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Abstract—The characteristics of nonequilibrium heat transfer of copper, such as thermal conductivity
and heat capacity, are obtained in a wide temperature range (300 ≤ T ≤ 5700 K), including the region
of melting-crystallization phase transformations by mathematical modeling. As is known, there are
two mechanisms of heat transfer in a solid body: by elastic vibrations of the lattice and by free electrons.
When determining these characteristics of copper heat transfer, the lattice and electronic components
were taken into account. Modeling of the characteristics of heat transfer of the copper electronic sub-
system in this work is based on the use of quantum statistics of the electron gas using the Fermi–Dirac
integrals. The properties of the phonon subsystem were determined within the framework of the atom-
istic approach. The interaction potential of particles of the “embedded atom” family EAM was used
for modeling. The simulation results were compared with the results of alternative calculations. The
total heat capacity and thermal conductivity of copper, obtained by summing the electronic and pho-
non components, are compared with the experimental data.

Keywords: nonequilibrium copper heat transfer, electron gas quantum statistics, Fermi–Dirac inte-
grals, molecular dynamics modeling
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1. INTRODUCTION

The features of ultra-short laser action on metals and semiconductors put forward a number of prob-
lems for solving by means of mathematical modeling.

One of these problems is the quantitative assessment of the thermophysical characteristics of the pho-
non and electronic subsystems of metals. The interest in this problem was stimulated primarily by the need
for a deeper understanding of the mechanisms of thermal conduction during nonequilibrium energy
transfer in a number of applications [1–5].

The action of ultra-high-power ultra-short laser radiation on metals and semiconductors occurs over
very short time and space scales, which leads to a violation of the general local thermodynamic equilib-
rium in them. The irradiated targets under these conditions are represented as two subsystems – electronic
one and phonon one, each of which is in a state of local thermodynamic equilibrium, and is characterized
by its own temperatures (electron Te and phonon Tph ones) and equations of state. As a consequence, all
processes are described in the two-temperature approximation [6, 7]. A target under pico- and femtosec-
ond action can be in the states with very high temperatures and pressures, in which the thermal and
mechanical properties of the substance are not known at all. Therefore, the problem of determining the
thermophysical, optical and thermodynamic characteristics for each of the subsystems in a wide (tens and
hundreds of electron volts) temperature range is one of the most important problems for mathematical
modeling. Modern description of properties in a wide temperature range, including the solid-liquid phase
transition in metals, as well as in semiconductors, is carried out within the framework of two classes of
models: continual [8–10] and atomistic [10–13] ones.

In this paper, the properties of the copper electronic subsystem are modeled using quantum statistics.
The characteristics of the phonon subsystem of copper in the solid-liquid system are studied within the
framework of the atomistic approach. The potential of the “embedded atom method” (EAM) developed
and tested in [14] for copper was used as the interatomic interaction potential.
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The purpose of this work is to determine the phonon, electronic and total thermal conductivity and
heat capacity of copper in a wide temperature range (300 ≤ T ≤ 5700 K), including the region of the melt-
ing – crystallization phase transition.

The article presents the results of modeling, as well as the results of comparing the obtained character-
istics of copper with experimental data and the results of alternative calculations, showing an acceptable
qualitative and quantitative agreement.

2. MODELING OF THE CHARACTERISTICS OF HEAT TRANSFER
OF THE ELECTRON SUBSYSTEM OF COPPER

The mentioned modeling in this work is based on the use of quantum statistics of the electron gas and
Fermi-Dirac integrals. With this approach, the knowledge of the distribution law of the carriers over the
energy states is the basis. The conduction electrons of copper can be considered as an ideal Fermi gas [15],
which is degenerate at a temperature T  TF (TF is the Fermi temperature). For a degenerate electron gas
of metals, the distribution of carriers over energy states is subject to the Fermi-Dirac law

(1)

where Te, εe, are the electron temperature and energy, μ(Te) is the chemical potential, μ(0) = εF is the
Fermi energy. At Т > 0, the Fermi energy has the meaning of the most probable or average energy of metal
electrons that can take part in conduction at a given temperature. These electrons are responsible not only
for creating electrical conductivity. It is they that determine the contribution of the electronic specific heat
to the total specific heat of the crystal and to a large extent determine the thermal conductivity of the crys-
tal. At εe – εF  kBTe, the degeneracy of the electron gas is removed, and the charge carriers obey the Max-
well-Boltzmann statistics

(2)

2.1. Fermi-Dirac Integrals

For a quantitative description of the electrical, thermodynamic and thermophysical properties of a
degenerate electron gas, the distribution function (1) and the Fermi-Dirac integrals are used

(3)

where ,  are the dimensionless electron energy and chemical potential.

