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Abstract—Molecular dynamics (MD) modeling of the thermophysical properties of pure metallic gold
(Au) and hysteresis is considered in order to study its behavior during melting–crystallization phase
transformations, i.e., in the transition from solid to liquid. The results of computational experiments
are presented, in which the temperature dependences of a number of thermophysical characteristics of
the metal are obtained. The possibility of the formation of highly superheated metastable states of the
solid phase upon rapid heating of Au has been confirmed.
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1. INTRODUCTION
The phenomenon of melting–crystallization of metals, which is a phase transformation of the first

kind, plays an important role in materials science and engineering. In recent years, extensive experimental
[1–10] and theoretical studies in combination with modeling of melting–crystallization of solids [11–21]
have significantly expanded the understanding of the nature of this phenomenon. However, nonequilib-
rium processes of melting–crystallization, accompanied by the appearance of metastable super-
heated/undercooled states in the initial phase [20, 22], which are manifested in the phenomenon of ther-
mal hysteresis [1–4, 17–21], are still of interest for research. Of particular interest is the melting mecha-
nisms of one of the noble metals–gold, which occupies an important place among metals in terms of
significance and prevalence in many branches of scientific research and innovative technological applica-
tions [23–26].

Studies of the kinetics and dynamics of phase transformations are carried out mainly by mathematical
modeling methods [27]. When constructing and using continual mathematical models, it becomes neces-
sary to take into account the dependence of material properties on temperature and pressure. For this rea-
son, one of the most important problems of mathematical modeling is the necessity of determining
thermo-physical properties in the wide temperature range (from 0.3 kK to 3–4 kK), where the decisive
role is played by the phase transitions of the 1st kind (melting/crystallization, evaporation/condensation)
The most important properties of the melting/crystallization processes in gold are the equilibrium melting
temperature Tm, latent heat of melting Lm and the properties of heat transfer such as density ρ(T), specific
heat Cp(T), and lattice thermal conductivity κlat(T). The estimation of the degree of superheating/under-
cooling of the condensed phase during melting/crystallization is also important. It is obtained from the
investigation of thermal hysteresis. Due to the limited possibilities of instrumental measurement of the
thermo-physical characteristics of the material under study at high temperatures T > Tm, computational
approaches become relevant, the main tool of which is the method of molecular dynamics (MMD). The
possibilities of modeling using MMD make it possible to determine the density, enthalpy and specific heat
of metals, since these characteristics are mainly determined by lattice vibrations. The contribution of the
electronic subsystem to the specific heat is noticeable only at a low temperature T < 0.01 kK [28].

In contrast to specific heat, the contribution of the electronic component to the thermal conductivity
of gold is significant. According to [29], the contribution of electronic component to the total thermal
conductivity of gold is less than 95%. Since in metals the main part of heat f lux is transported by conduc-
tion electrons, it was considered, that the lattice thermal conductivity does not play an essential role.
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Therefore, it was not necessary to separate the total thermal conductivity into an electron and a phonon
component.

Although electrons dominate the thermal and electrical transport in metals, phonons play a crucial
role in the fact that electron transport is limited by electron–phonon scattering at intermediate and high
temperatures (i.e., above one tenth of the Debye temperature) in the melting region [30]. In addition,
electron–phonon interactions are important for superconductivity [31], the mobility of hot carriers [32],
the reaction of a material upon ultrafast heating by ion bombardment or laser irradiation [33, 34], and heat
transfer through metal interfaces dielectric in thermoelectric [35, 36] and plasmonic [30] devices. Sepa-
ration and quantitative evaluation of the contribution of phonons to the thermal conductivity in metals is
necessary for modeling electron–phonon nonequilibrium using a two-temperature model, for example,
in the analysis of thermal reflection experiments, which can resolve the contributions of carrier levels to
thermal conductivity [31, 37–41].

The purpose of this work is to obtain the temperature dependences of the equilibrium density,
enthalpy, specific heat and phonon thermal conductivity of gold in the temperature range (T ~ 0.3–
3.20 kK), which includes the melting region. The paper also considers the features of nonequilibrium
melting and crystallization of gold based on the thermal hysteresis of enthalpy and density in the tempera-
ture range 0.60 kK ≤ T ≤ 2.00 kK. The thermal hysteresis, as well as the thermophysical properties of gold,
are obtained from molecular dynamics simulations. The potential of the embedded atom method (EAM)
developed and tested in [42] for gold was used as the interatomic interaction potential. The article presents
the results of atomistic modeling, as well as the results of comparing the obtained characteristics of gold
with experimental data, showing an acceptable qualitative and quantitative agreement. Numerical and
graphical information about the properties obtained and the results of comparison with experimental data
are presented.

