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Abstract—Using the molecular dynamics method, heterogeneous melting–crystallization of aluminum is simulated under conditions when the phase front propagates over the overheatedovercooled phase. The dependence of the phase front velocity on the temperature deviation from the
equilibrium melting temperature is determined. The dependence obtained from atomistic simulation
is used as an approximating function to obtain the temperature dependence of the kinetic rate in
the analytical form. The steady-state temperature dependence of the kinetic rate v(Ts ) for extreme
values of aluminum overheating-overcooling is constructed for the ﬁrst time.
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Solid melting and liquid solidiﬁcation are widespread phenomena in nature. There are known two
melting/crystallization mechanisms: the heterogeneous (also called the surface or frontal) and homogeneous (bulk) ones. In the former case, within classical thermodynamics [1], solid melting and liquid
solidiﬁcation are deﬁned as phase transformations of the ﬁrst kind, which occur at a certain temperature
Tm corresponding to equal Gibbs free energies of solid and liquid states. Motion of a continuous medium
with a strong discontinuity surface (phase interface) on which thermal and optical characteristics (the
internal energy ε (enthalpy H), the speciﬁc heat capacity Cp and thermal conductivity λ coeﬃcients,
density ρ, and pressure p) abruptly change corresponds to heterogeneous melting/crystallization mechanisms. At the phase interface Γs (t), the notion of the front motion velocity and two temperatures –
the equilibrium melting temperature Tm (phase state temperature) and the temperature at the mobile
interface Γs (t) (phase transition temperature) – are introduced. The homogeneous melting mechanism
is characterized by new phase (liquid) nucleation in a certain volume of an overheated crystal. Similarly,
homogeneous solidiﬁcation occurs in a certain volume of overcooled liquid. Metastable overheated and
overcooled states are inherent to all melting and solidiﬁcation mechanisms. Limits of solid overheating
and liquid overcooling implemented at very high heating-cooling rates (e.g., heating using intense
ultrashort laser pulses) relate to fundamental problems which are actively studied [2–5] along with their
numerous applications [6]. Homogeneous phase transitions are not considered in this paper.
In heterogeneous phase transitions, the basic quantity describing the kinetics of crystallization and
melting processes is the phase interface velocity vs = v(Ts ), which is a function of the temperature Ts
deviation from the equilibrium melting temperature Tm , (ΔT − Ts − Tm ). In most theoretical studies,
the function v(Ts ) is determined using some generalizations of the Wilson–Frenkel theory [7, 8]. One of
the best known models is based on the mechanism of diﬀusion limitation of the crystallization–melting
front velocity [9]. The crystallization–melting front velocity with diﬀusion limitation is expressed by the
equation
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where C is the ﬁtting parameter, Q is the activation energy, kB is the Boltzmann constant, kB Ts is the
average thermal energy for one atom, and Lm is the latent melting heat.
Equation (1) was used to study the silicon melting–crystallization kinetics in a relatively small
vicinity of the temperature Tm [10, 11]. The results were compared with the results of molecular–
dynamics simulation with the Stillinger–Weber interaction potential [12] and experimental data. The
comparison showed acceptable agreement. For pure metals, the molecular-dynamics simulation of the
crystallization kinetics [10] using the Lennard–Johnson interaction potential [13] showed that at strong
overcooling where the diﬀusion coeﬃcient D is very small, the new phase growth rate in monatomic
metals appeared much higher than the phase interface velocity determined from Eq. (1). The authors
came to the conclusion that solidiﬁcation should be limited by the collision frequency of liquid phase
atoms with crystal faces, rather than by diﬀusion. In this case, the diﬀusion
 term (exponent (−Q/kB Ts ))
is replaced by the expression for the average thermal velocity vT = 3kB T /m. The expression for the
propagation velocity of the melt–solid phase interface takes the form
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where the coeﬃcient C = af /λ, m, is the atomic mass, a is the interatomic distance, λ < a is the
mean free path of an atom of liquid before the collision with crystal surface, and f < 1 is the eﬃciency
factor (a constant close to unity) taking into account the fact that some collisions are ineﬃcient for the
crystallization process.
The dependence obtained (2) was used to study the sodium melting–crystallization kinetics [14] in
the vicinity of Tm . The results were compared with the results of dynamic simulation with the Lennard–
Johnson interaction potential and experimental data. With a proper choice of ﬁtting coeﬃcients, quite
satisfactory agreement of results was obtained.
The indicated approaches to the determination of the melting and crystallization kinetics contain
two main disadvantages: a narrow temperature range (vicinity of the equilibrium temperature Tm ) of
overheated and overcooled states, in which the adequacy of the results is guaranteed; the existence of
poorly studied quantities whose eﬀect is taken into account using ﬁtting parameters whose selection
method is unknown deep in the metastable region of overheated and overcooled states.
The objective of this study is the development of a simple method for constructing the steady-state
temperature dependence of the kinetic rate of metal melting–crystallization processes in a wide range
of overheating and overcooling with predetermined approximation coeﬃcients. To this end, atomistic
simulation of the aluminum melting–crystallization kinetics with interaction potentials of the embedded
atom method (EAM) [15] followed by approximation of expression (2) is used.
The molecular-dynamics simulation (MDS) is based on the model representation of the multiatomic
molecular system in which all atoms are presented by material points whose motion is described in the
classical case by Newton equations. Each of N point particles has the mass, radius vector, and velocity
i = − ∂U (r1 ...rN ) , U (r1 ...rN ) is the
mi , ri , vi , i = 1...N , respectively; the interaction via the forces F
∂ri
ext

