is visible 
also, that there is the subsonic warm-up of medium as the heat wave loses the shock. 
The produced propagation mode of heat is termed as a regime of TW-II and is 
characteristic for small values of parameter Ao in a thermal conductivity.

Figures 20, 21 show the space profiles of gas-dynamic quantities, temperature and 
metric function vp at t = 106 for Ao = 50, 200 accordingly. Here the amount of grid points 
in region between the piston and a shock wave is chosen equal with an amount of grid 
points in field between a shock wave and an external free boundary and equated 20. The 
solid line matches to the self-similar solution, and labels - to the numerical solution by 
used on dynamically adapting grid. For Ao = 50 on fig. 20 velocity of a heat wave is 
approximately equal to velocity of a shock wave. But for Ao = 200 on fig. 21 there are a 
supersonic warm-up of medium when the shock wave loses from thermal (the so-called 
regime of TW-I).
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Figure 19. The space profiles o f  gas-dynamic quantities, temperature and t|/ at / = 106 for Xo = 10; solid 
line -  the self-similar solution, markers -  numerical solution on dynamically adapting grid.
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4. CONCLUSIONS

The dynamic adaptation method as applied for gas dynamics problems with multiple 
interactions of discontinuities was considered. Using the test Woodward-Colella 
problem as an example, the efficiency of the proposed approach was demonstrated. The 
results obtained for the nonuniformly accelerating piston problem show that the 
dynamic adaptation method can be used in problems with multiple interactions of 
discontinuities when they are required to be explicitly tracked. For both problems, the 
diffusive adaptation function was used. This function made it possible, using a simple 
variation of the diffusion coefficients, to obtain results in each of these problems that 
are significantly different from the adaptation point of view. In the Woodward-Colella 
problem, where there is no need for mesh refinement in the vicinity of the singularities 
of the solution, the diffusion coefficient was chosen so as to generate a quasi-uniform 
grid in all the subdomains of the solution. In the nonuniformly accelerating piston 
problem, in contrast to the Woodward-Colella problem, there are two conflicting goals 
in the generation of the computational grid. On the one hand, at the initial stage of 
shock formation, the grid must be refined in the domain before the front. On the other 
hand, as the domain between the discontinuities shrinks, it is desirable to make the grid 
more and more uniform. A choice of the diffusion coefficient in the adaptation function 
was validated that makes it possible to satisfy both requirements by adapting the grid 
near the moving boundaries (which results in a strong non-uniformity of the grid in 
large subdomains of the solution) and by gradually making the grid size more uniform 
in the shrinking subdomains.
The solution of the piston problem with nonlinear heat conductivity show the quality of 
results obtained on dynamically adapting grid. For that problem transformation function 
including two terms was used. The first term was obtained from quasi-steady-state 
principle and realized adaptation in the regions of density and temperature gradients. 
The second one was diffusive adaptation function with a cover zone by perturbation of 
one mesh for obtaining of necessary uniformity of a grid. All presented results were 
gained on a grid with a total number of grid points N = 40. Usage of a free mobile 
boundary allowed solving problem with the considerable expansion of the space scale. 
On the end of calculations function vp which defined the ratio of the space step at 
arbitrary time moment to a step chosen at the initial time reached ~1015, i.e. the space 
step varied on 15 orders on quantity. Any complexities at execution of calculations it is 
condition did not call. Time step was incremented in process of growth of metric 
function 141. For different heat conductivity coefficients it was watched various 
propagation mode of heat wave. For = 50 there was the subsonic warm-up of medium 
as the thermal wave lost the shock wave (TW-II mode). But for A) = 200 there was a 
supersonic warm-up of medium when the thermal wave leaved behind the shock wave 
(so called TW-I mode).
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