It is convenient to represent the Fermi integrals as functions of the dimensionless temperature ξ =
kBTe/εF. In [16], for integrals of the form (3) at a constant electron density Ne = const, a convenient
approximation was proposed that makes it possible to express the integrals Fk + 1/2(ξ) in terms of the tran-
scendental Gamma functions Γ(k + 1/2) and the dimensionless temperature ξ:

(4)

where A = 2/3 · Γ(k + 3/2)/Γ(3/2), B = [A(k + 3/2)]–1/k are the coefficients expressed in terms of Gamma
function and which have the correct asymptotic for ξ → 0 and ξ → ∞.

In this paper, Fermi-Dirac integrals are used for the values of k = –1, 0, 1, 2.

(5)
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2.2. Equations of State for Degenerate Electron Gas
Using expressions (5), the equations of state for a degenerate electron gas can be represented in the

form of simple analytical expressions at arbitrary temperatures [8]. So the average energy of electrons 
and their pressure can be represented as

(6)

(7)

2.3. Heat Capacity of Electron Gas
Can be expressed as

(8)

Using the relations

One obtains from (8) the expression for the heat capacity of electron gas in terms of Fermi integrals:

(9)

where m is the electron mass,  is the Plank constant.

2.4. Thermal Conductivity Coefficient of Electron Gas κe(Te, Tph)
According to the elementary kinetic theory [15], the thermal conductivity of the electron gas κe(Te, Tph)

was determined through the heat capacity Сe(Te) and the averaged thermal diffusivity χe, m(Te, Tph) of the
electron gas of metals

(10)

where  is the average thermal velocity of electron, which is expressed in terms of its average energy εe

(6)

(11)

Thus, to obtain the thermal conductivity of the electron gas κe(Te, Tph), it is necessary to determine the
thermal diffusivity of the electron Fermi gas χe, m(Te, Tph).

2.4.1. Thermal diffusivity of an electron Fermi gas in the general case, the thermal diffusivity of
electron Fermi gas is proportional to the product of the mean free path (Te) and the mean electron
velocity  (11):

In metals, the mean free path of electrons is determined by several mechanisms: paired electron-elec-
tron collisions, electron-phonon collisions, and scattering by plasmons. Pair electron-electron collisions
dominate in the temperature range comparable to the Fermi energy Te/εF ~ 1. Electron-phonon interac-
tion dominates in the low temperature region, Te/εF  1. The interaction associated with the excitation of
plasmons occurs at high temperatures exceeding the energy of the plasma frequency Te >  (  ≅ 10–
20 eV). Taking into account the high-temperature region of the occurrence and the limited experimental
information on the decrease in the electron path due to the excitation of plasmons (it is known only for
some metals), the scattering of electrons by plasmons is not considered.
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In the nonequilibrium case, the thermal diffusivity of the metal χe, m(Te, Tph) takes into account the
electron-electron and electron-phonon interaction mechanisms and can be represented as:

(12)

where χee(Te), χeph(Te, Tph) are the electron-electron and electron-phonon thermal diffusivity.
2.4.2. Electron-electron thermal diffusivity is proportional to the product of the electron mean free path

in electron-electron collisions and the electron velocity

(13)
According to the well-known gas-dynamic formula [17], the mean free path of an electron in pair elec-

tron-electron collisions (Te) is determined by (Te) = (1/Ne)σee(Te), where σee(Te), where σee(Te) is
the scattering cross-section with energy transfer Δε for the electrons with energies ε1, ε2. The cross-section

σee(Te) is expressed in terms of the transport cross-section of the collision of two isolated electrons (Te)

and the Fermi integrals F–1/2, F1/2. The cross-sections σee and  are written as

where ,  =  =  cm is the

Bohr radius,  is the average distance between atoms, e is the electron charge, k is the
average wave vector of an electron, d is the Debye range of the field .