2. METHODS AND APPROACHES
The main focus of this paper is the analysis of the change in thermal physical properties at the solid–

liquid phase transition and the investigation of the degree of superheating/undercooling of the condensed
phase of gold on the basis of the thermal hysteresis phenomenon. The determination of the temperature
dependences of thermo-physical properties of gold: density ρ(T), enthalpy H(T), specific heat Cp(T),
phonon thermal conductivity κlat(T) in the temperature range 0.3 kK ≤ T ≤ 3.0 kK, temperature and latent
heat of melting at P = 0, as well as obtaining a thermal hysteresis of enthalpy and density is based on the
atomistic approach.

For numerical solution of atomistic models, the method of molecular dynamics (MMD) is widely
used. The atomistic approach is based on the model concept of multiatomic molecular system in which
all atoms are represented by the material points whose motion is described by the Newton’s classical equa-
tions. Atomistic models represent a system of differential equations, for integration of which the initial
conditions are given as values of coordinates and velocities of all particles at the initial moment of time
t = 0. The resulting ODE system is solved using the finite-difference Verlet scheme [43].

In MD modeling, the choice of the interaction potential between the particles plays an important role,
since the reliability of the results obtained directly depends on it. To model the properties of metals, the
potentials from the embedded atom method group (EAM) are mainly used. The EAM potentials take into
account pair and collective interactions, the potential energy of a metal is the sum of the embedding
potential of the ith atom, which depends on the effective electron density in the region where the center
of the atom and the pair potential are located. In the MD modeling of the thermo-physical properties and
thermal hysteresis of gold, the potential from the EAM group, developed and tested in [42] for gold, was
also used, which makes it possible to describe well both the crystalline and liquid phases of the metal
simultaneously.

The simulation was carried out using the widespread LAMMPS package (large-scale atomic–molec-
ular massively parallel simulator) [44]. It implements support for many pair and many-particle short-
range potentials, the ability to write atomic configurations to a text file, and also has built-in thermostats
and barostats. The temperature and pressure for an ensemble of particles were controlled using the Ber-
endsen’s thermostat and barostat [45].

3. EQUILIBRIUM MELTING TEMPERATURE
The determination of the equilibrium melting temperature of gold Tm was carried out within the frame-

work of a computational experiment based on the simultaneous existence of solid and liquid phases in the
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computational domain. The calculation area was chosen in the form of a parallelepiped, with dimensions
of 20 × 10 × 10 unit cells. In this case, half of the sample was presented in a solid crystalline form, and the
other half in the form of a liquid. Gold has a face-centered cubic lattice with a crystal lattice constant of
0.406 nm. The total number of particles in the given region was 8000. Periodic boundary conditions were
set along all three axes.

Previously, to determine the melting temperature Tm, several experiments were carried out, as a result
of which an approximate value of the melting temperature Tm ~ 1.32 kK was obtained at a pressure P = 0.
The entire sample was then heated to this temperature, after which one half of the sample was kept at this
temperature by a thermostat, while the other half was heated to T = 2.0 kK. Further, in the prepared sam-
ple, the heated part is cooled by a thermostat to a temperature T = 1.32 kK. Then the relaxation calcula-
tion is started with the thermostat turned off at a given temperature, after which the barostat is also turned
off, and the calculation continues until the phase equilibrium is established. After the onset of phase equi-
librium, temperature f luctuations are observed near the equilibrium melting temperature. In this case, the
temperature turned out to be Tm = 1.332 kK. The reference value of the equilibrium melting temperature
is Tm = 1.334 kK [46]. Thus, the deviation of the obtained value from the reference value is 0.1%.

4. LATENT HEAT OF MELTING

The equilibrium latent heat of melting of gold Lm in this work was obtained as the difference between
the enthalpies of the liquid and solid phases at the equilibrium melting temperature Tm.

The computational experiment for calculating the latent heat of melting consisted in calculating the
enthalpies of the solid and liquid phases at the same temperature and pressure. For this, a cubic compu-
tational domain was prepared, which contained 13500 particles. Periodic boundary conditions were
imposed in all three spatial directions of the cube. In the computational domain, an fcc crystal with a size
of 15 × 15 × 15 lattice unit cells was formed from the particles. To obtain the enthalpy of the solid phase,
a relaxation calculation was carried out, with the establishment of a zero average pressure using a barostat
and an average temperature of 1.332 kK using a thermostat. Next, the necessary values were recorded to
calculate the enthalpy of the solid phase.