potential energy; the interaction with external ﬁelds via the force Fi .
The mathematical model consists of a system of 2N diﬀerential equations, their diﬀerence analogue
(diﬀerence scheme), the interatomic interaction potential, and speciﬁcally determined initial and boundary conditions. From the numerical solution of the system of diﬀerential equations, the coordinates and
velocities (ri , v ) of all N particles are determined at any time point.
As an object of the study, aluminum was chosen, which has an fcc lattice in the solid state. The
molecular-dynamics simulation of the heterogeneous metal melting–crystallization was performed
under conditions of phase front propagation over the overheated/overcooled phase.
The calculated parallelepiped-shaped region 5×5×41 nm in size is ﬁlled with 57600 particles
interacting via the EAM potential for aluminum [15]. In all three spatial directions, periodic boundary
conditions are imposed on calculated region boundaries, which ensure the constancy of the number of
particles. In the region of the inter-phase boundary, the particles form a complex structure containing
two phases: the crystalline and liquid ones. At the initial stage, the liquid phase occupies ∼18% of the
calculated region volume for studying the crystallization process; the crystalline phase occupies ∼80%.
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Fig. 1. Dependence of the melting/crystallization front velocity on the overheating/overcooling temperature for
aluminum.

The melting–crystallization kinetics was studied by designing a series of numerical experiments in
the range of liquid phase overcooling and solid phase overheating with respect to the equilibrium melting
temperature Tm by –50% and +20%, respectively.
The performed molecular–dynamics simulation resulted in the temperature dependence of the phase
front velocity v(Ts ) in the range of limiting aluminum overheating and overcooling, denoted by circles
in Fig. 1.
The following step was a comparison of the results of the molecular-dynamics simulation (MDS)
with the results of the kinetic approach [10] (see Eq. (2)).
Table 1. Calculated (molecular-dynamics simulation) and experimental [17] values of Tm and Lm
Metal

Source

Tm , K

Lm , kJ/mol

Al

MDS

925

8.9

[17]

933.2

10.8

Equation (2) contains two thermal parameters, i.e., the equilibrium melting temperature Tm and the
latent melting heat Lm . Since these values in the molecular-dynamics approach can slightly diﬀer from
actual values (in view of imperfection of used interaction potentials), for adequate comparison of two
curves, the same values of Tm and Lm as in the MDS should be used in Eq. (2). They were determined
by the techniques described in [16] using MDS with the same potential [15]. The calculated results are
listed in the table.
Using the temperature dependence v(Ts ) obtained by MDS as an approximating function, Eq. (2)
was modiﬁed by introducing two additional coeﬃcients α and β into the exponent and pre-exponential
factor,
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The best agreement with an error no more than a few percent in the whole temperature range
was reached at the approximating coeﬃcients α = 5.28 and β = 0.206. Figure 1 shows the modiﬁed
dependence (solid curve).
The obtained temperature dependence of the kinetic velocity v(Ts ) in the analytical form is important
to formulate continual models describing rapid phase transitions in the approximation of various versions
of the Stefan problem [18].
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Thus, the simple method is proposed for constructing the most important kinetic characteristic of
the heterogeneous metal melting–crystallization mechanism, i.e., the phase front velocity. The steadystate temperature dependence of the velocity v(Ts ) for limiting values of overheating–overcooling was
constructed for the ﬁrst time by the example of aluminum melting–crystallization. The constructed
dependence contains two approximation coeﬃcients independent of temperature. This method allows
construction of the temperature dependences of the kinetic velocity v(Ts ) for a wide class of metals.
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