At low temperatures Te/εF  1 the effective cross-section σee(Te) is small and can be estimated as

 =  ≈ . The maximum cross-section is reached at Te/εF ≥ 1,
when the degeneracy is removed and electron-electron collisions with a large energy transfer become pos-
sible. At very high temperatures Te/εF  1, the cross-section becomes Coulomb and decreases according
to the logarithmic law.

2.4.3. Electron-phonon thermal diffusivity χeph(Te, Tph), determined by the electron-phonon interaction
is described under the assumption of elastic scattering of metal conduction electrons by lattice vibrations

(14)

where  [cm] is the mean free path determined by electron-phonon interac-
tion, E is the Young’s modulus, Tph is the lattice temperature. The lower boundary of  is the Bohr
diameter dB.

2.5. Calculation Results
The thermal conductivity and heat capacity of copper electron gas were obtained in the temperature

range 300 ≤ T ≤ 5640 K. Figure 1 shows the temperature dependence of the heat capacity of copper elec-
tron gas (9). The temperature dependence of the thermal conductivity of the electron gas of copper (10)-
(14) is shown in Fig. 2.

In Figs. 1, 2, the vertical dotted lines indicate the equilibrium melting temperature Tm = 1330 K, which
was obtained from molecular dynamics simulation in [12] with the potential [14], which was also used in
this work to determine the properties of the phonon subsystem of copper. From the reference [18], the
value of the equilibrium melting temperature obtained from MD modeling differs by ΔTm = 1.96%. The
error is quite acceptable for modeling.

At the equilibrium melting temperature Tm, the heat capacity of the electron gas of copper in the melt
is greater than that in the crystal. The difference in heat capacity at the phase transition (Fig. 1) is insig-
nificant and amounts to ΔCe = (Сe, liq – Ce, sol)/Ce, sol = 0.18%. In contrast to the heat capacity, the thermal
conductivity of the electron gas of copper at the melting–crystallization phase transition at T = Tm
decreases significantly (Fig. 2). The difference is Δκe = (κe, sol – κe, liq)/κe, sol = 66.5%.

At Fig. 2, the marker shows the value of the electron thermal conductivity at T = 300 K from [19],
which is obtained from the first principles, including density functional theory (DFT) to obtain the ther-
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mal transfer of phonons and electrons, taking into account electron-phonon and phonon-phonon scat-
tering. At T = 300 K, the difference between the results is ~5.7%. The obtained temperature dependence
of the electron thermal conductivity in the temperature range 300 K ≤ T ≤ Tm, as well as in the copper melt
(Tm ≤ T ≤ 5640 K), is practically independent of temperature.

3. MODELING OF THE THERMAL TRANSFER CHARACTERISTICS
OF THE PHONON SUBSYSTEM OF COPPER

Modeling of the characteristics of thermal transfer, heat capacity and thermal conductivity of the pho-
non subsystem of copper in this work is based on the atomistic approach. The atomistic models are based
on the method of molecular dynamics (MD). The MD method is based on a model representation of a
polyatomic molecular system, in which all atoms are represented by material points, and the motion is
described in the classical case by Newton’s equations. Because of this, atomistic models are a system of
differential equations whose integration requires knowledge of the coordinates and velocities at the initial
time t = 0 of all particles. The resulting system of ODEs is solved using the Verlet finite-difference scheme
[20]. In the MD modeling of the properties of copper, the semiempirical potential of the “embedded atom
method” (EAM), developed and tested for copper in [14], was used as the interparticle interaction poten-
tial. The temperature and pressure are controlled by a thermostat and a Berendsen barostat [21]. The

Fig. 1. Temperature dependence of the heat capacity of the copper electron gas.
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Fig. 2. Temperature dependence of the thermal conductivity of the copper electron gas κe. The markers (1) show the
results of calculations [19].
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experiments were carried out using the LAMMPS package [22], which is a simulator for atomic and
molecular modeling.

3.1. Thermal Conductivity of Phonon Subsystem of Copper
Was determined from MD simulation by the direct method (DM) [23] in the range 300 ≤ T ≤ 5700 K.