To obtain the enthalpy of the liquid phase, the prepared (after relaxation) computational region at
0.30 kK was heated to 2.0 kK to obtain a liquid. This is followed by rapid cooling to a melting point of
1.332 kK. The computational region still contains liquid due to the rapid cooling. After the relaxation cal-
culation was carried out, the necessary values were recorded to calculate the enthalpy of the liquid phase.

At the pressure P = 0, the value of latent heat of melting Lm = 12.894 kJ/mol was obtained by the con-
ducted simulation. The known experimental value is Lm, exp = 12.680 kJ/mol [46]. The difference is 1.6%,
which shows the possibility of using this potential for determination of the latent heat of melting.

5. CALCULATION OF DENSITY, ENTHALPY, AND SPECIFIC HEAT OF GOLD

5.1. Statement of the Problem and Computational Experiment

In this work, the temperature dependences of density ρ(T), enthalpy H(T), and specific heat Cp(T) of
gold were determined from a series of molecular dynamics calculations in a single computational experi-
ment. We used a cubic computational region consisting of 30 × 30 × 30 elementary cells containing an fcc
crystal of 108000 particles (smaller sizes cause too large f luctuations). Periodic boundary conditions were
set in all directions. A premodelling relaxation procedure was performed at 0.3 kK and zero pressure.
Then, the calculated region was slowly heated at a constant rate of approximately V ≈ 0.5 × 109 kK/s.
Heating was continued up to a temperature of 3.5 kK, at which the sample was completely melted. The
temperature dependences of density ρ(T) and enthalpy H(T) were recorded. The experiment was carried
out at constant zero pressure P = 0.

5.2. Density. Modeling Results

The temperature dependence of the gold density in the temperature range 0.3 kK ≤ T ≤ 3.5 kK in this
paper is obtained from the MD simulation. The results of the simulation after the necessary statistical pro-
cessing are presented in Fig. 1. The markers in this figure show the experimental data [47, 48]. At the same
equilibrium temperature (Tm = 1.332 kK) the density of gold melt turns out to be less than crystal density
MATHEMATICAL MODELS AND COMPUTER SIMULATIONS  Vol. 14  No. 4  2022
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Fig. 1. Temperature dependence of density from MD calculations results; (1) and (2) are the data from the experiments [47,
48].
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at the same temperature, i.e. gold, like other metals melts with reduced density which is confirmed by ref-
erence data [47]. At Fig. 1 the density reduction at overheating of the solid phase (T > Tm) which is
ΔT ~ 1.24Tm is clearly seen in the area of phase transition.

The value of the density difference at the solid–liquid phase transition obtained from the MD calcu-
lations corresponds well to the data of the experiment [47]. The difference from MD calculations is
Δρ ≈ 6%, according to the data of the experiment [47], it is Δρ ≈ 6.4%. The density value at the equilib-
rium melting temperature differs from the reference data [47] in the solid phase by 1.4%, and in the liquid
phase, by 1.1%. The density values in the liquid phase obtained from MD calculations agree well with the
experimental data [48], which are slightly higher than the calculated ones. The difference is Δρ ≈ 1% at
T = Tm and Δρ ≈ 2% at T = 3.5 kK.

5.3. Enthalpy and Specific Heat. Modeling Results

The temperature dependence of the enthalpy H(T) is obtained as a result of MD calculations in the
range 0.3 kK ≤ T ≤ 3.2 kK at constant pressure P. The results after further processing are shown in Fig. 2.
For better comparison with the experimental data [49, 50], the results of MD calculations are presented
by the values of enthalpy increment

The markers in Fig. 2 show the experimental data [49, 50]. The vertical dotted line marks the melting
point Tm = 1.332 kK obtained from MD calculations.