More details on the use of DM to determine the thermal conductivity are presented in [24, 25]. The initial
size of the region for obtaining the phonon thermal conductivity of copper was 10 × 10 × 20 unit cells (lat-
tice constant 0.361 nm), which corresponds to 8000 particles. Periodic boundary conditions were set along
three axes. The sample along the x axis was divided into the number of cells corresponding to the number
of particles. At each time step, a fixed amount of heat δQN was put into the heating region, and the same
amount was taken from the sink region. The heat f lux W was calculated as

(15)

where dQ = N × dt × δQN is the total deposited energy, δQN is the energy deposited during 1 time step,
N is the number of steps, dt is the size of time step, S is the domain cross-section. The choice of the time
step depended on temperature and was from 3 fs at 300 K to 1 fs at 4000 K and above. Division by 2 is used
because of periodic boundary conditions, i.e. heat spreads in 2 directions. The resulting temperature gra-
dient is then calculated. The thermal conductivity coefficient κph was determined by the direct nonequi-
librium method from the known heat f lux from the Fourier law

(16)

where W is the heat f lux, x is the coordinate in the direction of the f lux.
According to the direct nonequilibrium method, to obtain a constant heat f lux, it is necessary that the

size of the simulation cell be much larger than the phonon mean free path, which leads to the consider-
ation of large samples. This is the difficulty in applying the direct method to solids, since, in calculations
with a small number of atoms, the thermal conductivity coefficient turns out to be dependent on the length
of the region due to phonon scattering at the boundary. To overcome the effects of a finite size, a scaling
procedure was carried out, which consists in the following: for each temperature value, the inverse depen-
dence of the thermal conductivity 1/κph was constructed with respect to the reciprocal of the length of the
computational domain Ln, 1/Ln, from which the thermal conductivity was determined by extrapolating
the data 1/Ln → 0 [23].

The heat f lux was determined from the results of a series of calculations. The number of computational
regions and their sizes depended on the temperature for which the thermal conductivity was calculated.
The lower the temperature, the more regions were selected. For the range 300 ≤ T ≤ 900 K, the calcula-
tions were performed for 8 regions of different sizes Ln of unit cells corresponding to the number of parti-
cles. For the range 1200 ≤ T ≤ 2000 K, three calculations were performed for three region sizes Ln, and for
T ≥ 4000 K, only one calculation was performed. The cross-section of the region was constant: S = 10 ×
10 cells. The heat f lux was determined from the temperature difference between the areas of heating and
heat sink, for which the instantaneous temperature difference was averaged over the entire calculation
time after the establishment of a stationary distribution. To improve the accuracy of calculations, the tem-
perature difference was calculated not over the entire interval between the source and sink, but over its
central part (0.8 of the total length) (Fig. 3).

After a series of calculations for each temperature from the range 300 < T < 5700 K, the scaling proce-
dure was carried out and the thermal conductivity was calculated. For example, the determination of ther-
mal conductivity for T = 300 K was carried out according to the results of calculations for the 5 largest
lengths of the computational region. Using the least squares method [26], the corresponding five values
of the inverse thermal conductivity were approximated by the linear dependence

(17)
where z = 1/Ln (n = 1, 2, 3, 4, 5).

The approximation error, according to the least squares criterion [26], was Δ = 0.004 (W/mK)–1. At
z = 1/Ln = 0, we obtain the value P(0) = 0.081, the inverse of which will be equal to the thermal conduc-
tivity coefficient for a given temperature (300 K). At the temperature of 300 K, the phonon thermal con-
ductivity is κph(T = 300 K) = 12.408 W/mK, which corresponds to an infinite region length Ln. At Fig. 4,
the linear dependence (17) is shown by a red line with markers. The procedure was repeated for all required
temperatures in the range 300 ≤ T ≤ 5700 K.
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Fig. 3. Spatial temperature profile at one moment in time. The dotted lines mark the interval in which the temperature
gradient was measured. 
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Fig. 4. Dependence of the reciprocal value of thermal conductivity on the reciprocal value of the region size for the tem-
perature T = 300 K.
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The results of calculating the thermal conductivity of copper are shown at Fig. 5. The inset of Fig. 5
shows the temperature dependence of the thermal conductivity of copper at the solid-liquid phase transi-
tion.

At the equilibrium melting temperature Tm = 1330 K, the thermal conductivity abruptly decreases. In
the solid phase at Tm = 1330 K, the thermal conductivity is κph = 1.55 W/mK, while in the melt at the same
temperature, the thermal conductivity is κph = 1.29 W/mK. The difference between the solid and liquid
phases, clearly visible in the inset of Fig. 5, is 16.77%. The calculation was carried out up to a temperature
T = 5700 K, at which the thermal conductivity is κph = 0.647 W/mK. The markers in Fig. 5 show the
results of calculations of the phonon thermal conductivity in [27] in the range 300 ≤ T ≤ 1000 K, obtained
by first-principles calculations with allowance for phonon-phonon and electron-phonon scattering, using
the density functional theory (DFT) with an exchange-correlation functional of the type generalized gra-
dient approximation (GGA). As we can see, there is good agreement with the results of [27].

3.2. Heat Capacity of the Phonon Subsystem of Copper

The temperature dependence of the lattice heat capacity Cph(T) in the temperature range 300 < T <
5800 K at constant pressure P was determined in this work from the values of the enthalpy H(T) obtained
in the course of a computational MD experiment.
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The values of H(T) were approximated for the liquid and solid phases by polynomials . The tem-
perature dependence of the heat capacity Cph(T) for each phase was determined by differentiating the cor-
responding dependence :

(17)

The temperature dependence of the phonon heat capacity Cph(T) of copper is shown at Fig. 6. The inset
of Fig. 6 shows, in an enlarged form, the temperature dependence of the phonon heat capacity in the
region of the solid-liquid phase transition.

At the equilibrium melting temperature Tm (Fig. 6), an insignificant, amounting to ~3.128%, abrupt
decrease in the heat capacity of copper occurs, which is clearly visible in the inset of Fig. 6. On the inset
of Fig. 6, the increase in the heat capacity to Cph(T) ≈ 39 J mol–1 K–1 is also clearly visible. It occurs when
the solid phase is overheated in the temperature range Tm < T < 1.2Tm, shown by the dotted line. As the
temperature increases Tm < T < 2.63Tm, the value of the heat capacity in the melt is almost constant and
amounts to Cph(T) ≈ 31.0 J mol–1 K–1. At a temperature T > 4000 K, the heat capacity of copper increases.
At T = 5800 K its value is Cph(T) = 47.698 J mol–1 K–1.

� ( )H T

� ( )H T

( )= ∂ ∂�( ) ( ) .ph P
C T H T T

Fig. 5. Temperature dependence of the phonon thermal conductivity of copper κph. (1) results of calculations from [27].
On the inset—in enlarged form, the temperature dependence of the phonon thermal conductivity of copper at the solid-
liquid phase transition.
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4. TOTAL HEAT CAPACITY AND HEAT CONDUCTIVITY OF COPPER

The transfer of thermal energy in a solid is carried out by free charge carriers and phonons; therefore,
the total heat capacity C(Te, Tph), as well as the total thermal conductivity κ(Te, Tph), are determined by
the electronic and phonon components. Under conditions of thermodynamic equilibrium T = Te = Tph,
the total (common) heat capacity and thermal conductivity can be represented as

The temperature dependences of the total heat capacity and thermal conductivity are shown at Figs. 7,
8. The markers at these figures show the reference values of the total heat capacity and thermal conduc-
tivity [18, 28, 29]. The insets of Figs. 7 and 8 show the temperature dependences of the thermal conduc-
tivity κe, κph and the heat capacity Ce, Cph of the electron and phonon gas.

Figures 9, 10 show the temperature dependences of the contribution of the phonon thermal conduc-
tivity (Fig. 9) and heat capacity (Fig. 10) of copper to the total thermal conductivity and heat capacity. The
insets in these figures show the contributions of the electronic components to the overall values.

( ) ( ) ( ) ( ) ( ) ( )= + κ = κ + κ, , ,, .e ph e e ph ph e ph e e ph ph phC T T C T C T T T T T T

Fig. 7. Temperature dependence of total thermal conductivity κtotal(T) of copper at T = Te = Tph. Markers are experimen-
tal data (1) [18], (2) [29]. In the inset, the temperature dependences of the electronic κe and phonon κph thermal conduc-
tivity of copper.
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It can be seen that the decisive contribution to the total thermal conductivity of copper (Figs. 7, 9) is
made by the electronic component κe, while the contribution of the phonon component κph is small. At
T = Tph = Te = 300 K, the contribution of κe(Te, Tph) to the total value is ≈97%, in the melt >99% (Fig. 9).
According to [19], the contribution of the electronic component to the total thermal conductivity is ≈95%.
The result obtained is consistent with the alternative estimate. As we can see, in the total thermal conduc-
tivity of copper (in the solid and liquid phases), the contribution of the electronic component is decisive.