In the region of the phase transition of gold at the same equilibrium temperature (Tm = 1.332 kK), the
increment in the enthalpy of the gold melt is greater than the increment in the enthalpy of crystals at the
same temperature. The difference separating the solid and liquid phases in the calculations is 45.79%
(Fig. 2); according to [49, 50], the enthalpy difference is 43.67 and 41.89%, respectively, which shows a
fairly good agreement between the results. The dotted line in Fig. 2 shows the increase in enthalpy to
ΔH(T) ≈ 4 × 104 J/mol when the solid phase is superheated during melting. The value of superheating is
ΔT ≈ 1.24Tm. The energy accumulated during superheating is spent mainly on thermal vibrations of the
lattice. With an increase in enthalpy in the region of the phase transition, a decrease in the density of gold
occurs (Fig. 1), which indicates ongoing structural changes in the solid phase, after which melting occurs.
With increasing temperature T > Tm, the enthalpy increment increases. At T = 3.2 kK, the value is
ΔH(T) = 9.902 × 104 J/mol. The values of ΔH(T) obtained from MD calculations were compared with the
data from [49, 50]. The comparison showed an almost complete agreement between the calculation results
and the experimental data [50]. The maximum discrepancy with the experimental data [49], which is
≈4.7%, is observed at a temperature T = 3.2 kK.

Δ =( ) ( ) – (0.298 kK).H T H T H
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Fig. 2. Temperature dependence of the enthalpy increment ΔH(T): (1) is the data of the experiment [49] and (2) is the
data of the experiment [50].
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Fig. 3. (a) Temperature dependence of the specific heat of gold according to the results of MD simulation (P = 0): (1) is
the data of the experiment [50] and (2) is the data of the experiment [51]. (b) The fragment of the phase transition region.
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To calculate specific heat of gold Cp(T), the values of enthalpy H(T) obtained from MD calculations,
were approximated separately for the solid and liquid phases by polynomials  of low degrees m = 3–5.
The approximation error was 0.53 × 10−3 J/mol in the solid phase and 1.5 × 10−3 J/mol in the liquid phase.
The temperature dependence of specific heat Cp(T) in the temperature range 0.3 kK ≤ T ≤ 3.2 kK at con-
stant pressure P for each phase was determined by differentiating the corresponding dependence :

(1)

The calculation results are shown in Figs. 3a and 3b, and the reference and experimental results are
labeled with markers [50, 51].

The vertical dotted line marks the equilibrium melting point Tm of gold. A fragment of Fig. 3a, showing
with magnification the temperature dependence of the heat capacity of gold in the region of the solid–
liquid phase transition, is shown in Fig. 3b.

In the solid phase, with increasing temperature, an increase in the specific heat is observed. Figures 3a
and 3b show the experimental data [50, 51], with which the results of MD calculations agree very well. The
maximum deviation of the results and the data from [51] is ΔCp ≈ 3.65% at the temperature T ≈ 1.1 kK.

 ( )H T

 ( )H T

( )= ∂ ∂( ) ( ) .pC T H T T
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Table 1. The values of the specific heat of gold at the solid–liquid phase transition

Variable
Quotation source

 [50]  [51]  [52] Present work

Cp, J/mol K (solid) 32.309 34.794 33.25 32.468
Cp, J/mol K (liquid) 32.970 33.24354 33.25 33.196
ΔCp, % 2.046 −4.46 0 2.37
Tm, K 1337.33 1336 1337.33 1332
The maximum difference from the data from [50] is ΔCp ≈ 2.1% at low temperatures T ≈ 0.30 kK. Thus,
we observe almost complete agreement. Figure 3b clearly shows that at the same equilibrium temperature
(Tm = 1.332 kK), specific heat of gold melt is greater than specific heat of crystals at the same temperature.
The increase in specific heat is small and amounts to ~2.37%. The few experimental data on the existence
of a difference in the value of the heat capacity of gold at the phase transition and its magnitude have a
spread (Table 1). The values of the equilibrium melting temperature Tm also have a spread.

The specific heat of gold decreases as the temperature rises and for T > 2.027Tm the magnitude of spe-
cific heat is almost constant in liquid and amounts to Cp(T) ≈ 29.8 J/mol K. This behavior of the specific
heat in the liquid phase shows good agreement with the results of [52].

6. PHONON THERMAL CONDUCTIVITY
6.1. Statement of the Problem and Computational Experiment

The phonon thermal conductivity coefficient κlat of gold was determined from the phenomenological
Fourier relation for the heat f lux W [53]:

(2)
where W is the heat f lux, T is the temperature, and x is the coordinate in the direction of the f lux.

MD modeling based on the direct nonequilibrium method [54, 55] was used to calculate the phonon
thermal conductivity coefficient κlat. The direct non-equilibrium method consists of creating heat source
and heat sink regions in the simulation cell to superimpose a constant heat f low along the direction of
interest. Therefore, the computational algorithm is built according to a scheme close to the scheme of
experimental measurements of the coefficient κlat.

The calculation of the phonon thermal conductivity of gold was carried out within the framework of
the following computational experiment. We considered a region in the form of a parallelepiped with
dimensions of 10 × 10 × 40 elementary cells, corresponding to 16000 particles, with periodic boundary
conditions in all three directions. The interatomic interaction potential EAM was used as the interaction
potential [42].

The area along the x axis was divided into the number of intervals corresponding to the number of ele-
mentary cells along this axis, which, in turn, corresponds to the number of particles. Heating was carried
out in the first interval of the computational domain, the sink interval was located in the middle of the
domain. At each time step, a constant amount of heat δQN was added to the heating region and the same
amount was taken from the sink region. The heat f lux W was calculated as

(3)
where dQ = N × dt × δQN is the total added energy, where δQN is the energy added during 1 time step, N
is the number of steps, dt is the size of time step, and S is the area cross section. The time step dt was chosen
for low temperatures 0.30 kK ≤ T ≤ 1.0 kK to be equal to 3 fs, for 1.0 kK < T ≤ Tm equal to 2 fs, and for high
temperatures T > Tm equal to 1 fs. Division by 2 is used because of periodic boundary conditions, i.e., heat
spreads in two directions. The resulting temperature gradient was then calculated and Fourier’s law (2) was
used to obtain the thermal conductivity. The procedure for calculating the thermal conductivity is detailed
in [56, 57].

To improve the accuracy of calculations, the temperature difference was calculated not over the entire
interval between the source and sink, but over its central part with a length of 0.8 of the total length. This
range was chosen due to the fact that when approaching heat sources and sinks, the temperature profile

= −κ ∂ ∂lat / ,W T x

= ( )/ /2,W dQ SNdt
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Table 2. The error of calculation of the thermal conductivity coefficient

T, kK 0.30 0.60 0.90 1.332 (solid phase) 1.332 (liquid phase) 0.20
δ, % 0.2 1.2 0.8 2.3 3.2 2.6
has a highly nonlinear character. For calculations according to the Fourier law, it is important to obtain a
stationary spatial temperature profile, which is equivalent to obtaining a constant heat f lux. For this, the
following condition must be met: the size of the simulation cell must be significantly larger than the mean
free path of phonons. This leads to the consideration of large samples, several million atoms, which goes
beyond the scope of nanoscale regions. This size of the computational domain, in turn, leads to too much
computational resources. For such cases, it becomes necessary to calculate the thermal conductivity for
several different sample sizes and then perform the scaling procedure [58–60]. To overcome the effects of
a finite size, the heat f lux was determined from the results of a series of calculations. Calculations were
carried out for different lengths of the computational region Ln: 40, 80, 160, 240, and 320 single cells with
a constant cross section S = 10 × 10 cells at the same temperature.

Next, the scaling procedure was carried out, which is as follows: for each temperature value, the inverse
dependence of the thermal conductivity 1/κlat was plotted versus the reciprocal of the length Ln of the
computational domain (1/Ln), and the thermal conductivity was determined by extrapolating the data
1/Ln → 0 [59]. This procedure is justified by the expression for thermal conductivity obtained from the
kinetic theory [54, 55]. The procedure was repeated for all required temperatures in the range 0.30 kK ≤
T ≤ 2.0 kK. Table 2 presents the error values δ for calculating the values of the thermal conductivity coef-
ficient for various temperatures.

As we can see, the calculation error is δ ≤ 3.2%. Such an error is acceptable for further use of the pho-
non thermal conductivity coefficient κlat(T) in two-temperature mathematical models.

6.2. Modeling Results

Figure 4 shows the temperature dependence of the phonon thermal conductivity of gold, obtained as
a result of calculations. At the temperature 0.30 kK, the value of phonon thermal conductivity is κlat =
3.41 W/mK. As the temperature increases, the thermal conductivity of gold decreases. The region of the
solid–liquid phase transition, is shown in an magnified view in a fragment of Fig. 4. At the equilibrium
temperature Tm = 1.332 kK, the value of thermal conductivity in the solid phase is κlat = 0.6 W/mK, and
in the liquid phase at the same temperature, κlat = 0.49 W/mK. At the equilibrium melting temperature
Tm = 1.332 kK, the difference in thermal conductivity at the solid–liquid phase transition is 18%. The cal-
culation was carried out up to a temperature T = 2.0 kK, at which the value of thermal conductivity is
κlat = 0.48 W/mK. Such a change in the phonon thermal conductivity with increasing temperature does
not contradict the ideas about the behavior of the phonon thermal conductivity of metals.