An opposite situation is observed for the total heat capacity of copper (Fig. 8). The contribution of the
phonon component to the total specific heat capacity of copper is decisive. At T = 300 K, the contribution
of Cph(Tph) is more than 99%. Accordingly, the contribution of the electronic component Ce(Te) at Tph =
Te = 300 K is less than 1% (Figs. 8, 10).

With increasing temperature, the contribution of the electronic heat capacity Ce(T) somewhat
increases and at T = 4500 K it is ~7%. However, the contribution of Cph(T) still remains dominant, which
at T = 4500 K is ~93% (Fig. 10).

At Figs. 7 and 8, the markers show the reference values of the total thermal conductivity and heat
capacity [18, 28, 29].

The total thermal conductivity obtained in this work at T = Te = Tph = 300 K differs minimally from
the reference values [18, 29] by ~1.5%. The difference increases with increasing temperature. At T = Tm
in the solid phase, the reference value [29] is less than that obtained in this work by ~15.7%. At the same

Fig. 9. Temperature dependence of the contribution of the phonon thermal conductivity of copper to the total one. 

100

� e
/�

to
ta

l, 
%

T, 103 K

Tm

6

99

98

97

542 310

3.5

3.0

2.0

1.5

2.5

1.0

0.5

T, 103 K

Tm

10 2

Solid Liquid

3 4 5 6

�ph/�total, %

Fig. 10. Temperature dependence of the contribution of the phonon heat capacity of copper to the total one. 

8
C

e/
C

to
ta

l, 
%

T, 103 K

Tm

6

6

4

2

542 310

99

98

96

95

97

94

93

T, 103 K

Tm

10 2

Solid Liquid

3 4 5 6

Cph/Ctotal, %



MATHEMATICAL MODELS AND COMPUTER SIMULATIONS  Vol. 15  No. 3  2023

NON-EQUILIBRIUM CHARACTERISTICS OF HEAT TRANSFER OF COPPER 425

temperature in the melt, the reference value [29] of thermal conductivity is higher than the calculated
value by ~35.96%.

A comparison of the reference [28, 29] and calculated values of the total heat capacity of copper shows
complete agreement in the solid phase in the temperature range 300 K ≤ T ≤ Tm. And almost complete
agreement in the melt T ≥ Tm, the deviation is ~2%.

Thus, we observe a good agreement between the obtained values of the heat capacity and thermal con-
ductivity of copper and the reference data [18, 28, 29].

CONCLUSION
Using the methods of mathematical modeling, the characteristics of nonequilibrium heat transfer of

copper, thermal conductivity and heat capacity, are obtained in a wide temperature range (300 ≤ T ≤ 5700
K), including the melting-crystallization phase transformation region. When determining the character-
istics of heat transfer, the electronic and phonon components were taken into account. The values of the
total equilibrium heat capacity and thermal conductivity were calculated for T = Te = Tph.

The heat capacity of copper at T > 300 K is mainly determined by lattice vibrations. The contribution
of the phonon component to the heat capacity is Cph(Tph) > 99%, and that of the electron component is
Ce(Te) < 1%. With increasing temperature, the contribution of Cph(Tph) decreases and at T = 4500 K it is
93% (Fig. 9); accordingly, the contribution of the electronic component increases to 7%.

In contrast to the heat capacity, the contribution of the electronic component to the thermal conduc-
tivity of copper is significant. In the temperature range 300 K ≤ T ≤ Tm, according to the simulation results,
κe(Te, Tph) of copper is ≈97%, in the liquid phase at T ≥ Tm, it is more than 99% (Fig. 10). Correspondingly,
the contribution of the phonon component κph(Te, Tph) to the total thermal conductivity κph(T) decreases
from 3% at T = 300 K to 0.5% at T = 5000 K.
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