Comparison with alternative calculations [29, 61, 62] showed good agreement. At low temperatures
(0.30 kK ≤ T < 0.60 kK) the highest deviation from [29, 62] is Δκlat ~ 32%. As the temperature rises, the
difference of the results becomes less.

At T = 0.60 kK [62] the difference is Δκlat ~ 12%, and at T = 0.90 kK the results are almost exactly the
same Δκlat ~ 2%. The agreement with the results of [61] is less. In the temperature range T > 1.0 kK, there
are no data to compare.

It is of interest to estimate the contribution of phonon thermal conductivity to the total thermal con-
ductivity κ = κlat + κe (κe is the electron thermal conductivity). According to the estimates from [29] at
0.30 kK, the ratio of the phonon thermal conductivity to total one for various metals can be less than 2%
or reach 40% [29]. Using the values of the total thermal conductivity of gold [46] at temperatures
T ≤ 1.0 kK, the contribution of the phonon thermal conductivity to the total one κlat/κ was calculated.
The results are shown in Fig. 5.

At T = 0.3 kK the contribution of the phonon thermal conductivity of gold κlat to the total one κ is
1.08%. As the temperature rises, the contribution of the phonon thermal conductivity decreases to 0.3%
at T = 1.0 kK. Despite such a small contribution to the total thermal conductivity, the phonon thermal
conductivity plays an important role in the heat transfer of gold, especially for metallic nanostructures due
to a significant decrease in κe in the nanostructure [63]. Thus, the results of our calculations show the need
to study the heat transfer of phonons in metals.
MATHEMATICAL MODELS AND COMPUTER SIMULATIONS  Vol. 14  No. 4  2022
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Fig. 4. Temperature dependence of the phonon thermal conductivity of gold. The markers (1−3) show the calculation
results from [29, 61, 62], respectively.
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In general, such comparison results give grounds to believe that the chosen method and potential
describe the model with good accuracy and are applicable for further research.

7. INVESTIGATION OF THE DEGREE OF SUPERHEATING/UNDERCOOLING
IN THE REGION OF THE PHASE TRANSITION

The nonequilibrium behavior of melting–crystallization processes manifests itself in the phenomenon
of thermal (heat) hysteresis. The study of thermal hysteresis was carried out by many researchers both
experimentally [1–4] and theoretically [17–21]. The studies were carried out mainly with the aim of ana-
lyzing the size effect and the influence of the interfacial structure on the melting processes [2, 4, 5, 7, 17,
21], studying the degree of superheating–undercooling of metals [1–3, 18–20] and the influence of ther-
mal hysteresis on the properties of metals [2, 17, 18].

Thermal hysteresis is characterized by a mismatch between the melting and crystallization tempera-
tures Tsl ≠ Tcr, as well as the thermodynamic characteristics of the material (enthalpy, density) during
heating and cooling. The value of thermal hysteresis is a characteristic of the degree of superheating-
undercooling of the condensed phase; therefore, it is of particular interest for studying nonequilibrium
melting–crystallization. The experimental approach to studying the thermal hysteresis of materials, which
is traditional, has a number of limitations in terms of the range of measurement conditions, especially in
the melting region. It is known that experiments on the study of undercooling of metals [10] are well
MATHEMATICAL MODELS AND COMPUTER SIMULATIONS  Vol. 14  No. 4  2022
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described in the literature, in contrast to studies of superheating. Because of this, it is important to use the
theoretical approach [11–17, 19–21, 42, 64].

7.1. Statement of the Problem and Computational Experiment
In the present work, the determination of the thermal hysteresis of the enthalpy and density for gold is

based on the atomistic approach. The simulation was carried out in the temperature range 0.60 kK ≤ T ≤
2.00 kK using the widespread LAMMPS package [44]. The temperature and pressure for the ensemble of
particles were controlled using the Berendsen’s thermostat and barostat [45].

In our work, from a series of molecular dynamics calculations within the framework of one computa-
tional experiment, the enthalpy and density of gold were determined in the isobaric process of heating and
cooling, including phase transitions. For the computational experiment, a calculation area was chosen in
the form of a cube, with dimensions of 30 × 30 × 30 elementary cells, containing an fcc crystal of
108000 particles. Periodic boundary conditions were set in all directions. The particle velocities were set
in accordance with the Maxwell distribution at a temperature of 0.60 kK. The relaxation procedure pre-
ceding the simulation was carried out at a temperature of 0.30 kK and zero pressure. Next, the sample was
heated at a constant rate approximately equal to V ~ 0.56 × 109 kK/s. Heating continued up to a tempera-
ture of 2.0 kK, at which the sample was completely melted, which made it possible to record the tempera-
ture dependences of the density ρ(T) and enthalpy H(T) during heating. At the same time, the sample was
prepared for cooling and subsequent recording of the dependences of density ρ(T) and enthalpy H(T)
during cooling. Cooling of the sample, as well as its heating, was carried out at the same constant rate V.
The experiments were carried out at a constant zero pressure P = 0.

7.2. Modeling Results
The results of MD simulation of the enthalpy and density hysteresis are shown in Figs. 6 and 7. Figure

6 shows the thermal enthalpy hysteresis loop, which is represented by the generally accepted values of the
increment ΔH(T) = H(T) – H(0.298 kK). The hysteresis of gold density is shown in Fig. 7. The vertical
dotted lines in the figures mark the equilibrium melting temperature Tm, the end temperature of melting
Tsl, the end temperature of crystallization Tcr, the limiting temperatures of overheating of the solid phase
T+, and undercooling of the liquid phase T− which are the temperatures of the beginning of melting and
the beginning of crystallization, respectively. These temperatures determine the vertices of the hysteresis
contour, which is denoted by the letters ABCDEF in Figs. 6 and 7.

The thermal hysteresis loop (Figs. 6 and 7) is formed when the heating (solid line) and cooling (dashed
line) curves are combined, taking into account the direct (melting) and reverse (crystallization) phase
transitions. The directions of the heating and cooling processes are shown in Figs. 6 and 7 by arrows.

The heating of the solid phase of gold occurs with the absorption of thermal energy (endoprocess) and
is accompanied by its overheating, T > Tm, and the formation of a metastable state. As the crystal heats up,
MATHEMATICAL MODELS AND COMPUTER SIMULATIONS  Vol. 14  No. 4  2022

Fig. 6. Thermal hysteresis of the enthalpy of gold.
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Fig. 7. Thermal hysteresis of the density of gold.
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its thermal expansion occurs. The formation of a metastable state is accompanied by a further drop in the
density of the solid phase (Fig. 7). The limiting superheating of the metastable state is reached at point B
of the hysteresis contour (Figs. 6 and 7) at a temperature T+ ≈ 1.235Tm, which is the temperature at which
melting begins. At point B, the first stable nuclei of a new liquid phase are formed. On segment BC of the
hysteresis contour, the nuclei begin to grow rapidly due to the fact that their boundaries, representing
melting fronts, quickly run over the superheated solid phase, absorbing the energy Lm.

In this case, the melting fronts always turn out to be superheated with respect to the temperature Tm.
At point C, the solid phase completely disappears. In our calculation, due to the low heating rate
V ~ 0.56 × 109 kK/s, the melting end temperature is higher than the equilibrium melting temperature Tm,
Tsl – Tm = 8 K. At a higher heating rate, the difference between these temperatures can be significant [33,
65]. With further heating, thermal expansion of the liquid occurs.

From MD modeling results, relative superheating of the solid phase, which is observed in the enthalpy
(Fig. 6) and density (Fig. 7) hysteresis, is θ+ = (T+ − Tm)/Tm ≈ 0.235. For the heating rate V = 109 kK/s,
the relative superheating of gold is obtained in [20] from MD calculations (lower index md)  ≈ 0.3 and
from the calculation using classic theory of homogeneous nucleation (lower index ns is the nucleation in
the solid phase)  ≈ 0.2. Relative superheating of solid phase of gold was also obtained in [66], which
amounted to  ≈ 0.184. From comparison, the obtained results are in good agreement with the results of
[20, 66]. According to estimations from [17, 20], metals can be superheated to the temperature of the ini-
tiation of massively homogeneous transformation T+ ≈ 1.3Tm, which is also in agreement with the results
for gold in the present paper.

Target cooling, in contrast to heating, occurs with heat release and is an exoprocess. Crystallization
turns out to be much more demanding on the cooling rate. The limiting temperature of undercooling of
the liquid phase of gold (point D on the hysteresis contour, Figs. 6 and 7), which is T – ≈ 0.646Tm, is the
temperature of the beginning of crystallization, at which the formation of the first stable nuclei of a new
solid phase occurs. On the segment DE of the hysteresis contour (Figs. 6 and 7), there is a rapid growth of
the formed nuclei of a new phase due to the rapid movement of their boundaries along the undercooled
liquid phase, representing the fronts of crystallization. In this case, the crystallization fronts are always
undercooled with respect to the equilibrium melting temperature Tm. At the point E (temperature Tcr =
0.983 kK), liquid phase completely disappears. In our calculation due to the high cooling rate V ~
0.56 × 109 kK/s, the ending temperature of crystallization Tcr is lower than the equilibrium melting tem-
perature Tm, Tm − Tcr = 0.342 kK. The too high cooling rate in our calculation led to the fact that the den-
sity of the substance at the temperature Tcr turned out to be less than the density of the crystal by 1.7%.
The density of the new phase, despite a constant increase, remains less than the crystalline one (straight
line EF of the hysteresis contour in Fig. 7).

+θmd

+θns
+θns
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Relative undercooling of the liquid phase, which is observed in the enthalpy (Fig. 6) and density
(Fig. 7) hysteresis, from the results of MD modeling was θ− = (Tm − T−)/Tm ≈ 0.354. A comparison with
the results of [20], obtained from MD calculations and from a calculation using the classic theory of
homogeneous nucleation respectively,  ≈ 0.44,  ≈ 0.25, shows a good agreement.

The maximum value of hysteresis in this work was ΔThyst = T+ − T− ≈ 0.589Tm, which is consistent with
the estimate of the hysteresis width for metals, which is 0.66Tm [17].

The resulting hysteresis of the enthalpy and density of gold demonstrates the formation of metastable
regions and the non-equilibrium nature of the processes of gold melting–crystallization.

8. CONCLUSIONS
Molecular dynamics modeling of the thermophysical properties of gold, hysteresis, equilibrium melt-

ing temperature of gold Tm = 1.332 kK and specific heat of melting Lm = 1.289 × 104 J/mol at P = 0 has
been performed. In the framework of one computational experiment in the range 0.3 kK ≤ T ≤ 3.2 kK,
temperature dependences of such thermo-physical characteristics of gold as enthalpy, specific heat Cp(T),
density ρ(T) were obtained with the transition through the melting point. In the region of the melting–
crystallization phase transition, all the obtained thermo-physical properties of gold at the equilibrium
melting temperature Tm have different values in the solid and liquid phases. This corresponds to the char-
acteristics of first-order phase transitions. A comparison with the results of alternative calculations and
experimental results [47–52] showed a good agreement.

The phonon thermal conductivity κlat(T) of gold is obtained. At the equilibrium melting temperature
Tm = 1.332 kK, the difference in thermal conductivity at the solid–liquid phase transition is 18%. The
change in the phonon thermal conductivity with increasing temperature does not contradict the ideas
about the behavior of the phonon thermal conductivity of metals. Comparison with alternative calcula-
tions [29, 61, 62] shows a good agreement. The contribution of phonon thermal conductivity to the total
thermal conductivity, which in the solid phase varies from 0.3% (at 1.0 kK) to 1.08% (at 0.3 kK), is esti-
mated, which corresponds to the estimates from [29]. Although electrons dominate thermal and electrical
transport in metals, phonons play a decisive role in that electron transport is limited by electron–phonon
scattering at intermediate and high temperatures in the melting region [30]. The phonon thermal conduc-
tivity plays an important role in the heat transfer of gold, especially for metallic nanostructures due to a
significant decrease in κe in the nanostructure [63]. Thus, the results of our calculations show the need to
study the heat transfer of phonons in metals.

From a series of molecular dynamics calculations in the framework of one computational experiment,
the hysteresis of the enthalpy and density of gold was obtained in the range 0.6 kK ≤ T ≤ 2.0 kK. The result-
ing hysteresis of the enthalpy and density of gold demonstrates the formation of metastable regions and
the nonequilibrium nature of the processes of melting–crystallization of gold. An analysis of the thermal
hysteresis at a heating and cooling rate of V ~ 0.56 × 109 kK/s made it possible to estimate the degree of
superheating–undercooling of the condensed phase. The obtained limiting superheating temperature of
the metastable state of the solid phase and relative superheating, as well as the limiting undercooling tem-
perature and relative undercooling of the liquid phase of gold are in good agreement with the results of
alternative calculations [17, 20, 66]. The maximum value of hysteresis, which is ΔThyst ≈ 0.589Tm, agrees
with the estimate of the hysteresis width for metals, which is 0.66Tm [17].
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